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Preface

The main goal of this book is to present the complete proof of the clas-
sification of Bruhat-Tits buildings. By Bruhat-Tits building we mean an
affine building whose building at infinity satisfies the Moufang property.1

The proof we give is distilled from the contents of the first of the series of
fundamental articles [6]–[10] by Jacques Tits and François Bruhat and the
article [35] Tits wrote for the proceedings of a conference held in Como in
1984. A secondary goal of this book is to provide the reader with a detailed
approach to this remarkable literature.

Bruhat-Tits buildings arise in the study of algebraic groups over a field
with a discrete valuation.2 More precisely, there is a unique Bruhat-Tits
building ∆ in our sense of the term associated to each pair (G, F ), where F
is a field complete with respect to a discrete valuation and G is an absolutely
simple algebraic group of F -rank � at least 2.3 The classification of Bruhat-
Tits buildings says, essentially, that all Bruhat-Tits buildings arise either in
this way or by some small variation on this theme.

The apartments of an affine building ∆ are Euclidean spaces of a fixed
dimension � tiled by the fundamental domains of the action of an affine
Coxeter group. These fundamental domains are the chambers of ∆. The
building ∆ itself can be thought of as a set of apartments amalgamated
according to certain rules so that, in particular, every chamber is a chamber
in many apartments.

Attached to each affine building is a “building at infinity” that is related
to the celestial sphere of a Euclidean space. The building at infinity is a
spherical building whose rank is the dimension � of the apartments. As
indicated above, we say that an affine building is Bruhat-Tits if � ≥ 2 and
its building at infinity satisfies the Moufang property. The Moufang property
means, roughly, that the automorphism group of the building at infinity is
rich enough to contain a special system of subgroups called a root datum.

The notion of a root datum is fundamental in the theory of buildings. In
particular, a spherical building satisfying the Moufang property is uniquely

1This means, in particular, that the rank � of the building at infinity is at least 2. All
buildings are assumed to be thick and irreducible in the following discussion.

2The basic reference for the connection between algebraic groups defined over a field
with a discrete valuation and affine buildings is the article [33] Tits wrote for the proceed-
ings of a conference held in Corvallis in 1977.

3In the literature, the term “Bruhat-Tits building” is often used to denote only the
affine buildings arising from such pairs (G, F ) but including those where G is of F -rank 1.
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determined by its root datum.
(For the affine building associated to a field F complete with respect to

a discrete valuation and an absolutely simple group G of positive F -rank �,
the building at infinity is just the spherical building associated with G and
F . This building always satisfies the Moufang property (assuming � ≥ 2),
its apartments correspond to the maximal F -split tori of G and its root da-
tum consists, essentially, of the root groups associated with a fixed maximal
F -split torus.)

All spherical buildings of rank � ≥ 3 as well as all their irreducible residues
of rank at least 2 satisfy the Moufang property.4 Thus if the apartments are
assumed to have dimension � at least 3, then an affine building and a Bruhat-
Tits building are the same thing.

The description of spherical buildings in terms of root data turns out
to be exactly the point of view needed to carry out the classification of
Bruhat-Tits buildings. In The Structure of Spherical Buildings [37] we gave
an introduction to the theory of spherical buildings including the proof of
Theorem 4.1.2 in [32] and its most important consequences. The present
monograph is intended as a sequel to [37].

We assume that the reader has some familiarity with the basic facts about
Coxeter groups, buildings and the Moufang property contained in [37].5 The
most important of these facts are summarized here in Appendix A (Chap-
ter 29). In Chapter 2 we assume some standard facts about root systems
which can be found in [3] or [17]. In Appendix B (Chapter 30), we sum-
marize the classification of Moufang spherical buildings of rank � ≥ 2 (as
carried out in [32] and [36]) in terms of root data. This summary plays a
central role starting in Chapter 16.

Here is a brief overview of the organization of this monograph. In Chap-
ters 1–2 and 4–6, the basic properties and substructures of the apartments
of an affine building are presented. We introduce affine buildings themselves
and construct the building at infinity in Chapters 7–8. In Chapter 9 we
pause to examine the case of an affine building of rank 1.

An affine building of rank 1 is simply a tree without vertices of valency 1
or 2 together with a set of subgraphs of valency 2. These are the apartments,
which are to be thought of as Euclidean spaces of dimension 1 tiled by the
intervals between successive integers. One purpose of Chapter 9 is to prove
an uncanny lemma (9.24) that draws a connection between trees and fields

4This is a corollary of the fundamental result Theorem 4.1.2 of [32]. In [36], spherical
buildings of rank � = 2, also known as generalized polygons, assumed to satisfy the
Moufang condition (hence: Moufang polygons) were classified. In Chapter 40 of [36]
the classification of Moufang polygons is used to give a revised proof of Tits’s famous
classification [32] of spherical buildings of rank � ≥ 3. Once it is established that such a
building as well as all its irreducible rank 2 residues satisfy the Moufang property (this is
11.6 and 11.8 in [37]), it remains only to examine how the root data of Moufang polygons
(i.e. root data of rank 2) can be assembled to form the root datum of a spherical building
of higher rank.

5The essential facts needed are all contained in Chapters 1–3, Chapters 7–9 and Chap-
ter 11 of [37].
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with a discrete valuation. This is the first hint of the subtle connection
between Euclidean geometry and number theory that pervades the theory
of affine buildings.6

In Chapters 10 and 11 we return to the study of an affine building ∆ of
arbitrary rank and construct two whole forests of trees. These forests are
uniquely determined by a family of functions defined on certain substructures
of the building at infinity. In Chapter 12 we show that the affine building
∆ is uniquely determined by its building at infinity together with this “tree
structure.”

At this point we invoke (for the first time) the assumption that the building
at infinity is Moufang. This means that the building at infinity is uniquely
determined by its root datum. We show in Chapter 13 how the tree structure
of ∆ is uniquely determined by something called a valuation of this root
datum (a notion previously introduced in Chapter 3), and in Chapter 14 we
show that every root datum with valuation arises from an affine building
in this manner. This yields the conclusion that Bruhat-Tits buildings are
classified by root data with valuation.7

It is here that we invoke the classification of spherical buildings satisfying
the Moufang condition. This means that we know all possible root data.
Each root datum, with some mild exceptions, is determined by algebraic
data defined over a field K.8 We show that a valuation of a given root
datum is uniquely determined by a discrete valuation of this field K (in the
number-theoretical sense of the term). We are thus left with the problem
of determining for each root datum necessary and sufficient conditions for a
discrete valuation of the field K to extend to a valuation of the root datum.
This problem is reduced to a problem in rank 2 in Chapters 15–16 and solved
for each family of Moufang polygons in Chapters 19–25.

The building at infinity of a Bruhat-Tits building depends not only on
the building but also on the choice of a “system of apartments.” It is thus
necessary to determine when two root data with valuation correspond to the
same affine building but with perhaps two different systems of apartments.
We do this in Chapters 17–26 by studying “completions.” A good part of
Chapters 17–26 is also devoted to determining the structure of the residues
of a Bruhat-Tits building.

In Chapter 27 we summarize the conclusions of the classification in the
form of a list of the different families of Bruhat-Tits buildings together with
references to a few of their principal features. In Chapter 28 we describe
in more detail the classification of locally finite Bruhat-Tits buildings and
correlate the results with the tables in [33].

6Euclid himself would have taken great delight in this connection between his two
favorite topics!

7See 14.54 for the exact statement of this result.
8More accurately, K is, according to the case in question, a field, a skew field or an

octonion division algebra. For those spherical buildings arising from the F -points of an
absolutely simple algebraic group (and are thus defined over F in the sense of algebraic
groups), F is the either the center of K or the intersection of the center of K with the set
of fixed points of an involution of K.
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For the most part we have followed the proof of the classification of Bruhat-
Tits buildings as it is carried out in [6] and [35] with only minor modifications
where we thought we could show something more plainly. Our proof of 12.3
is different from the proof given in [35]. There is also a greater emphasis
here on the role of root data in rank 2 (which is inevitable since, after all, the
classification of Moufang polygons was not available when [35] was written).
In particular, the notion of a partial valuation in Chapter 15 as well as many
of the results about exceptional quadrangles in Chapters 21–22 and many of
the explicit calculations of residues and completions in Chapters 18–26 are,
we believe, new.

In parts of this book we were influenced greatly by the book on buildings
by Mark Ronan [25]. We refer the reader also to the excellent books by
Kenneth Brown [4] and Paul Garrett [14] as well as the “new edition” [1] of
[4] by Peter Abramenko and Kenneth Brown.

This book was begun while the author was a guest of the University of
Würzburg and supported by a Research Prize from the Humboldt Founda-
tion. Subsequent portions of this book were written while the author was a
guest of the University of Birmingham, the University of Bielefeld and the
Korean Institute for Advanced Study. Some of this work was also supported
by a Senior Faculty Research Fellowship from Tufts University. The author
would like to express his gratitude to all these institutions. It is also a plea-
sure to thank Tom De Medts, Theo Grundhöfer, Petra Hitzelberger, Linus
Kramer, Andreas Mars, George McNinch, Bernhard Mühlherr, Holger Pe-
tersson, Andrei Rapinchuk, Nils Rosehr and especially Rebecca Waldecker
for their assistance with the preparation of various parts of this manuscript.

Finally, the author would like to acknowledge his great debt to Jacques
Tits with the profoundest regard and esteem.
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Chapter One

Affine Coxeter Diagrams

By the results summarized in Chapter VI, Section 4.3, of [3], affine Coxeter
groups can be characterized as groups generated by reflections of an affine
space (by which is meant a Euclidean space without a fixed coordinate sys-
tem or even a fixed origin). In an effort to get to affine buildings as quickly
as possible, however, we will define them more succinctly, but with less mo-
tivation, simply as the Coxeter groups associated with the following Coxeter
diagrams (and direct products of such groups):
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Figure 1.1 The Irreducible Affine Coxeter Diagrams
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Figure 1.2 Some Small Affine Coxeter Diagrams

Each Coxeter diagram1 in Figure 1.1 has a name of the form X̃�, where

X = A, B, C, D, E, F or G

and � is 1 less than the number of vertices. In each case, X� is the standard
name of a spherical diagram with � vertices that can be found in Figure 1.3. 2

Moreover, the spherical diagram X� can be obtained from X̃� by deleting a
single vertex (and the edge or double edge connected to it).

Following the usual convention, we assign the diagram C̃2 the alternative
name B̃2. In Figure 1.2, we have reproduced a few of the smaller affine
diagrams.

Definition 1.1. A vertex of X̃� is called special if its deletion yields the
diagram X�.

Thus, for example, every vertex of Ã� is special, the special vertices of B̃� are
the two farthest to the left in Figure 1.1 and the special vertices of C̃� are
those at the two ends. Note that in each case, the special vertices of X̃� form
a single orbit under the action of Aut(X̃�) (the group of automorphisms of
the underlying graph of X̃� that preserve the edge labels).

The names A�, B�, etc. are also the standard names of irreducible root
systems. We explain this connection in Chapter 2.

Affine buildings are frequently called Euclidean buildings in the literature.
These two terms are synonymous.

As in [37], we regard buildings exclusively as chamber systems throughout
this book. We assume that the reader is familiar with the basic facts about

1A Coxeter diagram is a graph whose edges are labeled by elements of the set

{m ∈ N | m ≥ 3} ∪ {∞}.

The Coxeter diagrams in Figures 1.1–1.3 are drawn using the usual conventions that an
edge with label 3 is drawn simply as an edge with no label and an edge with label 4 is
drawn as a double edge (also with no label).

2A Coxeter diagram is spherical if the associated Coxeter group WΠ (defined in 29.5)
is finite. By [13], the only irreducible spherical Coxeter diagrams that do not appear in
Figure 1.3 are the diagrams

• •.............................................................
m

(sometimes called I(m)) for m = 5 and m > 6 and the diagrams H3 and H4.
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Coxeter chamber systems and buildings—especially with properties of their
roots, residues and projection maps—as covered in Chapters 1–5, 7–9 and 11
of [37]. We have summarized the most basic definitions and results from [37]
in Appendix A (Chapter 29). We will also make frequent reference as we go
along to the exact results in [37] and Appendix A that we require.

* * *

An affine building is a building whose Coxeter diagram is affine. The
apartments of a building with Coxeter diagram Π are all isomorphic to the
Coxeter chamber system ΣΠ (as defined in 29.4). We begin our study of
affine buildings, therefore, by studying properties of the Coxeter chamber
systems ΣΠ for Π a connected affine diagram.3

In this chapter we describe three fundamental properties of these Coxeter
chamber systems. These properties are stated in 1.3, 1.9 and 1.12 below.
In Chapter 2 we will prove that these properties do, in fact, hold. To do
this, we will rely on properties of root systems and thus on a representation
of ΣΠ as a system of “alcoves” in a Euclidean space. In Chapters 3, we
introduce the notion of a “root datum with valuation” which depends on
this representation in an essential way. The notion of a root datum with
valuation will not be required, however, until Chapter 13. Thus the reader
who is impatient to see what affine buildings look like and who is willing to
regard the three fundamental properties of affine Coxeter chamber systems
as axioms can jump from the end of this first chapter straight to Chapter 4.4

For the rest of this chapter, we suppose that Π is one of the affine diagrams
in Figure 1.1 and let Σ = ΣΠ denote the Coxeter chamber system of type Π
as defined in 29.4.

Definition 1.2. Two roots α and α′ of Σ are parallel if α ⊂ α′ or α′ ⊂ α.5

Here is the first of our fundamental properties:

Proposition 1.3. For each root α there is a bijection i �→ αi from Z to the
set of roots of Σ parallel to α such that α0 = α and αi ⊂ αi+1 for each i.

Proof. See 2.46. �

Corollary 1.4. Parallelism is an equivalence relation on the set of roots
of Σ.

3By 7.32 in [37], an arbitrary building ∆ of finite rank is a direct product (in an
appropriate sense) of buildings ∆1, . . . , ∆k of type Π1, . . . , Πk, where Π1, . . . , Πk are the
connected components of the Coxeter diagram of ∆.

4Our intention is not, however, to elevate these three properties to the level of axioms,
but rather to make clear and explicit the use we are making of the representation of ΣΠ

in Euclidean space. Even in those chapters where we are not using it (i.e. Chapters 4–12),
this representation remains, of course, an important source of intuition.

5The symbol ⊂ is always to be interpreted in this book as allowing equality.
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Figure 1.3 Some Spherical Coxeter Diagrams

Proof. This holds by 1.3. �

Notation 1.5. The parallel class of a root α will be denoted by [α].

Definition 1.6. A gem of Σ is a residue of type I\{o}, where I denotes the
vertex set of Π and o is a special vertex of Π as defined in 1.1. A gem of
type I\{o} for some special vertex o is called o-special.

Proposition 1.7. All proper residues of Σ are finite and all gems are, in
fact, Coxeter chamber systems of type X� (up to isomorphism). In particular,
all gems have the same number of chambers.

Proof. This holds by 29.7.iii (and 5.17 of [37]). �

Definition 1.8. Let Aut(Σ) be as defined in 29.2 and let T = TΠ denote
the set of elements of Aut(Σ) that map each root of Σ to a parallel root.
The elements of T are called translations and two objects in the same orbit
of T are called translates of each other. By 1.4, T is a normal subgroup of
Aut(Σ).

Here is our second fundamental property:

Proposition 1.9. The group T of translations acts transitively on the set
of gems of Σ.
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Proof. See 2.46. �

The set [R, d] defined next will play a central role in this book.

Notation 1.10. Let R be a gem and let d be a chamber of R. We denote
by [R, d] the set of roots α of Σ that contain d but not some chamber of R
adjacent to d.

Let R, d and [R, d] be as in 1.10. As observed in 1.7, R is a Coxeter chamber
system of type X�. This implies that there are exactly � chambers in R
adjacent to d. Let e be one of them. By 29.6.i, there is a unique root in
[R, d] that does not contain e. Thus |[R, d]| = �.

Definition 1.11. We will say that a root α cuts a residue E of Σ if both α
and −α contain chambers of E. By 29.7.iv, this is equivalent to saying that
α ∩ E is a root of E.

Here is the last of our three fundamental properties:

Proposition 1.12. Let R be a gem, let d ∈ R, let [R, d] be the set defined
in 1.10, let

α1, . . . , α�

be the roots in [R, d] and for each i ∈ [1, �],6 let α′
i be a root parallel to

αi. Then there exists a unique gem that is cut by α′
i for all i ∈ [1, �]. In

particular, R is the unique gem cut by all the roots in [R, d].

Proof. See 2.46. �

* * *

We use the remainder of this chapter to record a number of simple conse-
quences of 1.3, 1.7 and our three fundamental properties.

Proposition 1.13. A proper residue (in particular, a gem) cannot be cut
by two distinct parallel roots.

Proof. Let E be a proper residue and suppose that α and β are parallel roots
both cutting E. By 1.6, E is finite. By 29.7.iv, both α ∩ E and β ∩ E are
roots of E. By 29.6.i, therefore,

|α ∩ E| = |E|/2 = |β ∩ E|.

Since α and β are parallel, it follows that α ∩ E = β ∩ E. Hence α = β by
29.17. �

Proposition 1.14. Let α and β be roots such that α is parallel to neither
β nor −β. Then there exists a residue of rank 2 cut by both α and β.

6We use interval notation throughout this book to denote intervals of integers. Thus,
for example, by [1, �], we mean the subset {1, 2, . . . , �} of Z. This should not cause any
confusion with the notation introduced in 1.5 or 1.10.



6 CHAPTER 1

Proof. This holds by 29.24. �

Proposition 1.15. Let α and β be roots such that α is parallel to neither
β nor −β. Then there exist gems that are cut by β and contained in α.

Proof. Let i �→ αi be as in 1.3 with α0 = α (so αi ⊂ αi+1 for all i ∈ Z) and
choose m ≤ −2. By 1.14, there exists a residue E of rank 2 cut by both αm

and β. Let P be the unique panel of E that is cut by β and contained in
αm. We choose a gem containing P if there is one and call it R.

Suppose that P is not contained in a gem and let o be its type. Then o is
the only special vertex of Π and there exists (by inspection of Figure 1.1) a
unique vertex i of Π adjacent to o and the label on the edge {o, i} is 3. Let
D be the residue of type {o, i} containing P and let Q be the panel of D
opposite P . Then Q is of type i and β cuts Q. Since P ⊂ D ∩ αm, the root
αm either cuts D or contains D. By 1.13, it follows that Q ⊂ D ⊂ αm+1.
Let R be the unique gem containing Q.

Thus whether or not P is contained in a gem, R is a gem cut by β that
contains chambers in αm+1. Thus either R ⊂ αm+1 or R is cut by αm+1.
By 1.13 again, it follows that R ⊂ αm+2 ⊂ α0 = α. �

Corollary 1.16. Every root cuts gems.

Proof. Let α be a root. Either there exists a root β parallel to neither α nor
−α, in which case 1.15 applies, or � = 1. If � = 1, then the unique panel cut
by α is a gem. �

Corollary 1.17. Let α be a root. Then there exists a gem R and a chamber
d ∈ R such that α ∈ [R, d] (where [R, d] is as defined in 1.10).

Proof. This holds by 1.16. �

We next observe that Σ satisfies a version of the parallel postulate:

Proposition 1.18. For each root α and each gem R of Σ, there is a unique
root parallel to α cutting R.

Proof. Let R be a gem and let α be a root of Σ. By 1.16, there exists a gem
R1 cut by α. By 1.9, there exists a translation g mapping R1 to R. By 1.8
and 1.11, αg is a root parallel to α that cuts R. By 1.13, this root is unique.
�

Proposition 1.19. Let R be a gem of Σ. Then the map α �→ [α] is a
bijection from the set of roots cutting R to the set of parallel classes of roots
of Σ.

Proof. This map is injective by 1.13 and surjective by 1.18. �

Proposition 1.20. The group Aut(Σ) acts faithfully on the set of roots
of Σ.

Proof. Let g be an element of Aut(Σ) that maps each root to itself and let
d be a chamber of Σ. For each chamber e adjacent to d, there is (by 29.6.i)



AFFINE COXETER DIAGRAMS 7

a unique root containing d but not e. The intersection of these roots is thus
{d}. Since g maps this intersection to itself, it fixes d. �

Proposition 1.21. Let R be a gem. The only element of T that maps R to
itself is the identity.

Proof. Let g be an element of T that maps R to itself and let α be a root.
By 1.18, there is a unique root α1 in the parallel class [α] that cuts R. By
1.13, g maps α1 to itself. By 1.3, it follows that g acts trivially on [α]. We
conclude that g fixes every root of Σ. By 1.20, therefore, g = 1. �

Corollary 1.22. The group T acts sharply transitively on the set of gems
of Σ.7

Proof. This holds by 1.9 and 1.21. �

Definition 1.23. Let R be a gem, let d be a chamber of R, let [R, d] be as
in 1.10 and let α ∈ [R, d]. We denote by TR,d,α the subgroup of T consisting
of all translations that fix every root in [R, d] except α.

Proposition 1.24. Let R be a gem, let d be a chamber of R and let TR,d,α

for each α ∈ [R, d] be as in 1.23. Then TR,d,α is isomorphic to Z and acts
transitively and faithfully on the parallel class [α] for all α ∈ [R, d] and

T =
⊕

α∈[R,d]

TR,d,α.

Thus, in particular, T ∼= Z�.

Proof. Let

α1, . . . , α�

be the roots in [R, d], let

(1.25) X = [α1] ∪ · · · ∪ [α�]

and let α′
i ∈ [αi] for all i ∈ [1, �]. Choose i ∈ [1, �]. By 1.12, there exists

a unique residue R′
i cut by α′

i and by αj for all j ∈ [1, �] different from i.
By 1.9, there exists a translation t mapping R to R′

i. Thus t(αi) is a root
in [αi] cutting R′

i for each i ∈ [1, �]. By 1.13, it follows that t(αi) = α′
i

and t(αj) = αj for all j ∈ [1, �] different from i. By 1.23, t ∈ TR,d,αi
. We

conclude that TR,d,αi
acts transitively on [αi].

By 1.3, it follows that the group TR,d,αi
induces a transitive group iso-

morphic to Z on [αi] for each i ∈ [1, �]. In particular, the commutator group

[TR,d,αi
, TR,d,αj

]

acts trivially on the set X defined in 1.25 above, and if t is an arbitrary
element of T , then there exist elements ti ∈ TR,d,αi

for i ∈ [1, �] such that

7In other words, for each ordered pair (R1, R2) of gems, there is a unique element of
T that maps R1 to R2.
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the product t−1t1 · · · t� also acts trivially on the set X . It thus suffices to
show that T acts faithfully on X .

Let g be an element of T that acts trivially on X . Thus g(R) is a gem cut
by all the roots of [R, d]. By 1.12, R is the unique gem with this property.
Hence g(R) = R. By 1.21, therefore, g = 1. �

Corollary 1.26. Let α be a root. Then T acts transitively on the parallel
class [α].

Proof. This holds by 1.17 and 1.24. �

Definition 1.27. We will call a translation a σ-translation if it is a σ-
automorphism of Σ for some σ ∈ Aut(Π) (as defined in 29.2). Let H be
the image of T under the homomorphism from Aut(Σ) to Aut(Π) that sends
a σ-automorphism to σ. Thus H ∼= T/T ∩ W (since, by 29.4, W can be
thought of as the group of special automorphisms of Σ). The elements of H
will be called translational automorphisms of Π.

Proposition 1.28. Let H be as defined in 1.27. Then H acts sharply tran-
sitively on the set of special vertices of Π. In particular, |T/T ∩ W | equals
the number of special vertices.

Proof. By 1.24, T is abelian. Therefore H is also abelian. It will suffice,
therefore, to show that H acts transitively on the set of special vertices of
Π. Let o, o1 be two special vertices of Σ, let R be an o-special gem and let
R1 be an o1-special gem. By 1.9, there exists a translation t mapping R to
R1. Then t is a σ-translation from some σ ∈ H mapping o to o1. �

Remark 1.29. By Section 4.7(XII) and Section 4.8(XII) in Chapter VI of
[3], the group H defined in 1.27 is, in fact, cyclic except when Π = D̃� for �
even, in which case H ∼= Z2 × Z2.

Corollary 1.30. The subgroup T ∩W of Aut◦(Σ) (as defined in 29.2) acts
sharply transitively on the set of gems of a given type.

Proof. Let R and R1 be two gems of the same type. By 1.9, there exists an
element t ∈ T mapping R to R1. By 1.28, the element t acts trivially on Π.
Thus t ∈ W . The claim holds, therefore, by 1.22. �

Definition 1.31. Let R be a gem and let x be a chamber of Σ. Then there
is a unique gem R1 of the same type as R containing x. By 1.30, there is a
unique g ∈ T ∩W mapping R1 to R. We will call xg the special translate of
x to R.

Proposition 1.32. Let R be an o-special gem for some special vertex o of
Π, let {x, y} be a panel of Σ of type i �= o and let u and v be the special
translates of the chambers x and y to R (as defined in 1.31). Then {u, v} is
a panel of R of type i.

Proof. This holds by 1.31 since the o-special gem containing x is the same
as the o-special gem containing y. �
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Proposition 1.33. Let R be an o-special gem for some special vertex o of Π
and let WR be the stabilizer of R in W = Aut◦(Σ). For each chamber x ∈ R,
let δ(x) be the special translate of y to R, where y is the unique chamber that
is o-adjacent to x. Then δ(xg) = δ(x)g for all g ∈ WR.

Proof. Let g ∈ WR and x ∈ R. Let y be the unique chamber that is o-
adjacent to x and let t be the unique element of T ∩ W such that yt ∈ R.
Thus g−1tg is an element of T ∩W (since T ∩W is normal in W ) that maps
yg to R. Therefore

δ(xg) = (yg)g−1tg = ytg = δ(x)g.

�

Proposition 1.34. Let α and β be roots such that α is parallel to neither
β nor −β. Then α contains some but not all chambers in ∂β (where ∂β is
the border of β as in 29.40).

Proof. By 1.14, there exists a residue E of rank 2 cut by both α and β. By
29.7.iv, both α ∩ E and β ∩ E are roots of E, and by 29.17, α ∩ E �= β ∩ E.
It follows that ∂β ∩E contains two chambers and α contains exactly one of
them. �

Proposition 1.35. Let α be a root. Then every chamber is contained in
some root parallel to α.

Proof. Let d be a chamber and let R be a gem containing d. By 1.18, there
is a root α′ parallel to α that cuts R. By 1.3, there exists a root α′′ that
contains α′ properly (and is, in particular, parallel to α′). By 1.13, α′′ must
contain R. �

Definition 1.36. Let α be a root. By 1.3, there exists a unique root β �= α
that contains α and is contained in every other root containing α. We will
say that β contains α minimally, alternatively, that α is contained in β
maximally.

Definition 1.37. A strip is a set of the form −α ∩ β, where α and β are
roots such that β contains α minimally (as defined in 1.36).

Proposition 1.38. Let α and β be roots such that β contains α minimally
(as defined in 1.36) and let d be contained in the strip −α ∩ β. Then β is
the convex hull of α ∪ {d}.

Proof. By 1.36, every root containing α and d contains β. The claim holds,
therefore, by 29.20. �

Proposition 1.39. If β and β′ are parallel roots and β′ ∩ ∂β �= ∅, then
β ⊂ β′ (where ∂β is as in 29.40).

Proof. Let x ∈ β′ ∩ ∂β and let y be the chamber adjacent to x in −β. If
y ∈ β′, then β ⊂ β′ simply because β and β′ are parallel. If y �∈ β′, then
β = β′ by 29.6.i. �
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Proposition 1.40. Let α and β be roots such that β contains α minimally.
Then the convex hull of ∂β is the strip −α ∩ β.

Proof. Let β′ be a root containing ∂β. By 1.34, β′ is a parallel either to β
or to −β. By 1.39, β ⊂ β′ if β′ is parallel to β. If β′ is parallel to −β, then
−α ⊂ β′ simply by 1.36. The claim holds now by 29.20. �

Proposition 1.41. Let α be a root, let i �→ αi be the map from Z to [α]
described in 1.3 and for each i ∈ Z, let Li denote the strip αi\αi−1. Then
Σ is the disjoint union of the strips Li for all i ∈ Z and for each k ∈ Z, the
root αk is the disjoint union of the strips Li for all i ≤ k.

Proof. By 1.35, every chamber of Σ lies in a root parallel to α and in a root
parallel to −α. This means that for each chamber x in Σ the set of integers
i such that x ∈ αi is non-empty and bounded below. �

Proposition 1.42. Let α and β be roots such that β contains α minimally
and let P be a panel. Let µ(α) and µ(β) be the walls of α and β as defined in
29.22. Then a panel P is contained in µ(α)∪µ(β) if and only if P contains
exactly one chamber in the strip −α ∩ β.

Proof. Let L = −α ∩ β. Suppose that P ∈ µ(α). Then P contains one
chamber x in −α and one chamber y in α and (by 29.6.i) α is the unique
root containing y but not x. Since y ∈ α ⊂ β but β �= α, it follows that β
contains x. Thus x ∈ L but y �∈ L. Similarly, if P ∈ µ(β), then P contains
exactly one chamber in L.

Suppose, conversely, that P is a panel that contains a unique chamber in
L. Let x be this unique chamber and let y be the chamber in P distinct
from x. Then y �∈ L. Thus y ∈ α or y ∈ −β. In the first case, P ∈ µ(α),
and in the second case, P ∈ µ(β). �

Proposition 1.43. For each g ∈ T , there exists M ∈ N such that

dist(x, xg) ≤ M

for all chambers x of Σ.

Proof. Let g ∈ T and let R be a gem. Since R is finite, there exists a positive
integer M such that

dist(x, xg) ≤ M

for all x ∈ R. Now suppose that x is an arbitrary chamber of Σ. By 1.9,
there exists an element h ∈ T such that xh ∈ R. By 1.24, T is abelian. Thus

dist(xg , x) = dist(xgh, xh) = dist(xhg, xh) = dist((xh)g, xh) ≤ M.

�

The following notion plays a central role in the theory of affine buildings.

Definition 1.44. Let Γ be an arbitrary graph, let S be the vertex set of X
and let

dist(U, V ) = inf{dist(u, v) | u ∈ U, v ∈ V }
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for all subsets U and V of S. We will call two subsets X and Y of S parallel
if the sets

{dist({x}, Y ) | x ∈ X} and {dist(X, {y}) | y ∈ Y }

are both bounded.8

Proposition 1.45. Let X be an arbitrary set of chambers of Σ and let
g ∈ T . Then X and Xg are parallel as defined in 1.44.

Proof. This holds by 1.43. �

Note that the parallel relation defined in 1.44 is an equivalence relation.
We have already introduced the notion of parallel roots, so we need to observe
that the two roots are parallel in the sense of 1.2 if and only if they are parallel
in the sense of 1.44: By 1.26 and 1.43, roots that are parallel in the sense
of 1.2 are parallel as defined in 1.44. Suppose, conversely, that α and β are
roots that are not parallel in the sense of 1.2. We will say that a chamber
x is separated from α by k roots if there are k roots of Σ containing α that
do not contain x. If α is parallel to −β in the sense of 1.2, then by 1.3, β
contains chambers separated from α by arbitrarily many roots. If α is not
parallel to −β in the sense of 1.2, then by 1.14, (−α′) ∩ β �= ∅ for every
root α′ containing α, so again there are chambers in β separated from α by
arbitrarily many roots. By 29.6.iii, we conclude that β contains chambers
arbitrarily far from α (whether or not α is parallel to −β in the sense of 1.2).
Thus α and β are not parallel in the sense of 1.44.

We say that two walls of Σ (as defined in 29.22) are parallel if their chamber
sets are parallel in the sense of 1.44.

Proposition 1.46. Let α and α′ be two roots. Then α is parallel to α′ or
−α′ if and only if the walls µ(α) and µ(α′) are parallel.

Proof. Suppose that α is parallel to α′. By 1.26, α′ is a translate of α.
Hence µ(α′) is a translate of µ(α). By 1.45, it follows that µ(α) and µ(α′)
are parallel. Since µ(α′) = µ(−α′), the same conclusion holds if we assume
that α is parallel to −α′.

Suppose, conversely, that α is parallel to neither α′ nor −α′. Let i �→ αi

be the bijection from Z to the parallel class [α] as in 1.3. By 29.6.i, the
chamber set of µ(α) is contained in αi for all i > 0 and αi is parallel to
neither α′ nor −α′ for all i. By 1.14, therefore, the chamber set of µ(α′) has
a non-trivial intersection with −αi for all i. Thus for each N > 0, there are
chambers of µ(α′) not contained in any of the roots αi for i ∈ [1, N ]. By
29.6.iii, it follows that there exist chambers in µ(α′) that are arbitrarily far
from µ(α). Thus µ(α) and µ(α′) are not parallel. �

Comment 1.47. If we identify Σ with its representation in a Euclidean
space V as described in the next chapter, then parallel walls of Σ correspond

8“At bounded distance” might arguably be a more suitable name for this property
than “parallel”; see, however, 1.47.
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(by 2.34) to affine hyperplanes of V that are parallel in the usual sense of
the word. This accounts for the use of the word “parallel” in 1.2 and 1.44.



Chapter Two

Root Systems

In this chapter, we show that the Coxeter chamber systems corresponding to
the connected affine Coxeter diagrams (Figure 1.1) have the three fundamen-
tal properties formulated in 1.3, 1.9 and 1.12. Our proofs rely on standard
facts about root systems for which we will cite [3] and [17] as our references.
With the representation of spherical and affine Coxeter chamber systems in
terms of Weyl chambers and alcoves that we describe in this chapter, we are
also setting the stage for Chapter 3.

Notation 2.1. Let V be a Euclidean space. For each non-zero α ∈ V , we
set

sα(v) = v − 2
v · α

α · α
α

for all v ∈ V .

The elements sα for α ∈ V ∗ are called reflections. Note that sα = stα for
each t ∈ R∗ and that each sα is an isometry of V .1 Let Φ be a root system
as defined in Chapter VI, Section 1.1, of [3]. Thus Φ is a spanning set of
non-zero vectors in a Euclidean space V such that

(R1) Φ ∩ {tα | t ∈ R} = {α,−α} for all α ∈ Φ;
(R2) sα(Φ) = Φ for all α ∈ Φ, where sα is as in 2.1;
(R3) 2(α · β)/(β · β) ∈ Z for all α, β ∈ Φ.

We assume, too, that Φ is irreducible, i.e. that Φ does not have a decom-
position as the direct sum of two root systems as defined in Chapter VI,
Section 1.2, of [3]. Let � denote the rank of Φ, i.e. the dimension of V .

Root systems were introduced and classified by W. Killing in the nine-
teenth century. According to this classification, Φ is, up to an isometry of
V , one of the root systems called X� for

X = A, B, C, D, E, F or G

described in Chapter VI, Sections 4.4–4.13, of [3].

Definition 2.2. For all α ∈ Φ, we denote by Hα the hyperplane

{v ∈ V | v · α = 0}.

A Weyl chamber of Φ is a connected component of

(2.3) V \
⋃

α∈Φ

Hα.

1We will always denote by R∗ the set of non-zero elements of a field or vector space R.
If G is a group, we will always denote by G∗ the set of non-trivial elements of G.
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Proposition 2.4. Let C be a Weyl chamber. Then the following hold:

(i) There exist � roots B(C) := {α1, . . . , α�} in Φ such that

C = {v ∈ V | v · αi > 0 for all i ∈ [1, �]}.

(ii) The set B(C) is a basis of the vector space V .
(iii) The set B(C) is uniquely determined by C.

Proof. These assertions hold by Theorem 2 in Chapter VI, Section 1.5, of
[3]. �

Definition 2.5. Let Φ be an irreducible root system. A basis of Φ is a set
of the form B(C) for some Weyl chamber C as defined in 2.4.2 The walls
of a Weyl chamber C are the hyperplanes Hα for α ∈ B(C). We denote the
set of walls of a Weyl chamber C by M(C).

Definition 2.6. Let ΓΦ be the graph whose vertices are the Weyl chambers
of Φ, where two distinct Weyl chambers C1 and C2 are joined by an edge if
and only if there is a root α such that Hα ∈ M(C1) ∩ M(C2) (i.e. Hα is a
wall of both C1 and C2 as defined in 2.5) and the reflection sα interchanges
C1 and C2.

Definition 2.7. Let WΦ = 〈sα | α ∈ Φ〉. The group WΦ is called the Weyl
group of Φ.

Let Π be the Coxeter diagram called X� in Figure 1.3. We are thus now
using X� as the name for both the root system Φ and the Coxeter diagram Π.

Proposition 2.8. Let ΓΦ be as in 2.6, let C be a Weyl chamber, let

B(C) = {α1, . . . α�}

be as in 2.4.i and let I be the vertex set of Π. Then the following hold:

(i) There is a bijection φ from I to B(C) such that the map ri �→ sφ(i)

from the generating set {ri | i ∈ I} of the Coxeter group WΠ (described
in 29.4) to the Weyl group WΦ extends to an isomorphism π from WΠ

to WΦ. The map φ is unique up to an automorphism of Π.
(ii) Let π be as in (i). Then the map g �→ π(g)(C) from the graph underly-

ing the Coxeter chamber system ΣΠ (i.e. ΣΠ without its edge coloring)
to the graph ΓΦ is an isomorphism.

Proof. Assertion (i) holds by Theorem 2 and Proposition 15 in Chapter VI,
Section 1.5, of [3]. Assertion (ii) follows by 2.6 and 29.4. �

Definition 2.9. By 2.8 and 29.30, there is a unique way (up to an automor-
phism of Π) to color the edges of ΓΦ so that it becomes a Coxeter chamber
system isomorphic to ΣΠ. We denote this Coxeter chamber system by ΣΦ.

2A basis of a root system Φ is also called a fundamental system or a simple system of
roots.
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Proposition 2.10. The reflections of ΣΦ as defined in 29.6 are the reflec-
tions sα for all α ∈ Φ.

Proof. By 2.9 and 29.6, the reflections of ΣΦ are all the elements in WΦ that
interchange two adjacent Weyl chambers, and for each pair of adjacent Weyl
chambers, there is a unique reflection interchanging them. The claim holds,
therefore, by 2.6. �

Notation 2.11. For each α ∈ Φ, let Kα denote the set of Weyl chambers
contained in the half-space

{v ∈ V | v · α > 0}.

Proposition 2.12. Let α ∈ Φ, let C1 be a Weyl chamber in Kα and let C2

be a Weyl chamber in −Kα. Suppose that C1 and C2 are adjacent in ΣΦ.
Then the reflection sα interchanges C1 and C2.

Proof. By 2.6, there exists a root β such that Hβ ∈ M(C1)∩M(C2) and the
reflection sβ interchanges C1 and C2. By 2.4, it follows that the set C̄1 ∩ C̄2

spans the hyperplane Hβ .3 On the other hand, C̄1∩ C̄2 ⊂ Hα since C1 ∈ Kα

and C2 ∈ −Kα. Hence Hα = Hβ . Therefore sα = sβ . �

Proposition 2.13. Let α ∈ Φ. The two roots associated with the reflection
sα are Kα and K−α = −Kα.

Proof. By 2.12, a gallery in ΣΦ from a Weyl chamber in Kα to a Weyl
chamber in −Kα must pass through a pair of adjacent Weyl chambers in-
terchanged by sα. The claim holds, therefore, by the definition of the two
roots associated with a reflection given in 29.6. �

Proposition 2.14. Let C be a Weyl chamber and let B(C) = {α1, . . . , α�}
be as in 2.4 and let φ be as in 2.8.i. Then the following hold:

(i) Every root of Φ can be mapped by an element of WΦ to an element of
B(C).

(ii) Two elements sφ(i) and sφ(j) of B(C) are in the same WΦ-orbit if and
only if there is a path from i and j in Π that goes only through edges
whose label is 3.

(iii) If Π is simply laced,4 then WΦ acts transitively on Φ. In particular,
all the roots in Φ have the same length.

(iv) If Π is not simply laced, then there are two WΦ-orbits of roots in Φ
and the roots of Φ are of two different lengths.

(v) Suppose that Φ = B� or C� for some � ≥ 3 (in which case the two
Coxeter diagrams B� and C� are the same) and let i be a vertex of Π
that is contained in an edge with label 3. Then φ(i) is long if Φ = B�

and short if Φ = C�.

3For each subset X ⊂ V , we denote by X̄ the closure of X in V .
4A Coxeter diagram is simply laced if all its labels are 3. The Coxeter diagrams in

Figure 1.1 that are simply laced, for example, are Ã� for � ≥ 2, D̃� for � ≥ 4, Ẽ6, Ẽ7

and Ẽ8.
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Proof. Assertion (i) holds by Proposition 15 in Chapter VI, Section 1.5, of
[3]. If i and j are vertices of Π joined by an edge with label 3, then the roots
αφ(i) and αφ(j) span a root system of type A2 and the subgroup 〈sαφ(i)

, sαφ(j)
〉

acts transitively on the set of roots of this root system. If i and j are vertices
of Π joined by an edge with label 4 or 6, then the roots αφ(i) and αφ(j) span
a root system of type B2 or G2, the subgroup 〈sαφ(i)

, sαφ(j)
〉 has two orbits

on the set of roots of this root system and αφ(i) and αφ(j) have different
lengths. Thus (ii)–(iv) hold. Assertion (v), which is really just a definition,
holds by paragraph V in Chapter VI, Section 4.5, of [3]. �

The following result will play a crucial role in the next chapter; see 3.12
and 3.14.

Proposition 2.15. Let Ξ be the set of roots of ΣΠ. Then for each isomor-
phism π from ΣΠ to ΣΦ, there is a bijection ι from Ξ to Φ such that

π(a) = Kι(a)

for all a ∈ Ξ.

Proof. Let π be an isomorphism from ΣΠ to ΣΦ. For each a ∈ Ξ, π(a) is a
root of ΣΦ. The claim holds, therefore, by 2.10 and 2.13. �

* * *

We turn now to the affine Coxeter group associated with Φ.

Notation 2.16. Let Φ̃ = Φ × Z.

Definition 2.17. Let (α, k) ∈ Φ̃ (as defined in 2.16). We denote by sα,k

the affine reflection of V given by

sα,k(v) = sα(v) + 2kα/(α · α)

for all v ∈ V and by Hα,k the affine hyperplane

{v ∈ V | v · α = k}.

Note that the affine hyperplane Hα,k is the set of fixed points of the affine

reflection sα,k for all (α, k) ∈ Φ̃.

Notation 2.18. Let W̃Φ = 〈sα,k | (α, k) ∈ Φ̃〉. The group W̃Φ is called the
affine Weyl group of Φ.

Definition 2.19. An alcove of Φ is a connected component of

V \
⋃

(α,k)∈Φ̃

Hα,k.

Proposition 2.20. The following hold:

(i) For each alcove d of Φ, there exists a unique set of � + 1 elements

B(d) := {(α1, k1), . . . , (α�+1, k�+1)}

of pairs in Φ̃ such that

d = {v ∈ V | v · αi < ki for all i ∈ [1, � + 1]}.
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(ii) Let C be a Weyl chamber, let

B(C) := {α1, . . . , α�}

be as in 2.4.i and let α̃ be the highest root of Φ with respect to B(C)
as defined in Proposition 25 in Chapter VI, Section 1.8, of [3]. Then
there is an alcove d such that

B(d) = {(−α1, 0), . . . , (−α�, 0), (α̃, 1)}.

(iii) If (α, k) ∈ B(d) for some alcove d, then the set

{u − v | u, v ∈ d̄ ∩ Hα,k}

spans the hyperplane Hα.

Proof. Assertions (i) and (ii) are proved in Section 4.3 of [17]. By the Propo-
sition in this same section, the affine Weyl group W̃Φ acts transitively on
the set of alcoves. Thus to prove (iii), it suffices to check the claim for the
alcove d in (ii). �

Definition 2.21. Let d be an alcove. A wall of d is an affine hyperplane
Hα,k for some pair (α, k) in B(d), where B(d) is as defined in 2.20.i. We
denote the set of walls of d by M(d).

Definition 2.22. Let Γ̃Φ be the graph whose vertices are the alcoves of Φ,
where two alcoves d1 and d2 are joined by an edge if and only if there is a
pair (α, k) ∈ Φ̃ such that the affine hyperplane Hα,k is in M(d1) ∩ M(d2)
and the affine reflection sα,k interchanges d1 and d2.

For each u ∈ V , we denote by tu the translation of V given by

(2.23) tu(v) = v + u

for all v ∈ V . Thus, in particular,

(2.24) sα,k = t2kα/(α·α)sα

for all (α, k) ∈ Φ̃.

Proposition 2.25. tvsα,kt−1
v = sα,k+v·α and sα,ktvsα,k = tsα,k(v) as well as

tv(Hα,k) = Hα,k+v·α and sβ(Hα,k) = Hsβ(α),k for all (α, k) ∈ Φ̃, all β ∈ Φ
and all v ∈ V .

Proof. These identities follow immediately from 2.17 and 2.23. �

Definition 2.26. Let

VΦ = {v ∈ V | v · α ∈ Z for all α ∈ Φ}.

A point in V is called special (with respect to Φ) if it lies in VΦ. A point
v ∈ V is thus special if and only if for each α ∈ Φ, there exists k ∈ Z such
that v ∈ Hα,k. Let

TΦ = {tv | v ∈ VΦ}.

The group TΦ acts transitively on the set VΦ of special points of V .
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Proposition 2.27. Let B(C) = {α1, . . . , α�} be as in 2.4.i for some Weyl
chamber C and let v ∈ V . Then v ∈ VΦ if and only if v · αi ∈ Z for all
i ∈ [1, �].

Proof. This holds by Theorem 3 in Chapter VI, Section 1.6, of [3]. �

By condition (R3), 2(α · β)/(β · β) ∈ Z for all α and β in Φ. By 2.24 and
2.25, therefore, the subgroups TΦ and W̃Φ of Aut(V ) normalize each other,
and both groups act on the graph Γ̃Φ defined in 2.22. Thus, in particular,
TΦW̃Φ is a subgroup of Aut(Γ̃Φ). By 2.24, in fact, TΦW̃Φ = TΦWΦ.

Now let Π̃ be the Coxeter diagram in Figure 1.1 whose name is X̃�. Thus
ΣΠ̃ is one of the Coxeter chamber systems that were the subject of our
attention in Chapter 1.

Proposition 2.28. Let Γ̃Φ be as in 2.22, let C be a Weyl chamber, let B(C)
be as in 2.4.i, let α̃ and d be as in 2.20.ii and let Ĩ be the vertex set of Π̃.
Then the following hold:

(i) There exists a bijection φ̃ from Ĩ to B(C)∪{α̃} such that o := φ̃−1(α̃)
is a special vertex of Π̃ and the map

ri �→

⎧⎨
⎩

sφ̃(i) if i �= o,

sα̃,1 if i = o

from the generating set {ri | i ∈ Ĩ} of the Coxeter group WΠ̃ to the

affine Weyl group W̃Φ extends to an isomorphism π̃ from WΠ̃ to W̃Φ.

The map φ̃ is unique up to an automorphism of Π̃.
(ii) Let π̃ be as in (i). Then the map g �→ π̃(g)(d) from the graph underly-

ing the Coxeter chamber system ΣΠ̃ to the graph Γ̃Φ is an isomorphism.

Proof. Assertion (i) holds by the results in Sections 4.6 and 4.7 in [17].
Assertion (ii) follows by 2.22 and 29.4. �

Definition 2.29. By 2.28 and 29.30, there is a unique way (up to an au-
tomorphism of Π̃) to color the edges of Γ̃Φ so that it becomes a Coxeter
chamber system isomorphic to ΣΠ̃. We denote this Coxeter chamber system

by Σ̃Φ.

It is easy to form a picture of ΣΦ if � ≤ 2. If � = 1 (so X� = A1), then the
alcoves are simply the open intervals (i, i+1) for all i ∈ Z, the special points
are the integers and a panel {(i− 1, i), (i, i + 1)} of Σ̃Φ is of one type or the
other according to the parity of i. If � = 2 (so X� = A2, C2 or G2), then
V is the Euclidean plane, a region of which is illustrated in Figures 2.1–2.3.
In each case, the alcoves are the triangles, straight lines in these figures are
the affine hyperplanes Hα,k, the type of a panel of Σ̃Φ (i.e. a pair of alcoves
sharing a common boundary segment) is indicated by the “color” (dotted,
dashed or solid) of this segment and the special points are those at the
intersection of three of these lines if X� = A2, four if X� = C2, respectively,
six if X� = G2.
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Figure 2.1 Alcoves for Ã2

Proposition 2.30. The reflections of Σ̃Φ as defined in 29.6 are the affine
reflections sα,k for all pairs (α, k) ∈ Φ̃.

Proof. By 2.29 and 29.6, the reflections of ΣΦ are all the elements in WΦ

that interchange two adjacent Weyl chambers, and for each pair of adjacent
Weyl chambers, there is a unique reflection interchanging them. The claim
holds, therefore, by 2.22. �

By 2.18 and 2.29, the group W̃Φ acts transitively on the set of panels of
Σ̃Φ of a given color. Since TΦ normalizes W̃Φ and acts on the set of edges of
Γ̃Φ, it follows that TΦ permutes the orbits of W̃Φ in the set of edges of Γ̃Φ.
Thus TΦ is a subgroup of Aut(Σ̃Φ), but not one, in general, that preserves
colors; see 1.28 and 1.29.

Notation 2.31. For each pair (α, k) ∈ Φ̃, let Kα,k denote the set of alcoves
contained in the affine half-space

{v ∈ V | v · α > k}.
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Figure 2.2 Alcoves for B̃2 = C̃2
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Figure 2.3 Alcoves for G̃2

Proposition 2.32. Let (α, k) ∈ Φ̃, let d1 be an alcove in Kα,k and let d2 be

an alcove in K−α,−k. Suppose that d1 and d2 are adjacent in Σ̃Φ. Then the
affine reflection sα,k interchanges d1 and d2.

Proof. By 2.22, there exists a pair (β, l) ∈ Φ̃ such that the affine hyperplane
Hβ,l is a wall of both d1 and d2 and the affine reflection sβ,l interchanges
d1 and d2. Thus d̄1 ∩ d̄2 ⊂ Hβ,l and (since sβ,l acts trivially on Hβ,l)
d̄1 ∩ d̄2 = d̄1 ∩ Hβ,l. By 2.20.iii, it follows that the set

{u − v | u, v ∈ d̄1 ∩ d̄2}

spans Hβ . On the other hand, d̄1 ∩ d̄2 ⊂ Hα,k since d1 ∈ Kα,k and d2 ∈
K−α,−k. It follows that Hα,k = Hβ,l. Therefore sα,k = sβ,l. �

Proposition 2.33. Let (α, k) ∈ Φ̃. The two roots associated with the re-
flection sα,k are Kα,k and K−α,−k.

Proof. By 2.32, a gallery in Σ̃Φ from an alcove in Kα,k to an alcove in K−α,−k

must pass through a pair of adjacent alcoves interchanged by sα,k. The claim
holds, therefore, by 29.6. �

Proposition 2.34. For each pair (α, k) ∈ Φ̃, the parallel class of the root
Kα,k is the set of roots

{Kα,m | m ∈ Z}.

Proof. Suppose that Kβ,m is parallel to Kα,k for some pair (β, m) ∈ Φ̃. Then
α and β are linearly dependent since otherwise the map x �→ (x · α, x · β)
from V to R2 would be surjective. By condition (R1), therefore, β is either
α or −α. Since K−α,l is not parallel to Kα,k for any l ∈ Z, we conclude that,
in fact, α = β. �

Definition 2.35. Suppose that Π is not simply laced, so the roots of Φ are
of two different lengths by 2.14.iv. We will call a root Kα,k of Σ̃Φ long (or
short) if the root α of Φ is long (or short).
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Notation 2.36. Let C and d be as in 2.20.ii. Thus d is the unique alcove
in C whose closure contains the origin 0. Let R be the set of alcoves that
are in the same WΦ-orbit as d. Then R is a gem of Σ̃Φ (as defined in 1.6)
isomorphic to ΣΦ, the origin 0 is the only point in V contained in the closure
of all the alcoves in R, the alcoves in R are the only alcoves whose closure
contains 0 and the set of roots that cut R is

{Kα,0 | α ∈ Φ}.

Proposition 2.37. Let R1 be a gem of Σ̃Φ and let α ∈ Φ. Then there exists
a unique k ∈ Z such that Kα,k cuts R1.

Proof. By 1.13 and 2.34, for each α ∈ Φ there is at most one k ∈ Z such that
Kα,k cuts R1. By 1.7, R and R1 are isomorphic Coxeter chamber systems.
In particular, they are each cut by the same number of roots. The claim
follows, therefore, from the observation that Kα,0 cuts R for all α ∈ Φ. �

Proposition 2.38. The group TΦ acts transitively on gems.

Proof. Let R1 be a gem, let C be a Weyl chamber, let

B := B(C) = {α1, . . . , α�}

be as in 2.4.i and let d and R be as in 2.36. By 2.37, there exist unique
integers k1, . . . , k� such that Kαi,ki

cuts R1 for all i ∈ [1, �]. By 2.4.ii, the
map

(2.39) v �→ (α1 · v, . . . , α� · v)

from V to R� is bijective. By 2.23, therefore, the group TΦ contains a unique
element t mapping Kαi,0 to Kαi,ki

for all i ∈ [1, �]. Let d1 = t(d). By 2.25,

tsBt−1 = {sαi,ki
| i ∈ [1, �]},

where sB := {sαi
| i ∈ [1, �]}. Since Kαi,ki

cuts R1, the reflection sαi,ki

maps R1 to itself for each i ∈ [1, �]. Since sαi,ki
(d1) = tsαi

t−1(d1) = tsαi
(d)

and sαi
(d) is a chamber in R adjacent to d for each i ∈ [1, �], it follows that

the set of chambers of R1 adjacent to d1 is {sαi,ki
(d1) | i ∈ [1, �]}. Thus the

group

M := 〈sαi,ki
| i ∈ [1, �]〉

maps R1 to itself and contains elements mapping d1 to each chamber in R1

adjacent to d. It follows that R1 = M(d1). Thus

t(R) = t〈sB〉(d) = t〈sB〉t−1 · t(d) = M(d1) = R1.

�

Proposition 2.40. Let R1 be a gem. Then the following hold:

(i) There is a unique point x ∈ V contained in the closure of all the alcoves
in R1.

(ii) The alcoves in R1 are the only alcoves whose closure contains x.
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Proof. This holds by 2.36 and 2.38. �

Definition 2.41. Let R1 be a gem and let x be as in 2.40.i. We call x the
center of R.

Proposition 2.42. A point of V is the center of a gem if and only if it is
special.

Proof. By 2.36, 2.38 and 2.41, a point of V is the center of a gem if and only
if it is in the same TΦ-orbit as the origin 0. By 2.26, a point of V is special
if and only if it is in the same TΦ-orbit as the origin 0. �

Proposition 2.43. The group TΦWΦ acts transitively on the set of pairs
(R1, d1) such that R1 is a gem of Σ̃Φ and d1 is an alcove in R1.

Proof. Let R be as in 2.36. Then WΦ acts transitively on the set of alcoves
in R. The claim holds, therefore, by 2.38. �

Proposition 2.44. Let {α1, . . . , α�} be a basis of Φ as defined in 2.5, let R
be as in 2.36 and let k1, . . . , k� be integers. Then the following hold:

(i) There exists a unique point v ∈ V such that v ·αi = ki for all i ∈ [1, �],
the point v is special (as defined in 2.26), so tv ∈ TΦ, and tv(R) is a
gem cut by Kαi,ki

for all i ∈ [1, �].
(ii) tv(R) is the unique gem cut by Kαi,ki

for all i ∈ [1, �].

Proof. Since the map in 2.39 is a bijection, there exists a unique point v in
V such that v · αi = ki for all i ∈ [1, �]. By 2.27, v ∈ VΦ. Thus tv ∈ TΦ. By
2.31,

(2.45) tw(Kα,0) = Kα,w·α

for all α ∈ Φ and all w ∈ VΦ. Hence tv(R) is cut by tv(Kαi,0) = Kαi,ki
for

all i ∈ [1, �]. Thus (i) holds. Let R1 be a second gem cut by Kαi,ki
for all

i ∈ [1, �]. By 2.38, there exists a special point u such that tu(R) = R1. By
2.37, tu(Kαi,0) = Kαi,ki

for all i ∈ [1, �]. By 2.45, it follows that u · αi = ki

for all i ∈ [1, �]. Thus u = v. Therefore R1 = tv(R). Hence (ii) holds. �

We have now reached the main goal of this chapter:

Proposition 2.46. The assertions in 1.3, 1.9 and 1.12 are all valid.

Proof. The Coxeter diagram Π̃ is one of the diagrams in Figure 1.1. Thus Π̃
is playing the role of the Coxeter diagram Π in Chapter 1. By 2.29, it will
suffice to show that the assertions 1.3, 1.9 and 1.12 are true for Σ̃Φ.

By 2.30 and 2.33, all roots of Σ̃Φ are of the form Kα,k. It follows by 2.34
that 1.3 holds.

The group TΦ maps every root to a parallel root. Thus TΦ is a subgroup
of the group TΠ defined in 1.8. By 2.38, therefore, 1.9 holds. (It follows from
1.22 that, in fact, TΦ = TΠ.)
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It remains only to prove 1.12. By 2.43, it suffices to assume that R, C and
d are as in 2.36. Let B(C) = {α1, . . . , α�}. By 2.21, the roots containing d
but not some alcove in R adjacent to d in Σ̃Φ are

Kα1,0, . . . , Kα�,0.

By 2.34, a root parallel to Kα,0 for some α ∈ Φ is of the form Kα,k for some
integer k. Thus 1.12 holds by 2.44. �

* * *

We close this chapter with four small observations. The first will be needed
in Chapters 25 and 26:

Proposition 2.47. Suppose that Π = X� is neither simply laced nor B2 =
C2. Let J be a subset of the vertex set Ĩ of the Coxeter diagram Π̃ = X̃� of
maximal cardinality such that the subdiagram Π̃J spanned by J is isomorphic
to Ak for some k. Let R be a J-residue of Σ̃Φ. Then every root of Σ̃Φ cutting
R is long if X = B, F or G, short if X = C.

Proof. Let α̃ and d be as in 2.20.ii. Since W̃Φ acts transitively on the set
of residues of a given type, we can assume that d ∈ R. Let φ̃ be the map
in 2.28 that is used (in 2.29) to color the edges of Σ̃Φ and let o = φ̃−1(α̃).
If X = F or G, then o ∈ J . If o ∈ J , then R is cut by the root Kα̃,1. By
Proposition 25(iii) in Chapter VI, Section 1.8, of [3], α̃ is long. If o �∈ J ,
then X = B or C and R is cut by the root Kφ̃(i) for all i ∈ J . By 2.14.v,
these roots are long if X = B, short if X = C. By 29.7.iii, we have

R ∼= ΣΠ̃J
.

Hence by 2.14.iii, the stabilizer of R in W̃Φ acts transitively on the roots of
R. It follows that all the roots of Σ̃Φ that cut R have the same length. �

Our second observation will be needed in 13.13:

Proposition 2.48. If Π is not simply laced, then TΦWΦ = Aut(Σ̃Φ).

Proof. Let g ∈ Aut(Σ̃Φ). Thus g is a σ-automorphism for some σ ∈ Aut(Π)
(as defined in 29.2). We claim that g ∈ TΦWΦ. By 2.43, we can assume that
g fixes a chamber d and a gem R containing d. In particular, σ fixes a special
vertex. If Π is not simply laced, it follows (by inspection of Figure 1.1) that
σ is the identity map. The only special automorphism of Σ that fixes a
chamber is the identity map. �

Our third observation will be needed in the investigation of gems in Chap-
ters 19–24:

Proposition 2.49. Suppose that Φ = B� for some � ≥ 3 or C� for some
� ≥ 2, let C be a Weyl chamber of Φ, let x1, . . . , x� be the vertices of the
Coxeter diagram B� going from left to right in Figure 1.3, let φ be as in 2.8.i
and let αi = φ(xi) for all i ∈ [1, �].5 Furthermore:

5Note that by (iv) and (v) of 2.14, α� is the unique short root in B(C) = {α1, . . . , α�}
if Φ = B� and α� is the unique long root in B(C) if Φ = C�.
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(i) If Φ = B� for some � ≥ 3, let v be the unique special point in V such
that v · αi = 0 for all i ∈ [2, �] and v · α1 = −1.

(ii) If Φ = C� for some � ≥ 2, let v be the unique special point in V such
that v · αi = 0 for all i ∈ [1, � − 1] and v · α� = −1.

Then (in both cases) the gem of Σ̃Φ with center v is not of the same type as
the gem whose center is the origin.

Proof. Let R be the gem whose center is the origin, let R1 be the gem with
center v and let α̃ be the highest root of Φ with respect to B(C) (as in
2.20.ii). Since v �= 0, we have R1 �= R. If we are in case (i), then v = −ε1

and hence

v · α̃ = −ε1 · (ε1 + ε2) = −1,

where ε1 and ε2 are as in Plate II in [3]. If we are in case (ii), then

v = −(ε1 + ε2 + · · · + ε�)/2

and hence

v · α̃ = v · 2ε1 = −1,

where ε1, . . . , ε� are as in Plate III in [3]. Thus in both cases −v is contained
in the closure of the alcove d described in 2.20.ii. Scalar multiplication by −1
maps Φ to itself and hence permutes the set of alcoves. Thus −d is an alcove
whose closure contains v. By 2.40.ii, therefore, −d ∈ R1. The alcove −d also
lies in R and R is different from R1. The claim follows since a residue of a
given type containing a given chamber is uniquely determined. �

Our last observation will be needed in Chapters 19–25 when we apply
3.41.i:

Proposition 2.50. Let Φ = B2 or G2 and let α, β ∈ Φ. Then the following
hold:

(i) If Φ = B2 and α and β are at an angle of 135 degrees, then

2(α · β)/(β · β) =

⎧⎨
⎩

−2 if α is long and

−1 if α is short.

(ii) If Φ = G2 and α and β are at an angle of 150 degrees, then

2(α · β)/(β · β) =

⎧⎨
⎩

−3 if α is long and

−1 if α is short.

Proof. See Plate X in [3]. �

Note that the hypothesis about the angles in 2.50 is equivalent to the as-
sumption that {α, β} is a basis of Φ as defined in 2.5.



Chapter Three

Root Data with Valuation

In this chapter, we introduce the notion of a root datum with valuation. We
will not need this notion until Chapter 13, but we prefer to introduce it now
while the representation of spherical and affine Coxeter chamber systems in
terms of root systems, Weyl chambers and alcoves as described in Chapter 2
is still fresh in the reader’s mind.

Throughout this chapter, we let Π = X� be one of the spherical diagrams
in Figure 1.3 with � ≥ 2 (i.e. not A1), we let I denote the vertex set of Π, we
let ∆ be an irreducible spherical building of type Π satisfying the Moufang
property as defined in 29.15 and we fix an apartment Σ of ∆. Roots of Σ
will be denoted by lowercase Latin letters.

Definition 3.1. Let a and b be two roots of Σ that are not opposite each
other. By 29.25, we can choose a residue E of rank 2 of Σ cut by both a
and b. By 29.7.iv, both E ∩ a and E ∩ b are roots of E. There is thus a
unique minimal gallery (x0, . . . , xs) in E ∩ Σ such that a contains x1 but
not x0 and b contains xs but not xs−1. For each i ∈ [1, s], there exists (by
29.6.i) a unique root of Σ containing xi but not xi−1; we denote this root
by ai. Thus a1 = a, as = b and a1, a2, . . . , as are precisely the roots of Σ
containing a ∩ b ∩ E but not all of E. Let

[a, b] = (a1, a2, . . . , as)

and

(a, b) = (a2, . . . , as−1).

These ordered sets will be called the closed (respectively, the open) interval
from a to b. By the next result, they are independent of the choice of E.

For each root a of Σ, we denote by Ua the corresponding root group of ∆
as defined in 29.15.

Proposition 3.2. Let a and b be two roots of Σ that are not opposite each
other. Let E and

[a, b] = (a1, a2, . . . , as)

be as in 3.1. Then the following hold:

(i) The roots a1, a2, . . . , as are precisely the roots of Σ that contain a ∩ b.
(ii) The set [a, b] and its ordering from a to b are both independent of the

choice of E.
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(iii) [U1, Us] ⊂ U2U3 · · ·Us−1 if s ≥ 3, where Ui denotes the root group Uai

for all i ∈ [1, s], and [U1, Us] = 1 if s = 2.
(iv) Every element in the group 〈U1, U2, . . . , Us〉 can be written uniquely in

the form u1u2 · · ·us with ui ∈ Ui for all i ∈ [1, s].

Proof. Let (x0, x1, . . . , xs) be as described in 3.1 and let w be an arbitrary
chamber of Σ contained in a ∩ b. By 29.7.i,

(3.3) dist(x0, z) + dist(z, w) = dist(x0, w), 1

where z := projEw. By 29.16, z ∈ a∩ b∩E. By 29.7.ii, E is a convex subset
of Σ. It follows that xi is nearer to z than xi−1 for each i ∈ [1, s]. By 3.3,
therefore, w is nearer to xi than to xi−1 for each i ∈ [1, s]. Hence by 29.6.i,
w ∈ ai for all i ∈ [1, s]. We conclude that a ∩ b ⊂ ai for all i ∈ [1, s].

Now let c be an arbitrary root of Σ containing a∩b and let w be a chamber
in a ∩ b ∩ E. Let x be the chamber opposite w in E ∩ Σ and let u be the
chamber opposite x in Σ. Since a∩E and b∩E are both roots of E containing
w, neither contains x. Hence neither a nor b contains x. By 29.9.i, it follows
that both a and b contain u. Since c contains a∩b, it also contains u. Hence
by 29.9.i again, c does not contain x. Thus c contains a ∩ b ∩ E but not all
of E. Therefore c = ai for some i ∈ [1, s]. Thus (i) holds.

By (i), the unordered set {a1, . . . , as} depends only on a and b and not
on the choice of E. From (i), we also deduce that for each i ∈ [1, s− 1], the
cardinality |[ai, as]| depends only on ai and as and not on the choice of E.
Since for each i ∈ [1, s− 1], ai is the unique element of {a1, a2, . . . , as} such
that |[ai, as]| = s + 1 − i, its position as the i-th entry in the s-tuple [a1, as]
is independent of the choice of E. Thus (ii) holds.

By 11.27 of [37], the group

〈Ui | i ∈ [1, s]〉

acts faithfully on the residue E. By 5.5 and 5.6 of [36], therefore, (iii) and
(iv) hold. �

We now introduce the notion of a root datum. There is some ambiguity
about this notion in the literature and, in fact, the version of this notion we
require is simpler than the version given in Section 6.1 of [6].

Definition 3.4. Let G† be the subgroup of Aut(∆) generated by all the
root groups Ua for all roots a of ∆,2 let Ξ denote the set of roots of Σ and
let ξ denote the map from Ξ to the set of subgroups of G† given by ξ(a) = Ua

for each a ∈ Ξ. We will call the pair (G†, ξ) the root datum of ∆ based at
Σ.3 By 29.15.iii, G† acts transitively on the set of apartments of ∆. Thus

1By 29.13.iii, Σ is a convex subset of ∆. Thus the distance between two chambers of
Σ is the same whether it is measured in Σ or in ∆.

2When ∆ is the building associated with an algebraic group, the group G† is often
called G+. In the use of the name G† we are following [34] and [36].

3Thus the root datum of ∆ consists of the group G†, the subgroup Ua for all a ∈ Ξ and
the map a �→ Ua we are calling ξ. We could equally well have denoted the root datum of
∆ by

(G†, (Ua)a∈Ξ).
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(G†, ξ) is unique (i.e. does not depend on the choice of Σ) up to conjugation
by an element of G†.

The following terminology will be used frequently.

Notation 3.5. Let d be a chamber of Σ. For each x in the vertex set I
of Π, let ex be the unique chamber of Σ that is x-adjacent to d. By 29.6.i,
there exists for each x ∈ I a unique root of Σ that contains d but not ex; we
denote this root by ax. Let

Ξ◦
d = {ax | x ∈ I}

and let

Ξd = {b | b ∈ [ax, ay] for some edge {x, y} of Π}.

It follows from 29.6.i that ey ∈ ax and hence ax �= ay whenever x and y are
distinct elements of I. Therefore the map

x �→ ax

from I to Ξ◦
d is a bijection. Note also that if x, y ∈ I are distinct and E is

the {x, y}-residue of Σ containing d, then ax ∩ ay ∩ E = {d} and hence (by
3.1) the interval [ax, ay] contains precisely those roots of Σ that contain d
but not all of E. Thus if x and y are adjacent vertices of Π and n is the
label on the edge {x, y}, then |E| = 2n and |[ax, ay]| = n.4

The next result says that a Moufang spherical building is uniquely deter-
mined by its root datum, in fact, by just a small subset of its root datum.5

Theorem 3.6. Let ∆̂ be a second building having the same Coxeter diagram
Π and also satisfying the Moufang condition and let (Ĝ†, ξ̂) be the root group
datum of ∆̂ based at an apartment Σ̂ (as defined in 3.4). Let d ∈ Σ and let
Ξ◦

d and Ξd be as in 3.5. Suppose that π is a σ-isomorphism from Σ to Σ̂ for
some automorphism σ of Π.6 Suppose, too, that for each edge e = {x, y} of
Π, πe is an isomorphism from the group

U
(e)
+ := 〈Ub | b ∈ [ax, ay]〉

to the group

Û
(σ(e))
+ := 〈Ûπ(b) | b ∈ [ax, ay]〉

mapping the root group Ub for each b ∈ [ax, ay] to the root group Ûπ(b) in

Ĝ† corresponding to the root π(b). Suppose, too, that for all pairs of edges

4If x, y ∈ I are distinct but not adjacent, then |E| = 4 and [ax, ay ] contains just ax

and ay .
5The result 3.6 is fundamental in the theory of spherical buildings. In particular,

it is the basis of our description of the classification of Moufang spherical buildings in
30.12–30.14.

6Thus π maps the interval [ax, ay ] to the interval [âσ(x), âσ(y)] for all edges {x, y} of

Π, where âσ(x) and âσ(y) are as defined in 3.5 with Σ̂ and π(d) in place of Σ and d.
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e1 = {x1, y1} and e2 = {x2, y2} of Π sharing a common vertex x := x1 = x2

(so ax ∈ [axi
, ayi

] for both i = 1 and 2), the restriction of πe1 to Uax
equals

the restriction of πe2 to Uax
. Then there exists a σ-isomorphism φ from ∆

to ∆̂ extending π that induces the map πe from U
(e)
+ to Û

(σ(e))
+ for each edge

e of Π.

Proof. This is proved in 40.17 of [36]. �

Notation 3.7. Let a ∈ Ξ. By 29.6.i, there is a unique reflection of Σ that
interchanges the root a with its opposite −a in Σ. We denote this reflection
by sa.

Definition 3.8. Let a be a root of Σ and let −a denote the root opposite
a in Σ. By 11.22 of [37], for each u ∈ U∗

a , there exists a unique element in

U∗
−auU∗

−a

that interchanges a and −a. We will denote this element here by mΣ(u).7

Since mΣ(u)−1 ∈ U∗
−au−1U∗

−a also interchanges a and −a, we have

(3.9) mΣ(u−1) = mΣ(u)−1

for all u ∈ U∗
a .

Remark 3.10. Let a and −a be opposite roots of Σ, let g ∈ mΣ(U∗
a ) and

let P be a panel containing one chamber in a and one in −a. Since Ua

acts trivially on a and U−a acts trivially on −a, the element g maps P to
itself. Since g interchanges a and −a, it interchanges, in particular, the two
chambers in P ∩Σ. By 29.6, it follows that g induces the reflection sa on Σ
(as defined in 3.7). In particular, g is a special automorphism of ∆ and g2

acts trivially on Σ (but is not, in general, the identity).

Proposition 3.11. Let d ∈ Σ, let Ξ◦
d be as in 3.5, let a and b be distinct

elements of Π◦
d, let

[a, b] = (a1, a2, . . . , as)

be as in 3.1, let Ui = Uai
for all i ∈ [1, s], let m1 ∈ mΣ(U∗

1 ) and let ms ∈
mΣ(U∗

s ). Suppose that s > 2. Then the following hold:

(i) Um1

i = Us+2−i for all i ∈ [2, s].
(ii) Ums

i = Us−i for all i ∈ [1, s − 1].

Proof. We have a = ax and b = ay for some edge {x, y} of Π. Let E be the
{x, y}-residue of Σ containing d. By 29.7.iv, ai ∩ E is a root of E for each
i ∈ [1, s]. By 3.10, m1 maps E to itself and interchanges a1 ∩ E with the
opposite root of E. It follows that

(ai ∩ E)m1 = as+2−i ∩ E

7By 29.56, a is the set of chambers in Σ fixed by an element u ∈ U∗
a , so this notation

is unambiguous.
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for all i ∈ [2, s]. By 29.19, therefore,

am1

i = as+2−i

for all i ∈ [2, s]. Thus (i) holds; (ii) holds by a similar argument. �

The following definition is fundamental:

Definition 3.12. Let Ξ be the set of roots of the apartment Σ. A root map
of Σ is a bijection ι from Ξ to some root system Φ (which we call the target
of ι) such that

(3.13) π(a) = Kι(a)

for some isomorphism π from Σ to ΣΦ and for all a ∈ Ξ, where ΣΦ is as in
2.9 and Kι(a) is as in 2.11. Note that by 1.20, the isomorphism π from Σ
to ΣΦ is uniquely determined by ι. We will say that root maps ι and ι̂ are
equivalent if they have the same target Φ and there is an isometry σ of the
ambient Euclidean space V of Φ mapping Φ to itself such that ι̂ = σ ◦ ι.

Proposition 3.14. The following hold (with all the notation of 3.12):

(i) Root maps of Σ exist.
(ii) If Π is simply laced, then all root maps of Σ are equivalent.
(iii) If Π = B� = C� for some � ≥ 3, then there are two equivalence classes

of root maps of Σ, one with target B� and the other with target C�.
(iv) If Π = B2 = C2, F4 or G2, then there are two equivalence classes of

root maps of Σ, both with target the unique root system having the
same name as Π.

(v) If ι and ι̂ are inequivalent root maps of Σ, then for all a ∈ Ξ, ι(a) is
long if and only if ι̂(a) is short.

Proof. By assumption, the Coxeter diagram Π is one of the diagrams X�

with � ≥ 2 in Figure 1.3. Let Φ denote the root system called X�. Thus Φ is
unique except when the Coxeter diagram Π is B� = C� for � ≥ 3, in which
case Φ can be either of the two distinct root systems B� or C�. By 2.15, there
exists for each Π a root map with target Φ. Thus, in particular, (i) holds.

Suppose that ι and ι̂ are two root maps of Σ with target Φ. Then there
exists a unique automorphism φ of Σ such that ι̂(a) = ι(φ(a)) for all a ∈ Ξ.
Let σ be the automorphism of Π induced by φ and let DynΦ denote the
Dynkin diagram of Φ. We can think of DynΦ as Π with the addition of
an arrow on the multiple edge of Π if there is one, so that Aut(DynΦ) is
a subgroup of Aut(Π) of index 1 or 2. By the Corollary in Chapter VI,
Section 4.2, of [3], ι and ι̂ are equivalent if and only if σ ∈ Aut(DynΦ).
Thus the number of equivalence classes of root maps equals the index of
Aut(DynΦ) in Aut(Π). Hence (ii)–(iv) hold.

To prove (v), it suffices by (ii)–(iv) (and 3.12) to produce two root maps
ι and ι̂ of Σ such that for each a ∈ Ξ,

(3.15) ι(a) is long if and only if ι̂(a) is short
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under the assumption that Π is not simply laced. Suppose first that Π = F4

or G2. By 29.29, there exists an automorphism φ of Σ that induces the
non-trivial automorphism on Π. By 2.14.iv, the Coxeter group WΠ has two
orbits in Ξ, one consisting of the long roots and one consisting of the short
roots. By 29.27, φ interchanges the two WΠ-orbits in Ξ. Let ι be a root map
of Σ and let ι̂ := ι◦φ. Then ι̂ is also a root map of Σ (with the same target)
and the pair ι, ι̂ satisfies 3.15.

Suppose that Π = B� or C�. By (V) in Chapter VI, Section 5, of [3], the
root systems B� and C� can be embedded in the same ambient space in such
a way that the map α �→ 2α/(α · α) (which we denote by π) is a bijection
from B� to C�. Thus if ι is a root map of Σ with target B�, then π ◦ ι is a
root map of Σ with target C� (and vice versa) and again the pair ι, ι̂ satisfies
3.15. Thus (v) holds. �

The identifications described in the following paragraph are important:

Conventions 3.16. Suppose that a root map ι of Σ with target Φ (as
defined in 3.12) is given and let π be the unique isomorphism from Σ to ΣΦ

satisfying 3.13. We will always identify the set Ξ of roots of Σ with the root
system Φ via the map ι8 and we will always identify the apartment Σ with
the Coxeter chamber system ΣΦ (defined in 2.9) via the isomorphism π. In
the presence of a root map ι with target Φ, it will thus make sense to treat
the elements of Ξ as vectors in the ambient space V of Φ and to think of the
chambers of Σ as Weyl chambers of Φ. In particular, it will make sense to
write linear combinations of elements of Ξ (as in 3.19), to form dot products
of vectors in V with elements of Ξ (as in 3.22), to think of the reflection
sa of Σ (for a given root a ∈ Ξ) defined in 3.7 and the reflection sa of ΣΦ

defined in 2.1 as the same thing and to think of a root a of Σ not only as an
element of Φ but also as the root Ka of ΣΦ.

Remark 3.17. Let d ∈ Σ, let x and y be two vertices of Π, let a = ax and
b = ay be as defined in 3.5 and let sa and sb be as defined in 3.7. By 29.4,
[sa, sb] = 1 if and only if the vertices x and y are not adjacent in Π. Now
suppose that ι is a root map of Σ with target Φ. By 3.16, we can identify
sa and sb with the reflections defined in 2.1. Thus [sa, sb] = 1 if and only if
the roots a and b are perpendicular elements of V . Thus the vertices x and
y of Π are adjacent if and only if the roots a and b are not perpendicular.

Remark 3.18. For each d ∈ Σ, the set Ξ◦
d (as defined in 3.5) is a basis of Φ

(by 2.5, 2.8 and 3.16) and every basis of Φ is of the form Ξ◦
d for some d ∈ Σ.

Proposition 3.19. Let ι be a root map of Σ with target Φ, let a and b be
two roots of Σ such that a �= ±b and let c ∈ (a, b), where the open interval
(a, b) is as defined in 3.1. Then there exist unique positive real numbers pc

and qc such that

c = pca + qcb.

8In particular, the roots of Φ (which are vectors in the ambient Euclidean space V of
Φ) will be denoted by lowercase Latin letters.



ROOT DATA WITH VALUATION 31

Proof. There exist k, l ∈ R and v ∈ 〈a, b〉⊥ such that c = ka+ lb+v. By 3.2.i
and 3.16, Ka ∩ Kb ⊂ Kc. Choose x ∈ Ka ∩ Kb. Thus x ∈ Kc, so x · c > 0.
Let t ∈ R. The vector x + tv is also in Ka ∩ Kb, hence (x + tv) · c > 0 and
therefore

c · x > −tv · c = −tv · v.

Since t is arbitrary, it follows that v = 0. Thus c = ka+lb. By condition (R1)
on page 13, a and b are linearly independent (since a �= ±b by hypothesis) and
k and l are both non-zero (since c is equal to neither a nor b by hypothesis).
We also have

(3.20) k(x · a) + l(x · b) = x · c > 0

for all x ∈ Ka ∩ Kb. Since a and b are linearly independent, we can choose
x ∈ Ka∩Kb so that |l|x ·b < |k|x ·a. By 3.20, it follows that k > 0. Similarly,
l > 0. �

We come now to the principal definition in this chapter.

Definition 3.21. Let ι be a root map of Σ with target Φ as defined in 3.12
and let (G†, ξ) be the root datum of ∆ based at Σ as defined in 3.4. A valua-
tion of the root datum (G†, ξ) of ∆ based at Σ is a family of surjective9 maps
φa : U∗

a → Z, one for each root a in Ξ, satisfying the following conditions:

(V1) For each a ∈ Ξ,

Ua,k := {u ∈ Ua | φa(u) ≥ k}

is a subgroup of Ua for each k ∈ Z, where we assign to φa(1) the value
∞, so that 1 ∈ Ua,k for all k.

(V2) For all a, b ∈ Ξ such that a �= ±b,

[Ua,k, Ub,l] ⊂
∏

c∈(a,b)

Uc,pck+qcl

for all k, l ∈ R, where pc and qc are as in 3.19.10

(V3) For all a, b ∈ Ξ and u ∈ U∗
a , there exists t ∈ Z (depending on a, b

and u) such that

φsa(b)(x
mΣ(u)) = φb(x) + t

for all x ∈ U∗
b (where sa is as defined in 3.7 and mΣ(u) is as defined

in 3.811).12

9We will sometimes refer to the surjectivity of φa for each a ∈ Ξ as condition (V0).
10The terms in the product on the right-hand side in (V2) are to be understood to be

in the same order as the roots in the interval (a, b). In other words, condition (V2) is a
refinement of the inclusions in 3.2.iii.

11Thus mΣ(u) induces the reflection sa on Σ by 3.10.
12In this book we use the convention that ab = b−1ab whenever a, b are elements of a

group. Thus xmΣ(u) = mΣ(u)−1xmΣ(u). This is the same convention used in [36]. From
now on, we will also use the corresponding convention that permutations act from the
right. (We used this convention without comment in Chapter 1 but not in Chapter 2.)
Thus, in fact, we should really write, for example, bsa in place of sa(b) in (V3). We
nevertheless write (and will continue to write) sa(b) rather than bsa simply because it
looks more natural. We assure the reader that this inconsistency will not cause any
confusion, and in the one place where difficulties could arise (Chapter 14) we actually use
expressions like bsa ; see, for example, the proof of 14.4.
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(V4) φ−a(xmΣ(u)) = φa(x) − 2φa(u) for all a ∈ Ξ and all u, x ∈ U∗
a . In

other words, t = −2φa(u) in (V3) if a = b.

We emphasize that the notion of a valuation

φ = {φa | a ∈ Ξ}13

of the root datum (G†, ξ) given in 3.21 depends on the choice of the root map
ι (and the identifications described in 3.16). When we want to underline this
dependence, we will say that φ is a valuation of the root datum (G†, ξ) with
respect to ι. In fact, the notion of a valuation φ of a root datum (G†, ξ)
depends on ι only for the coefficients pc appearing in condition (V2). These
coefficients depend, in turn, only on the equivalence class of ι.14

Proposition 3.22. Let (G†, ξ) be the root datum of ∆ based at Σ (as defined
in 3.4), let φ := {φa | a ∈ Ξ} be a valuation of (G†, ξ) with respect to a root
map ι with target Φ as defined in 3.21, let v be a special point in the ambient
Euclidean space V of Φ as defined in 2.26 and let

ψa = φa + v · a

for each a ∈ Ξ (which we have identified with Φ). Then ψ := {ψa | a ∈ Ξ}
is also a valuation of (G†, ξ) with respect to ι.

Proof. By 2.26, ψa and φa (for a given root a ∈ Ξ) differ merely by an
integer, from which it follows that ψa(U∗

a ) = Z for all a ∈ Ξ and that
ψ satisfies conditions (V0) and (V1) of 3.21. The group Ua,k defined in
condition (V1) with respect to φ is the same as the group Ua,k−v·a defined
with respect to ψ for each a ∈ Ξ and each k ∈ Z. If a and b are elements of
Ξ such that a �= ±b, c ∈ (a, b) and pc and qc are as in 3.19, then

pc(v · a) + qc(v · b) = v · c.

It follows that ψ satisfies condition (V2). Simply substituting ψ − v for φ,
we see that ψ satisfies both conditions (V3), with t replaced by

t + v · (sa(b) − b),

and (V4). �

Definition 3.23. Two valuations φ = {φa | a ∈ Ξ} and ψ = {ψa | a ∈ Ξ} of
(G†, ξ) will be called equipollent if there exists a v in the ambient Euclidean
space V of Φ (which must necessarily be a special point15) such that

(3.24) ψa = φa + v · a

for each a ∈ Ξ. We will write

ψ = φ + v

to indicate that 3.24 holds for each a ∈ Φ.

13By 3.16, we can equally well write

φ = {φa | a ∈ Φ}.

14It is a consequence of the observations in 18.32 that if φ is a valuation of a root
datum (G†, ξ) with respect to two root maps ι and ι̂, then ι and ι̂ are equivalent.

15By condition (V0) in 3.21, v · a ∈ Z for each a ∈ Ξ. By 2.26, this means that v is
special.
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Proposition 3.25. Let ψ be a valuation of (G†, ξ), let u ∈ U∗
a for some

a ∈ Φ and let v, v′ be the elements of U∗
−a such that

mΣ(u) = vuv′,

where mΣ(u) is as in 3.8. Then

ψ−a(v) = ψ−a(v′) = −ψa(u).

Proof. By 11.24 of [37],

(3.26) mΣ(u) = mΣ(v) = mΣ(v′).

By 11.23 in [37], we have

mΣ(vmΣ(u)) = mΣ(v)mΣ(u).

By 3.26, it follows that

(3.27) mΣ(vmΣ(u)) = mΣ(u).

Both vmΣ(u) and u are contained in U∗
a . By 3.27 and condition (V4), it

follows that

(3.28) ψa(u) = ψa(vmΣ(u)).

Therefore

ψa(u) = ψa(vmΣ(u)) by 3.28

= ψa(vmΣ(v)) by 3.26

= ψ−a(v) − 2ψ−a(v) = −ψ−a(v) by (V4).

Since mΣ(v) = mΣ(v′) (by 3.26), it follows by condition (V4) (again with
−a in place of a) that ψ−a(v) = ψ−a(v′). �

Proposition 3.29. Let ψ be a valuation of (G†, ξ) as defined in 3.21. Then
ψa(u) = ψa(u−1) for all a ∈ Φ and all u ∈ U∗

a .

Proof. Choose a ∈ Φ and u ∈ U∗
a and let k = max{ψa(u), ψa(u−1)}. Since

the set Ua,k defined in condition (V1) of 3.21 is closed under inverses, both
ψ(u) and ψa(u−1) equal k. �

Definition 3.30. Let ψ := {ψa | a ∈ Φ} be a valuation of (G†, ξ), let u ∈ U∗
b

for some b ∈ Φ and let mu = mΣ(u) (as defined in 3.8). For each a ∈ Φ we
let ψmu

a be the map from U∗
a to Z given by

ψmu
a (x) := ψsb(a)(x

mu)

for all x ∈ U∗
a , where sb is as in 3.7. Let

ψmu := {ψmu
a | a ∈ Φ}.

In the next result, we show that ψmu is a valuation of (G†, ξ) that is equipol-
lent to ψ.
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Proposition 3.31. Let ψ := {ψb | b ∈ Φ} be a valuation of (G†, ξ) with
respect to a root map ι. Let u ∈ U∗

a for some a ∈ Φ, let mu = mΣ(u), let

v = −2ψa(u)a/(a · a)

and let ψmu be as defined in 3.30. Then ψmu is a valuation of (G†, ξ) with
respect to ι and

ψmu = ψ + v,

where ψ + v is as defined in 3.23.

Proof. Choose b ∈ Φ and x ∈ U∗
b . Let k = ψa(u) and let l = ψb(x). Suppose

first that a �= ±b and let W denote the subspace of V spanned by a and b.
Thus W∩Φ is a root system of rank 2. There is a natural ordering (clockwise
or counterclockwise)

(3.32) (a0, a1, a2, . . . , a2m−1)

of the roots in W ∩Φ such that 2m = |W ∩Φ|, a0 = a, am = −a and ai = b
for some i ∈ [1, m − 1]). Let Ψ = {a1, a2, . . . , am−1}. By 2.1 and condition
(R2) on page 13 (as well as 3.16), the reflection sa maps Ψ to itself. In
particular, sa(b) ∈ Ψ.

We observe, too, that if c, d ∈ W ∩Φ and c �= ±d, then by 3.19, the roots
in the interval [c, d] are precisely the roots of W ∩Φ between c and d in the
ordering displayed in 3.32, where the subscripts are to be read modulo 2m.
Thus if ε = + or −, then

(3.33) [c, d] ⊂ {εa} ∪ Ψ whenever c, d ∈ {εa} ∪ Ψ.

For each c ∈ W ∩ Φ, let

h(c) := pck + qcl,

where pc and qc are the unique real numbers (not necessarily positive) such
that c = pca + qcb. Thus, in particular, h(b) = l. Choose c, d ∈ W ∩ Φ such
that c �= ±d and let e ∈ (c, d). By 3.19, there exist positive real numbers P
and Q such that e = Pc + Qd. Then

e = P (pca + qcb) + Q(pda + pdb)

and therefore h(e) = P (pck + qcl) + Q(pdk + pdl) = Ph(c) + Qh(d). By
condition (V2) (in 3.21), it follows that

(3.34) [Uc,h(c), Ud,h(d)] ⊂
∏

e∈(c,d)

Ue,h(e).

Now let

U ′ :=
∏
c∈Ψ

Uc,h(c).

No two roots of Ψ are opposite each other. By condition (V1), 3.33 and
3.34, therefore, U ′ is a subgroup of G†. By 3.2.iv (with a1 and as−1 in place
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of a and b), every element of U ′ has a unique decomposition into a product
of the form ∏

c∈Ψ

uc,

where uc ∈ Uc,h(c) for all c ∈ Ψ. Hence

(3.35) Uc ∩ U ′ = Uc,h(c)

for all c ∈ Ψ (including c = sa(b)). In particular,

Ub ∩ U ′ = Ub,l.

Since sa(b) = b − 2(a · b)a/(a · a), we have

(3.36) h(sa(b)) = l − 2(a · b)k/(a · a).

By 3.8, there exist v, v′ ∈ U∗
−a such that

(3.37) mu = vuv′.

By 3.25, ψ−a(v) = ψ−a(v′) = −k. Moreover, h(a) = k and h(−a) = −k.
Thus by 3.33 and 3.34, we have

[Ua,k, Uc,h(c)] ⊂
∏

e∈(a,c)

Ue,h(e) ⊂ U ′

and

[U−a,−k, Uc,h(c)] ⊂
∏

e∈(−a,c)

Ue,h(e) ⊂ U ′

for all c ∈ Ψ. It follows that U ′ is normalized by both Ua,k and U−a,−k.
Hence U ′ is normalized by u, v and v′ and thus also by their product mu =
vuv′. Therefore

xmu ∈ Umu

b,l = (Ub ∩ U ′)mu

= Umu

b ∩ U ′

= Usa(b) ∩ U ′ = Usa(b),h(sa(b))

by two applications of 3.35 and hence

h(sa(b)) ≤ ψsa(b)(x
mu).

By 3.36, we conclude that

(3.38) ψb(x) − 2(a · b)k/(a · a) ≤ ψsa(b)(x
mu).

Now let c = sa(b) and let y = xmu . Substituting c for b, y for x and w := u−1

for u in the previous argument, we obtain

ψc(y) − 2(a · c)ψa(w)/(a · a) ≤ ψb(y
mw)

in place of 3.38. By 3.9, mw = m−1
u , so ymw = x. By 3.29, ψa(w) = k. Since

also a · c = −sa(a) · sa(b) = −a · b, it follows that

ψc(y) + 2(a · b)k/(a · a) ≤ ψb(x).
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Hence equality holds in 3.38. By 3.30, we conclude that

(3.39) (ψmu)b(x) = ψb(x) − 2(a · b)k/(a · a)

whenever a �= ±b.
If a = b, then

(ψmu)a(x) = ψ−a(xmu) by 3.30

= ψa(x) − 2ψa(u) by (V4)

= ψa(x) − 2(a · a)k/(a · a)

and thus 3.39 holds also in this case. Suppose, finally, that a = −b and let
v ∈ U∗

b be as in 3.37. By 3.26, mv = mu. Therefore

(ψmu)b(x) = ψa(xmu) by 3.30

= ψa(xmv )

= ψb(x) − 2ψb(v) by (V4)

= ψb(x) − 2(a · b)ψa(u)/(a, a) by 3.25,

so 3.39 holds also in this last case. �

Corollary 3.40. Let ψ, u, mu and v be as in 3.31. Then

ψm−1
u = ψ + v.

Proof. Let a be as in 3.31. By 3.9 and 3.29, we have m−1
u = mu−1 and

v = −2ψa(u
−1)a/(a · a). The claim holds, therefore, by 3.31 (with u−1 in

place of u). �

The following result is of central importance. In particular, the formula
in 3.41.i will be applied many times in Chapters 19–25.

Theorem 3.41. Let ι be a root map of Σ and let φ and ψ be two valuations
of the root datum (G†, ξ) with respect to ι. Then the following hold:

(i) ψa(xmΣ(u)) = ψsb(a)(x)+2ψb(u)a·b/(b·b) for all a, b ∈ Φ, all x ∈ U∗
sb(a)

and all u ∈ U∗
b , where sb is as in 2.1.

(ii) If φa = ψa for all roots a in a basis of Φ (as defined in 2.5), then
φ = ψ.

(iii) If φa = ψa for a single root a ∈ Φ, then there exists v ∈ V perpendic-
ular to a such that

ψ = φ + v

(so, in particular, ψ and φ are equipollent as defined in 3.23).

Proof. Choose distinct roots a, b ∈ Φ and let c = sb(a). Thus

(3.42) b · c = sb(b) · sb(c) = −b · a = −a · b.

Choose u ∈ U∗
b and x ∈ U∗

c and let m = mΣ(u). Then

ψa(xm) = ψm
c (x) by 3.30

= ψc(x) − 2ψb(u)b · c/(b · b) by 3.31

= ψc(x) + 2ψb(u)a · b/(b · b) by 3.42.
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Thus (i) holds. From (i), we see that ψc is uniquely determined by ψa and
ψb. Let

B = {a1, a2, . . . , a�}

be a basis of Φ. By the Theorem and Corollary in Section 1.5 of [17], every
root of Φ is the image of a root in B under a product of reflections of the
form sb for b ∈ B. It follows that (ii) holds.

The Coxeter diagram Π is connected. By 3.17, it follows that the ordering
of the elements a1, . . . , a� of the basis B can be chosen so that ai−1 · ai �= 0
for all i ∈ [2, �]. We now assume that φa = ψa for some a ∈ Φ. By the
Corollary in Section 1.5 of [17] again, we can assume that a = ai for some
i ∈ [1, �]. If we regard x as fixed and u as a variable, then it follows from (i)
that ψb is uniquely determined by ψa up to a constant if a · b �= 0. Therefore
there exist integers kj (with ki = 0) such that

φaj
= ψaj

+ kj

for all j ∈ [1, �]. Let v be the unique element of V such that v · aj = kj for
all j ∈ [1, �]. By 2.27, v · a ∈ Z for all a ∈ Φ. Let ψ′ = ψ + v as defined
in 3.23. By 3.22, ψ′ is a valuation of (G†, ξ) with respect to ι. By (ii), we
conclude that φ = ψ′. Thus (iii) holds. �

By a small variation of the argument at the end of the last proof, we have
also the following result:

Proposition 3.43. Let φ = {φa | a ∈ Ξ} be a valuation of (G†, ξ) with
respect to a root map ι of Σ with target Φ, let d be a chamber of Σ, let
x �→ kx be a map from the vertex set I of Π to Z and let x �→ ax be the
map from I to Ξ◦

d described in 3.5. Then there exists a unique valuation
ψ = {ψa | a ∈ Ξ} of (G†, ξ) with respect to ι that is equipollent to φ such
that

ψax
= φax

+ kx

for all x ∈ I.

Proof. Let B = {ax | x ∈ I}. By 3.18, B is a basis of Φ. Thus by 2.4.ii, B
is also a basis of the ambient space V of Φ. There is thus a unique point
v ∈ V such that v · ax = kx for all x ∈ I. By 2.27, v is special. The claim
holds, therefore, by 3.22 and 3.23. �

Proposition 3.44. Let φ be a valuation of (G†, ξ), let a ∈ Ξ, let u ∈ U∗
a

and suppose that φa(u) = 0. Then for all b ∈ Ξ, the integer t in condition
(V3) is zero.

Proof. Setting a in place of b and sa(b) in place of a (and thus sa(sa(b)) = b
in place of sb(a)) in 3.41.i, we have

φsa(b)(x
mΣ(u)) = φb(x)

for all x ∈ U∗
b . �
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Corollary 3.45. Let φ and ψ be two valuations of (G†, ξ) with respect to
the same root map ι and suppose that for some a ∈ Φ and some M ∈ Z,

φa(u) = ψa(u) + M

for all u ∈ U∗
a . Then φ and ψ are equipollent.

Proof. By 3.23, there is a valuation ψ′ of (G†, ξ) with respect to ι equipollent
to ψ such that

φa(u) = ψ′
a(u)

for all u ∈ U∗
a . By 3.41.iii, it follows that φ and ψ are equipollent. �

Valuations of root data will not reappear until Chapter 13. From that
point on, however, all the results of this chapter will play a central role.16

16See, in particular, the observations in 13.13 and 13.16. These remarks should throw
more light on the crucial notion of a root map introduced in 3.12.



Chapter Four

Sectors

We return now to the study of affine Coxeter chamber systems where we left
off at the end of Chapter 1.1 Our goal in this and the next chapter is to
introduce sectors and faces. These are fundamental structures in the theory
of affine buildings.

As in Chapter 1, we assume that Π is one of the affine Coxeter diagrams
X̃� in Figure 1.1 and that Σ = ΣΠ is the corresponding Coxeter chamber
system as defined in 29.4. Let W = WΠ be the Coxeter group associated
with Π (as defined in 29.5) which we identify with Aut◦(Σ) as described in
1.14. Let T = TΠ be the group of translations of Σ (as defined in 1.8).

Definition 4.1. A sector of Σ is a set of chambers of the form⋂
α∈[R,d]

α,

where R is a gem, d is a chamber of R and [R, d] is as in 1.10. The sector
determined by a pair (R, d) will be denoted by σ(R, d).

Proposition 4.2. Let R be a gem. Then σ(R, d) ∩ R = {d} for all d ∈ R.

Proof. Let d ∈ R. By 29.6.ii and 29.7.ii, both S := σ(R, d) and R are convex.
Hence S ∩ R is convex. By 1.10, no chamber of R adjacent to d is in S. It
follows that S ∩ R = {d}. �

In the next result, we refer to the projection map defined in 29.7.i.

Proposition 4.3. Let R be a gem. Then

σ(R, d) = {u ∈ Σ | projR u = d}

for all d ∈ R.

Proof. Let d ∈ R, let x ∈ Σ and S = σ(R, d). By 29.16, x ∈ S if and only if
projR x ∈ S. By 4.2, therefore, x ∈ S if and only if projR x = d. �

Corollary 4.4. Suppose that σ(R, d) = σ(R′, d′) for gems R and R′ and
chambers d ∈ R and d′ ∈ R′. Then R = R′ and d = d′.

Proof. Let S = σ(R, d) and let e ∈ R be a chamber adjacent to d. By
29.6.i, there is a unique root α containing d but not e. Since d ∈ S but
e �∈ S = σ(R′, d′), there must be a root β in [R′, d′] such that d ∈ β but

1The results of Chapters 2 and 3 will not be required until Chapter 13.
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e �∈ β. Therefore β = α (by the uniqueness of α). Hence [R, d] ⊂ [R′, d′]. By
symmetry, these two sets are, in fact, equal. By 1.12, it follows that R = R′.
By 4.3, it then follows that d = d′. �

Definition 4.5. Let S = σ(R, d) for some gem R and some d ∈ R. We will
call R the terminus of S and d the apex of S.

Proposition 4.6. Let S and S′ be two sectors that are translates of each
other (as defined in 1.8). Then S ∩ S′ is a translate of S (and thus S ∩ S′

is, in particular, also a sector).

Proof. Let R be the terminus and let d ∈ R be the apex of S. We have
S′ = Sg for some g ∈ T . Then S′ = σ(R′, d′), where R′ = Rg and d′ = dg.
Let [R, d] = {α1, . . . , α�}. By 1.2, we have

S ∩ S′ =

�⋂
i=1

βi,

where for each i ∈ [1, �], βi = αi ∩ αg
i (so βi equals αi or αg

i ). By 1.24,
there exists an element h ∈ T such that αh

i = βi for all i ∈ [1, �]. Then
S ∩ S′ = Sh. �

Proposition 4.7. Let S and S′ be two sectors such that S′ ⊂ S. Then S
and S′ are translates of each other.

Proof. Let R and R′ be the termini and let d and d′ be the apices of S and
S′. By 1.9, there exists an element g ∈ T such that R = (R′)g. Let e = (d′)g

and S′′ = (S′)g. By 4.6, S′∩S′′ is a sector. In particular, S′∩S′′ �= ∅. Since
S′ ⊂ S, it follows that S ∩ S′′ �= ∅. The sectors S and S′′ have the same
terminus. By 4.3, it follows that they are equal. �

Corollary 4.8. Let S′ and S′′ be two subsectors of a sector S. Then S′∩S′′

is a subsector and S, S′, S′′ and S′ ∩ S′′ are all translates of each other.

Proof. This holds by 4.6 and 4.7. �

Corollary 4.9. Let S and S′ be two sectors. Then S and S′ are translates
of each other if and only if S ∩ S′ is a subsector.

Proof. This holds by 4.6 and 4.7. �

Proposition 4.10. Let S be a sector with terminus R and let S′ be a sub-
sector of S. Then S′ contains a subsector whose terminus has the same type
as R.

Proof. By 4.7, there exists a translation g mapping S to S′. Thus

S ⊃ S′ = Sg ⊃ Sg2

⊃ Sg3

⊃ · · · .

By 1.28, T/T ∩ W is a finite group. Thus for some m > 0, gm ∈ W =
Aut◦(Σ), i.e. gm is type-preserving. �
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Proposition 4.11. Let R be a gem, let α be a root cutting R and suppose
that d ∈ α ∩ R. Then σ(R, d) ⊂ α.

Proof. By 29.16, projR x ∈ −α for all x ∈ −α. In particular, projR x �= d
for all x ∈ −α. By 4.2, therefore, σ(R, d) ⊂ α. �

Proposition 4.12. Let R be a gem, let d ∈ R, let α be a root cutting R and
let S = σ(R, d). Then the following hold:

(i) If d ∈ α, then every root parallel to α contains a subsector of S.
(ii) If d �∈ α, then no root parallel to α contains a subsector of S.

Proof. Suppose first that d ∈ α. Then S ⊂ α by 4.11. Let α′ ∈ [α] (where
[α] is as defined in 1.5). By 1.26, α′ = αg for some g ∈ T . Thus Sg ⊂ α′.
By 4.6, S ∩ Sg is a subsector of S contained in α′. Thus (i) holds.

Now suppose that d �∈ α. By 4.11, S ⊂ −α. Suppose that α′ is a root
parallel to α. Then the root −α′ is parallel to −α. By (i), therefore, −α′

contains a subsector of S. By 4.8, two subsectors of S have a non-empty
intersection. It follows that α′ cannot also contain a subsector of S. �

Corollary 4.13. Let S be a sector and α a root. Then α or −α (but not
both) contains a subsector of S.

Proof. Let R be the terminus of S. By 1.18, there is a unique root parallel
to α cutting R. The claim holds, therefore, by 4.12. �

Proposition 4.14. Let R be a gem, let α be a root cutting R and let d ∈
α ∩ R. Suppose that α′ is a root parallel to α that contains d. Then α′

contains σ(R, d).

Proof. By 4.11, σ(R, d) ⊂ α. By 1.2, α ⊂ α′ or α′ ⊂ α. By 1.13, it follows
that, in fact, α ⊂ α′ (since d ∈ α′). �

Proposition 4.15. Let S be a sector. Then there exists a subsector of S
whose terminus is contained in S.

Proof. Let R be the terminus, let d be the apex of S and let

[R, d] = {α1, . . . , α�}.

For each i ∈ [1, �], let α′
i be a root contained properly in αi. By 1.24, there is

a unique translation g mapping each αi to α′
i for each i ∈ [1, �]. Let R′ = Rg

and S′ = Sg. Then S′ is a subsector of S whose terminus is R′. By 1.13,
R′ ⊂ αi for each i ∈ [1, �]. Thus R′ ⊂ S. �

Corollary 4.16. Every sector contains gems.

Proof. This holds by 4.15. �

Proposition 4.17. Let S′ be a subsector of a sector S and let d be the apex
of S. Then every root of Σ containing S′ and d contains S.
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Proof. Let α be a root containing S′ and d and let R denote the terminus of
S. By 1.18, there is a root α′ parallel to α that cuts R. By 4.12.ii, we have
d ∈ α′ (since otherwise α would not be allowed to contain the subsector S′

of S). Thus S ⊂ α by 4.14. �

Corollary 4.18. Let S′ be a subsector of a sector S and let d denote the
apex of S. Then S is the convex hull of S′ ∪ {d}.

Proof. By 4.1 and 4.17, S is the intersection of all the roots of Σ that contain
S′ ∪ {d}. The claim holds, therefore, by 29.20. �

Proposition 4.19. Let S′ be a subsector of a sector S and let d denote the
apex of S. Then for each chamber x ∈ S, there exists a subsector S′′ of S′

(depending on x) such that for each u ∈ S′′, x lies on a minimal gallery
from d to u.

Proof. Let R denote the terminus of S and let α be a root containing d but
not S. By 1.18, there exists a root α′ ∈ [α] that cuts R. By 4.14, d �∈ α′. By
4.12.i, therefore, −α contains a subsector of S. By 4.8, it follows that −α
contains a subsector of S′.

Now choose a chamber x ∈ S and let k = dist(x, d). By 29.6.iii, there are
exactly k roots α1, . . . , αk of Σ that contain d but not x. By the conclusion
of the previous paragraph, there exist subsectors S1, . . . , Sk of S′ such that
Si ⊂ −αi for all i ∈ [1, k]. Let

S′′ = S1 ∩ · · · ∩ Sk.

By 4.8, S′′ is a subsector of S. Let u ∈ S′′. Suppose β is a root containing
both d and u. Since u ∈ S′′ ⊂ −αi for each i ∈ [1, k], we have

β �∈ {α1, . . . , αk}.

By the choice of α1, . . . , αk, it follows that x ∈ β. By 29.6.iv, therefore, x
lies on a minimal gallery from d to u. �

By 1.7, the gems of Σ are finite. It thus makes sense to talk about opposite
chambers in a gem (as defined in 29.9).

Proposition 4.20. Let R be a gem, let d and e be opposite chambers of R
and let u ∈ σ(R, d) and v ∈ σ(R, e). Then there exists a minimal gallery
from u to v that passes through d and e. Equivalently,

dist(u, v) = dist(u, d) + dist(d, e) + dist(e, v).

Proof. Let α be a root of Σ containing u and v. By 1.18, there exists a
root α′ parallel to α that cuts R. By 29.7.iv, α′ ∩ R is a root of R. Hence
|α′ ∩ {e, d}| = 1 by 29.9.i. Suppose that d ∈ α′ and e ∈ −α′. Since v ∈ α,
we have σ(R, e) �⊂ −α. By 4.14, it follows that e �∈ −α, i.e. e ∈ α. Hence
α �⊂ α′. By 1.2, we thus have α′ ⊂ α, so also d ∈ α. By symmetry, this
same conclusion (i.e. both d and e lie in α) holds under the assumption that
d ∈ −α′ and e ∈ α′. We conclude that every root containing u and v also
contains d and e. The claim holds, therefore, by 29.6.iv. �
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Proposition 4.21. Let R be a gem, let {d, e} be a panel of R, let α be the
unique root of Σ containing d but not e, let S = σ(R, d) and let S′ = σ(R, e).
Then S ∪ S′ is the intersection of all the roots contained in

[R, d] ∪ [R, e]\{α,−α}.

In particular, S ∪ S′ is convex.

Proof. If β ∈ [R, d]\{α}, then e ∈ β (by the uniqueness of α) and hence
S′ ⊂ β by 4.11. Similarly, S ⊂ β for all β ∈ [R, e]\{−α}. By 4.1, therefore,
S ∪S′ is the intersection of all the roots contained in [R, d]∪ [R, e]\{α,−α}.
By 29.6.ii, it follows that S ∪ S′ is convex. �

Proposition 4.22. Let S and S′ be two sectors. Then S is a translate of
S′ if and only if S and S′ are parallel as defined in 1.44.

Proof. If S′ is a translate of S, then by 1.45, S and S′ are parallel. Now
suppose that S and S′ are not translates of each other. We want to show
that S and S′ are not parallel. By 1.9 and 1.45, we can assume that S and
S′ have the same terminus but distinct apices d and d′. We can thus choose
a root α ∈ [R, d] that does not contain d′. Let i �→ αi be the map from Z to
[α] as in 1.3. Then

S ⊂ α = α0 ⊂ αi

for all i ≥ 0 and d′ ∈ −α0. By 4.12.i, −αi ∩ S′ �= ∅ for all i. By 29.6.iii, it
follows that S′ contains chambers that are arbitrarily far from S. �

Corollary 4.23. Let S and S′ be two sectors. Then S and S′ are parallel
if and only if S ∩ S′ is a subsector.

Proof. This holds by 4.9 and 4.22. �

Proposition 4.24. Let R be a gem and S a sector. Then S is parallel to a
unique sector whose terminus is R.

Proof. By 1.9 and 4.22, S is parallel to a sector S′ whose terminus is R. If
S′′ is a second sector with terminus R that is parallel to S, then S′′ is a
translate of S′ by 4.22, hence S′∩S′′ �= ∅ by 4.6 and thus S′′ = S′ by 4.3. �

Proposition 4.25. Let R be a gem, let d and e be opposite chambers of R,
let S = σ(R, d), let S′ = σ(R, e) and let S1 and S′

1 be subsectors of S and
S′. Then the convex hull of S1 ∪ S′

1 is Σ.

Proof. Suppose that α is a root containing S1 ∪ S′
1. By 1.18, there exists

a root α′ parallel to α that cuts R. By 4.12.ii, α′ contains both d and e.
By 29.7.iv, however, R ∩ α′ is a root of R, but by 29.9.i, no root of R can
contain two opposite chambers of R. We conclude that there are no roots
containing S1 ∪ S′

1. The claim holds, therefore, by 29.20. �

Proposition 4.26. Let α be a root and let X �= Σ be a convex subset
containing a subsector of every sector contained in α. Then X is a root
parallel to α.
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Proof. Let β be a root containing X . By 1.16, we can choose a gem R cut by
α. Let β′ be the unique root parallel to β that cuts R. By 4.11, σ(R, d) ⊂ α
for all d ∈ R ∩ α. By 4.12.ii, therefore, R ∩ α ⊂ R ∩ β′. Since R ∩ α and
R ∩ β′ are roots of R (by 29.7.iv) and R is finite, we have

|R ∩ α| = |R|/2 = |R ∩ β′|

by 29.18. Thus, in fact, R ∩ α = R ∩ β′. By 29.17, therefore, α = β′. Thus
β is parallel to α. By 29.20, X is the intersection of all the roots containing
X . By 1.3, we conclude that X is a root parallel to α. �



Chapter Five

Faces

Roughly speaking, a face is the border between two “adjacent” sectors. Faces
play a central role in the construction of the building at infinity, as we will
see in Chapter 8.

We continue to denote by Π one of the affine Coxeter diagrams X̃� in
Figure 1.1 and by Σ the corresponding Coxeter chamber system.

Definition 5.1. Let R be a gem, let P = {d, e} be a panel contained in R,
let S = σ(R, d) and let α be the unique root of Σ containing d but not e.
Let µ(α) be the wall of α (as defined in 29.22), so |Q ∩ α| = 1 and hence
|Q ∩ S| ≤ 1 for each panel Q ∈ µ(α). Let

µ(R, P ) = {Q ∈ µ(α) | Q ∩ S �= ∅}.

Thus, in particular, P ∈ µ(R, P ). The set µ(R, P ) will be called the P -face
of S or, equivalently, the α-face of S. The set of chambers contained in some
panel in µ(R, P ) will be called the chamber set of µ(R, P ).

Definition 5.2. Let R be a gem and let d ∈ R. A face of a sector S = σ(R, d)
is a P -face of S for some panel P ⊂ R containing d. A set of panels will be
called a face if it is the face of some sector.

Proposition 5.3. Let R be a gem and let P be a panel of R. Then the face
µ(R, P ) is the set of panels Q of Σ such that projR Q := {projR u | u ∈ Q}
equals P .

Proof. This holds by 4.3 and 5.1. �

What we are calling a face should be called more precisely a sector-face or
(as in [25]) a sector-panel. We have decided, nevertheless, to use the shorter,
unhyphenated term and assure the reader that we do not use the term “face”
in any sense other than that described in 5.2 in this book.

Proposition 5.4. Let S = σ(R, d) and S′ = σ(R′, d′) be two sectors and
suppose that S′ is a translate of S and that [R, d] ∩ [R′, d′] contains a root
α. Let f be the α-face of S, let f ′ be the α-face of S′ and let Ŝ = S ∩ S′.
Then the following hold:

(i) There is a translation h mapping S to Ŝ; in particular, Ŝ is a sector.

(ii) α ∈ [R̂, d̂], where R̂ and d̂ are the terminus and apex of Ŝ.
(iii) fh = f ∩ f ′.
(iv) f ∩ f ′ is the α-face of Ŝ.
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Proof. Let g be a translation mapping S to S′. By 4.4, g maps R to R′

and d to d′. Thus α and αg are both contained in [R, d]g = [R′, d′]. Hence
αg = α by 1.13. Let [R, d] = {α1, . . . , α�}, where α1 = α. Then

Ŝ′ =

�⋂
i=1

βi,

where βi = αi ∩ αg
i (so βi equals αi or αg

i ) for each i ∈ [1, �]. In particular,
β1 = α. By 1.24, there exists a translation h mapping αi to βi for each
i ∈ [1, �]. Thus αh = α, so α ∈ [Rh, dh], and Sh = Ŝ, so Rh and dh are
the terminus and apex of Ŝ and fh is the α-face of Ŝ. In particular, (i) and
(ii) hold. Every panel in µ(α) contains exactly one chamber in α. Since S,
S′ and Ŝ are all contained in α, it follows that a panel in µ(α) contains a
chamber in Ŝ if and only if it contains a chamber in S and a chamber in S′.
In other words, the α-face of Ŝ is f ∩ f ′. Thus (iii) and (iv) hold. �

Proposition 5.5. Let f and f ′ be comural faces that are translates of each
other.1 Then f ∩ f ′ is a translate of f and of f ′.

Proof. Let f = µ(R, P ), let g be a translation mapping f to f ′, let R′ = Rg

and let P ′ = P g. Then f ′ = µ(R′, P ′). There exists a root α such that f
and f ′ are both contained in the wall M := µ(α). In particular, M contains
both P and P ′. Hence R′ is cut by both α and αg. By 1.13, therefore,
α = αg. Hence

α ∈ [R, d] ∩ [R′, d′],

where d is the unique chamber in P ∩ α and d′ = dg is the unique chamber
in P ′ ∩ α. Hence by 5.4.iii, f ∩ f ′ is a translate of f . �

Proposition 5.6. Let R be a gem, let P = {d, e} be a panel contained in
R, let α be a root cutting R and containing both d and e and let α′ be a root
parallel to α. Then α′ contains subsectors of S := σ(R, d) and S1 := σ(R, e)
sharing a face contained in f := µ(R, P ).

Proof. Let β denote the unique root containing d but not e. Then α �= ±β
since d, e ∈ α. By 1.13, it follows that α is parallel to neither β nor −β. By
1.15, therefore, there exists a gem R′ cut by β and contained in α′. By 1.9,
there exists a translation g mapping R to R′. Thus β and βg both cut R′.
Hence β = βg by 1.13, so β ∈ [R, d] ∩ [R, d]g. By two applications of 5.4.iv,
therefore, f∩fg is the β-face of Ŝ := S∩Sg and the −β-face of Ŝ1 := S1∩Sg

1 .
By 4.11, α contains both S and S1. Therefore αg contains both Sg and Sg

1 .
Since αg cuts R′ and α′ contains R′, it follows that α′ contains αg. Thus α′

contains both Ŝ and Ŝ1. �

Notation 5.7. If u is a chamber and f is a face, we will write u ∈ f if u is
contained in the chamber set of f .

1We say that two faces are comural if they are contained in the same wall. Note that by
29.6.i, every panel is contained in a unique wall. Thus, in particular, the wall containing
a face is also unique.
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Proposition 5.8. Let R and R′ be two gems, let P and P ′ be panels con-
tained in R and R′ and let f = µ(R, P ) and f ′ = µ(R′, P ′) be the corre-
sponding faces as defined in 5.2. Then the following hold:

(i) The faces f and f ′ are parallel (as defined in 1.44) if and only if the
unique translation that maps R to R′ maps P to P ′.

(ii) If f and f ′ are not parallel, then for each N ∈ N there exist subfaces

f̂ of f and f̂ ′ of f ′ such that dist(u, f ′) ≥ N and dist(f, v) ≥ N for

all u ∈ f̂ and all v ∈ f̂ ′. In particular, both

{dist(u, f ′) | u ∈ f}

and

{dist(f, v) | v ∈ f ′}

are unbounded.

Proof. Suppose that R = R′ but P �= P ′. Let P = {d, e} and P ′ = {d′, e′}.
Relabeling d′ and e′ if necessary, we can assume that there exists a root α
such that e′ ∈ α and P ⊂ −α. Let β be the unique root containing d but
not e. Then α �= ±β. Let αi for i ∈ Z be as in 1.3. By 4.11,

σ(R, e′) ⊂ α = α0 ⊂ α1 ⊂ α2 ⊂ · · · .

Let N > 0. By 5.6, there exists a subface fN of µ(R, P ) whose chamber set
is contained in −αN . By 29.6.iii, dist(u, v) ≥ N + 1 for all u ∈ fN and all
v ∈ σ(R, e′) and hence dist(u, f ′) ≥ N for all u ∈ fN . By symmetry, there
exists a subsector f ′

N of f ′ such that dist(f, v) ≥ N for all v ∈ f ′
N . Both (i)

and (ii) follow now by 1.45. �

Corollary 5.9. Let R be a gem, let P and Q be panels of R and suppose
that the faces µ(R, P ) and µ(R, Q) are parallel. Then P = Q.

Proof. This holds by 1.21 and 5.8.i. �

Corollary 5.10. Two faces are parallel if and only if they are translates of
each other.

Proof. This holds by 1.45 and 5.8.i. �

Proposition 5.11. Let R be a gem, let P = {d, e} be a panel contained in
R, let S = σ(R, d), let S′ = σ(R, e) and let f = µ(R, P ). Then every sector
having a face parallel to f is parallel to either S or S′.

Proof. Let S1 be a sector having a face f1 parallel to f . By 1.9, we can
choose a translation g mapping the terminus of S1 to R. By 1.43 and 5.9,
fg
1 = f . Thus Sg

1 = S or S′. �

Proposition 5.12. Let f and f ′ be parallel comural faces. Then f ∩ f ′ is a
face that is a translate of both f and f ′.

Proof. This holds by 5.5 and 5.10. �
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Proposition 5.13. Suppose that f ′ is a subface of a face f . Then f is
parallel to f ′.

Proof. Let f = µ(R, P ) and let f ′ = µ(R′, P ′). Let g be the unique trans-
lation that maps R′ to R, let P ′′ = (P ′)g and let f1 = µ(R, P ′) = (f ′)g.
By 1.43, there exists N ∈ N such that dist(xg , x) ≤ N for all chambers x.
Thus dist(x, f) ≤ N for all chambers x in the chamber set of f1. By 5.8.ii,
it follows that f is parallel to f1. By 1.45, f1 is parallel to f ′. Hence f is
parallel to f ′. �

Proposition 5.14. Let f and f ′ be two faces. Then f ∩ f ′ is a face if and
only if f ∩ f ′ contains a face.

Proof. Suppose that f1 is a face contained in f ∩ f ′. By 5.13, both f and f ′

are parallel to f1. Let M be the unique wall containing f and let M ′ be the
unique wall containing f ′. Since both M and M ′ contain f1, we must have
M = M ′. By 5.12, therefore, f ∩ f ′ is a face. �

Proposition 5.15. Let f ′ and f ′′ be subfaces of a face f . Then f ′ ∩ f ′′ is
also a subface.

Proof. By 5.13, both f ′ and f ′′ are parallel to f . Thus f ′ is parallel to f ′′.
Since f ′ and f ′′ are both contained in f , they are contained in the unique
wall containing f . The claim holds, therefore, by 5.12. �

Proposition 5.16. Let M and M ′ be walls containing faces f and f ′ and
suppose that f is parallel to f ′. Then M and M ′ are also parallel.

Proof. By 5.10, f ′ = fg for some translate g. Thus Mg is a wall containing
f ′. Since the wall containing a face is unique, we have M ′ = Mg. The claim
holds, therefore, by 1.45. �

Proposition 5.17. Let R be a gem, let {d, e} be a panel contained in R, let
S be a subsector of σ(R, d) and let S′ be a subsector of σ(R, e). Then the
convex hull of S ∪ S′ contains subsectors of σ(R, d) and σ(R, e) sharing a
common face that is contained in µ(R, P ).

Proof. Let α be a root containing S ∪ S′. By 1.18, there exists a root α′

parallel to α that cuts R. By 4.12.ii, α′ contains both d and e. By 5.6,
therefore, α contains subsectors of σ(R, d) and σ(R, e) sharing a common
face that is contained in µ(R, P ). If S1, . . . , Sm and S′

1, . . . , S
′
m are subsectors

of σ(R, d) and σ(R, e) such that Si and S′
i share a common face contained

in µ(R, P ), then by 4.8 and 5.15, the intersections

S1 ∩ · · · ∩ Sm

and

S′
1 ∩ · · · ∩ S′

m

are also subsectors of σ(R, d) and σ(R, e) sharing a common face contained
in µ(R, P ). By 1.18, there are only finitely many parallel classes of roots.
The claim follows, therefore, by 29.20. �
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Definition 5.18. Let R be a gem, let P = {d, e} be a panel contained in
R, let α be the unique root of Σ containing d but not e and let S = σ(R, d).
We set

∂P S = S ∩ ∂α,

where ∂α is as defined in 29.40. Equivalently, ∂P S is the intersection of
S with the chamber set of µ(α). This set will be called the P -border or
α-border of S and we will refer to it also as ∂αS. Note that the chamber set
of the face µ(R, P ) is the disjoint union of the P -border ∂P S of S and the
P -border ∂P S′ of S′, where S′ = σ(R, e).

Proposition 5.19. Let R be a gem, let P be a panel in R, let d, e be the two
chambers in P , let f = µ(R, P ), let S = σ(R, d) and let α be the unique root
containing d but not e. Let i �→ αi be as in 1.3 (so α0 = α). Then the wall
µ(αi) contains a face contained in S (i.e. whose chamber set is contained in
S) that is parallel to f if and only if i < 0.

Proof. By 1.24, there exists a translation g that maps αi to αi−1 for all i

and fixes all the roots in [R, d] different from α. Let Si = Sgi

for all i. By
4.1, Si ⊃ Si+1 for all i. Let u ∈ f ∩ S and let v be the unique chamber
in −α adjacent to u. Let i < 0 and let h = gi. Then uh ∈ Si ⊂ S. Since
αh �∈ [R, d], it follows that vh ∈ S as well. We conclude that fh is a face
contained in S and contained in µ(α)h = µ(α−i). By 1.45, fh is parallel
to f .

Suppose, conversely, that i ≥ 0. Then S ⊂ α ⊂ αi. Thus each panel in
µ(αi) contains a chamber in −α. Since S ⊂ α, we conclude that µ(αi) does
not contain any panels that are contained in S. �

Proposition 5.20. Let R be a gem, let P be a panel in R, let f = µ(R, P ),
let d, e be the two chambers in P , let S = σ(R, d) and let S′ = σ(R, e). Then
every face parallel to f contains a subface contained in S, S′ or f .

Proof. Let f1 be a face parallel to f and let M1 be the unique wall containing
f1. By 5.16, M1 is parallel to the unique wall M containing f . Let α be the
unique root containing d but not e. By 1.46, there exists a root α1 parallel
to α such that M = µ(α) and M1 = µ(α1). If α = α1, then f and f1 are
both contained in M and hence (by 5.12) f ∩ f1 is a subface of f1 contained
in f . Suppose from now on that α �= α1. If α1 is properly contained in α,
then by 5.19, there is a face f ′

1 parallel to f that is contained in M1 and in
S. If −α1 is properly contained in −α, then again by 5.19 (this time with
α replaced by −α), there is a face f ′

1 parallel to f that is contained in S′.
Thus (in both cases) f ′

1 are f1 parallel and comural. By another application
of 5.12, it follows that f ′

1 ∩ f1 is a subface of f1. Since f ′
1 ∩ f1 is contained

in f1, it is contained in S or S′. �

Proposition 5.21. Let S be a sector with terminus R and apex d, let α ∈
[R, d] and let β be the unique root containing −α minimally (as defined in
1.36). Then β ∩S is the convex hull of the α-border ∂αS of S (as defined in
5.18).
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Proof. Let U = β ∩ S, X = ∂αS and let x ∈ X . If y is the unique chamber
in −α adjacent to x, then −α is the unique root containing y but not x;
since −α is a proper subset of β, it follows that x ∈ β. Thus X ⊂ U .

Now let α0 be an arbitrary root of Σ containing X . By 1.18, there is a
root α′

0 parallel to α0 that cuts R. If d ∈ α′
0, then S ⊂ α0 by 4.14 (since

d ∈ X) and hence U ⊂ α0.
Suppose that d �∈ α′

0. Let e be the unique chamber of R∩−α adjacent to
d. Since X ⊂ α0, we have e ∈ α′

0 by 5.6. Hence α′
0 = −α since −α is the

unique root containing e but not d. Thus α0 is a root parallel to −α that
contains d. Hence β ⊂ α0. By the conclusion of the previous paragraph,
we thus have U ⊂ α0 whether or not d ∈ α′

0. By 4.1, we conclude that
U = β ∩S is the intersection of all the roots of Σ that contain X . By 29.20,
therefore, U is the convex hull of X . �

Proposition 5.22. Let S be a sector, let SF denote the set of faces of S
and for each f ∈ SF , let f̂ be a face parallel to f . Then there exists a unique
sector S′ parallel to S such that for each face f ′ of S′, there exists f ∈ SF

such that f ′ ∩ f̂ is a face.

Proof. Let R and d be the terminus and apex of S and let

[R, d] = {α1, . . . , α�}.

For each face f , let Mf denote the unique wall containing f . By 5.1, there
is a bijection αi �→ fi from [R, d] to SF such that fi ⊂ µ(αi) for all i ∈ [1, �].

Thus for each i ∈ [1, �], f̂i is by hypothesis a face parallel to fi. For each
i ∈ [1, �], there is a unique pair of opposite roots ±α′

i such that

µ(α′
i) = µ(−α′

i) = Mf̂i
.

By 4.13, we can label these roots so that α′
i contains a subsector of S for

each i ∈ [1, �]. By 5.16, the wall Mfi
is parallel to the wall Mf̂i

for each

i ∈ [1, �]. By 1.46, it follows that for each i ∈ [1, �], the root αi is parallel
to either α′

i or −α′
i. Hence by 4.12.ii, α′

i is, in fact, parallel to αi for all
i ∈ [1, �]. Thus by 1.24, there exists a unique translation g mapping αi to α′

i

for all i ∈ [1, �]. Let S′ = Sg. Then

(S′)F = {fg
i | i ∈ [1, �]}

and by 4.22, S′ is parallel to S. For each i ∈ [1, �], fg
i is a face contained in

µ(αi)
g = µ(α′

i) = Mf̂i

and parallel to fi (by 1.45) and hence to f̂i. By 5.12, it follows that fg
i ∩ f̂i

is a face for all i ∈ [1, �].
Suppose that S′′ is another sector parallel to S such that for each face

f ′′ ∈ (S′′)F , f ′′ ∩ f̂j is a face for some j ∈ [1, �]. By 4.22 again, S′′ = Sh for
some translation h. Thus

(S′′)F = {fh
i | i ∈ [1, �]}.

Let i ∈ [1, �]. Then fh
i ∩ f̂j is a face for some j ∈ [1, �]. By 1.45 and 5.13,

therefore, fi is parallel to f̂j. By 5.9, two faces of the same sector are never
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parallel. Hence i = j. Thus, in particular, fh
i ∩ fj �= ∅, so fh

i and f̂i are
comural. Therefore µ(αh

i ) = µ(αg
i ). By 1.46, therefore, αh

i equals αg
i or

−αg
i . Since S′′ ⊂ αh

i , the root αh
i contains a subsector of S (by 4.23). Thus

αh
i and αg

i both contain subsectors of S. By 4.13, therefore, αg
i = αh

i . By
the uniqueness of g, it follows that h = g. Hence S′′ = S′. �

Proposition 5.23. Let R be a gem, let d and e be opposite chambers of R,
let S = σ(R, d), let S1 = σ(R, e), let P and Q be panels of R containing d
and e, let f = µ(R, P ) and let f1 = µ(R, Q) (so f is a face of S and f1 is a
face of S1). Suppose that f and f1 contain subfaces contained in a common
wall. Then the panels P and Q are opposite in R.2

Proof. Let d′ be the chamber in P distinct from d, let e′ be the chamber in Q
distinct from e and let f ′ and f ′

1 be subfaces of f and f1 that are contained
in a wall M . Let MP be the unique wall containing P and let MQ be the
unique wall containing Q. Since each face lies in a unique wall, it follows
that M = MP = MQ. In particular, both P and Q are contained in M .
By 29.6, this means that the unique reflection s interchanging d and d′ also
interchanges e and e′. Since reflections are special automorphisms, it follows
that s maps the residue R to itself. It follows that e′ is opposite d′ in R.
Hence Q = opR(P ). �

2“The panels P and Q are opposite in R” means that Q = opR(P ), where opR is as in
29.9.iv with Σ replaced by R. (This makes sense since by 29.7.iii, R is a spherical Coxeter
chamber system.)
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Chapter Six

Gems

In this chapter we give a characterization of affine Coxeter chamber systems
in terms of their gems (6.6 below). We will need this result in Chapter 12.

We continue to let Π be one of the affine Coxeter diagrams in Figure 1.1
and to denote by Σ = ΣΠ the corresponding Coxeter chamber system.

Definition 6.1. Let R and R1 be two gems of Σ. We will say that R and
R1 are adjacent if R ∩ R1 = ∅ and there exist chambers in R adjacent to
chambers in R1.

Note that if R and R1 are adjacent gems of Σ and d ∈ R and e ∈ R1 are
adjacent chambers, then both R and R1 are o-special (as defined in 1.6),
where o is the type of the panel {d, e}. Thus adjacent gems have the same
type.

Proposition 6.2. Let R and R1 be two gems of Σ. Then R and R1 are
adjacent (as defined in 6.1) if and only if there exists a unique root α of Σ
such that R ⊂ α and R1 ⊂ −α.

Proof. Let k be the length of a gallery (d0, d1, . . . , dk) of minimal length
such that d0 ∈ R and dk ∈ R1. By 6.1, R and R1 are adjacent if and only
if k = 1. By 29.28, k is the number of roots containing R1 whose opposite
contains R. �

Notation 6.3. For each gem R of Σ, we denote by ΞR the set of roots of Σ
cutting R and by ΩR the set of roots of Σ containing R. For each ordered
pair (R, R1) of adjacent gems of Σ, we denote by RR1 the set of chambers
in R that are adjacent to a chamber in R1.

Proposition 6.4. Let R and R1 be adjacent gems of Σ and let

X =
⋂

α∈ΞR∩ΩR1

α

(with the notation in 6.3). Then X ∩ R = RR1 .

Proof. Let d ∈ RR1 , so d is adjacent to a chamber e of R1, and let α ∈
ΞR ∩ ΩR1 . By 29.28, α contains d (since R �⊂ −α). Thus d ∈ X . Hence
RR1 ⊂ X ∩ R.

Suppose, conversely, that d ∈ R∩X . Let e = projR1
d, let γ = (d, d1, . . . , e)

be a minimal gallery from d to e and let α be the unique root containing d1
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but not d. By 29.7.i, every vertex of R1 is nearer to d1 than to d. By 29.6.i,
therefore, R1 ⊂ α. Since d �∈ α but d ∈ R ∩ X , it follows that α does not
cut R. Hence R ⊂ −α and d1 �∈ R.

Suppose that d1 �∈ R1, let d2 be the chamber in γ that follows d1 and
let β be the unique root containing d2 but not d1 (so β �= α since d1 ∈ α).
By 29.7.i again, every vertex of R1 is nearer to d2 than to d1. Also d is
nearer to d1 than to d2 (since γ is minimal). By two more applications of
29.6.i, we thus have R1 ⊂ β and d ∈ −β. Since d ∈ R ∩ X , it follows that
β does not cut R. Thus R ⊂ −β. Thus both α and β contain R1 and their
opposites both contain R. By 6.2, however, there can be only one such root.
We conclude that d1 ∈ R1. Thus d ∈ RR1 . Hence X ∩ R ⊂ RR1 . �

We observe that by 6.4, the set RR1 is convex for all gems R and R1.

Proposition 6.5. Let R and R1 be adjacent gems of Σ and let d ∈ RR1 and
e ∈ RR

1 . Then d is adjacent to e if and only if the set of roots in ΞR ∩ ΞR1

containing d is the same as the set of roots in ΞR ∩ ΞR1 containing e.

Proof. Suppose d and e are adjacent and let α be a root in ΞR ∩ ΞR1 con-
taining d. By 29.28, the unique root containing d but not e contains all of
R and hence does not equal α. Thus e ∈ α. By symmetry, we conclude that
the set of roots in ΞR ∩ ΞR1 containing d is the same as the set of roots in
ΞR ∩ ΞR1 containing e.

Now suppose that d and e are not adjacent. Since d ∈ RR1 and e ∈ RR
1 ,

the chamber d is adjacent to a chamber e1 in R1 and the chamber e is
adjacent to a chamber d1 in R. Then d1 = projR e. Therefore there exists a
minimal gallery

γ := (d, d2, . . . , d1, e)

from d to e that passes through d1 (by 29.7.i). Since the gem R is convex
(by 29.7.ii), the subgallery (d, d2, . . . , d1) is contained in R. In particular,
d2 ∈ R. Let α be the unique root of Σ that contains d but not d2. Since the
galleries γ and (e1, d, d2) are both minimal, we have e ∈ −α and e1 ∈ α (by
29.6.i). Thus α is a root in ΞR ∩ ΞR1 that contains d but not e. �

We come now to the main result of this chapter:

Theorem 6.6. Let Π′ be a second Coxeter diagram from Figure 1.1 (distinct
or not distinct from Π) and let Σ′ denote the corresponding Coxeter chamber
system. Let κ be a bijection from the set of gems of Σ to the set of gems of
Σ′, let ρ be a bijection from the set of roots of Σ to the set of roots of Σ′ and
for each gem R of Σ, let τR be an isomorphism from R to κ(R). Suppose
that the following conditions are satisfied:

(i) ρ(−α) = −ρ(α) for all roots α of Σ and if α and β are roots of Σ such
that α ⊂ β, then

ρ(α) ⊂ ρ(β).
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(ii) For all gems R, all d ∈ R and all α ∈ [R, d] (where [R, d] is as defined
in 1.10),

ρ(α) ∈ [κ(R), τR(d)].

Then there exists a unique isomorphism τ from Σ to Σ′ whose restriction to
each gem R of Σ equals τR. Moreover, τ(α) = ρ(α) for each root α of Σ.

Proof. We will prove 6.6 in a series of steps.

Lemma 6.7. Let R be a gem of Σ, let d and e be adjacent chambers of R
and let α be the unique root of Σ that contains d but not e. Then τR(d) and
τR(e) are adjacent and ρ(α) is the unique root of Σ′ that contains τR(d) but
not τR(e).

Proof. Since τR is an isomorphism, the chambers τR(d) and τR(e) of κ(R)
are adjacent. We have α ∈ [R, d] and −α ∈ [R, e]. By (i) and (ii) of 6.6, it
follows that

ρ(α) ∈ [κ(R), τR(d)]

and

−ρ(α) = ρ(−α) ∈ [κ(R), τR(e)].

Thus ρ(α) is the unique root of Σ′ containing τR(d) but not τR(e). �

Lemma 6.8. Let R be a gem of Σ and let α be a root of Σ. Then the
following hold:

(i) α cuts R if and only if ρ(α) cuts κ(R).
(ii) R ⊂ α if and only if κ(R) ⊂ ρ(α).

Proof. Suppose that α cuts R. Thus there exists a chamber d ∈ R such that
α ∈ [R, d]. By 6.6.ii, we have ρ(α) ∈ [κ(R), τ(d)]. In particular, ρ(α) cuts
κ(R).

Suppose next that R ⊂ α. By 1.18, there is a unique root α′ parallel to α
that cuts R. By 1.2, we have α′ ⊂ α. By 6.6.i, therefore, ρ(α′) ⊂ ρ(α). By
the conclusion of the previous paragraph, ρ(α′) cuts κ(R). Thus κ(R) ⊂ ρ(α)
by 1.13.

If R ⊂ −α, then

κ(R) ⊂ ρ(−α) = −ρ(α)

by 6.6.i and the conclusion of the previous paragraph. Thus if α does not cut
R, in which case either α or −α contains R, then either ρ(α) or −ρ(α) con-
tains κ(R) and therefore ρ(α) does not cut κ(R). Hence (i) holds. Similarly,
if R �⊂ α, then κ(R) �⊂ ρ(α). Thus (ii) holds too. �

Lemma 6.9. Let R and R1 be two gems of Σ. Then R and R1 are adjacent
(as defined in 6.1) if and only if κ(R) and κ(R1) are adjacent.

Proof. Let α be a root of Σ. By 6.6.i and 6.8.ii, R ⊂ α if and only if
κ(R) ⊂ ρ(α) and R1 ⊂ −α if and only if κ(R1) ⊂ ρ(−α) = −ρ(α). The
claim holds, therefore, by 6.2 (since ρ is bijective). �



56 CHAPTER 6

Notation 6.10. For each special vertex o of Π, let τo be the map from Σ
to Σ′ such that for each chamber x of Σ,

τo(x) = τR(x),

where R is the unique o-special gem of Σ that contains x.

Lemma 6.11. Let o be a special vertex of Π, let α be a root of Σ and let d
be a chamber in Σ. Then d ∈ α if and only if τo(d) ∈ ρ(α), where τo is as
defined in 6.10.

Proof. Suppose that d ∈ α and let R be the unique o-special gem of Σ that
contains d. If R ⊂ α, then

τo(d) = τR(d) ∈ κ(R) ⊂ ρ(α)

by 6.8.ii. Suppose that R cuts α. In this case, we can choose adjacent
chambers x and y such that x ∈ α ∩ R and y ∈ −α ∩ R. Since d ∈ α, we
have dist(d, x) < dist(d, y) (by 29.6.i). Since τR is an isomorphism and R is
convex (by 29.7.ii), it follows that

dist(τo(d), τo(x)) < dist(τo(d), τo(y)).

By 6.7, ρ(α) is the unique root of Σ′ that contains τo(x) but not τo(y). By
29.6.i again, it follows that τo(d) ∈ ρ(α). Thus τo(d) ∈ ρ(α) whether or not
R ⊂ α. Since d is arbitrary, we conclude that τo(α) ⊂ ρ(α). Since α is
arbitrary, it follows that also τo(−α) ⊂ ρ(−α) = −ρ(α). Thus if d �∈ α, then
τo(d) �∈ ρ(α). �

Lemma 6.12. Let R and R1 be two gems of Σ and suppose that R and R1

are adjacent as defined in 6.1. Then

τR(RR1) = κ(R)κ(R1).

Proof. By 6.9, κ(R) and κ(R1) are adjacent gems of Σ′. Let

X =
⋂

α∈ΞR∩ΩR1

α

and

X ′ =
⋂

α′∈Ξκ(R)∩Ωκ(R1)

α′,

where Ξκ(R) and Ωκ(R1) are defined as in 6.3 with respect to Σ′. By 6.8, ρ
maps the set ΞR ∩ ΩR1 bijectively to the set Ξκ(R) ∩ Ωκ(R1), so

X ′ =
⋂

α∈ΞR∩ΩR1

ρ(α).

By 6.11, we have τR(R ∩ α) = κ(R) ∩ ρ(α) for every root α of Σ. Therefore

(6.13) τR(X ∩ R) = X ′ ∩ κ(R).

By 6.4, we have RR1 = X∩R and κ(R)κ(R1) = X ′∩κ(R). By 6.13, therefore,
τR(RR1) = κ(R)κ(R1)

�
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Lemma 6.14. Let o be a special vertex of Π and let τo be as in 6.10. Then
τo is an isomorphism from Σ to Σ′.

Proof. Since κ is a bijection, so is τo. Let d and e be chambers of Σ and let
R and R1 be the unique o-special gems containing d and e. If R = R1, then
d and e are adjacent if and only if τo(d) and τo(d) are adjacent (since τR is
an isomorphism).

Suppose that R �= R1. By 6.1 and 6.9, we can assume that R and R1 are
adjacent and that κ(R) and κ(R1) are adjacent, and by 6.12, we can assume
that d ∈ RR1 and e ∈ RR

1 . We know (by 6.8) that

ρ(ΞR ∩ ΞR1) = Ξκ(R) ∩ Ξκ(R1).

Thus by 6.11, α is a root in ΞR ∩ ΞR1 containing d, respectively, e, if and
only if ρ(α) is a root in Ξκ(R) ∩ Ξκ(R1) containing τo(d), respectively, τo(e).
Therefore

{α ∈ ΞR ∩ ΞR1 | d ∈ α} = {α ∈ ΞR ∩ ΞR1 | e ∈ α}

if and only if

{α′ ∈ Ξκ(R) ∩ Ξκ(R1) | τo(d) ∈ α′} = {α′ ∈ Ξκ(R) ∩ Ξκ(R1) | τo(e) ∈ α′}.

By 6.5, we conclude that d and e are adjacent in Σ if and only if τo(d) and
τo(e) are adjacent also when R �= R1. �

Proposition 6.15. The map τo defined in 6.10 is independent of the choice
of the special vertex o.

Proof. Let o, o1 be two special vertices of Π. Let d be a chamber of Σ and
let R be the unique o-special gem containing d. By 6.11, we have

τo1(α) = ρ(α)

for all roots α of Σ. By 6.6.ii, it follows that

[κ(R), τo(d)] = ρ([R, d]) = τo1([R, d]).

Since τo1 is an isomorphism (by 6.14), we have

τo1([R, d]) = [τo1(R), τo1(d)].

Thus

[κ(R), τo(d)] = [τo1(R), τo1(d)].

By 1.12, it follows that κ(R) = τo1(R) and therefore τo(d) = τo1(d). Since d
is arbitrary, we conclude that τo = τo1 . �

Now choose a special vertex o and let τ := τo be as defined in 6.10. By
6.14, τ is an isomorphism from Σ to Σ′. By 6.10, τ restricted to an arbitrary
o-special gem R agrees with τR. By 6.15, it follows that τ restricted to an
arbitrary gem R agrees with τR. By 6.11, τ(α) = ρ(α) for each root α of Σ.

This concludes the proof of 6.6. �
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Chapter Seven

Affine Buildings

We now turn to affine buildings. Our goal in this chapter is to prove 7.24.
This result is crucial for the construction (described in Chapter 8) of the
building at infinity of an affine building. It was first proved in 2.9.6 of [6].

Let ∆ be a thick irreducible affine building. More precisely, we suppose
that ∆ is a thick building of type Π (as defined in 29.10), where Π is one
of the affine Coxeter diagrams in Figure 1.1. Let W = WΠ be the Coxeter
group associated with Π; we identify W with Aut◦(ΣΠ) as described in 29.4.
Let δ be the Weyl distance function of ∆ as described in 29.10.

All the apartments of ∆ are isomorphic to the Coxeter chamber system
ΣΠ. This observation allows us to apply all our results about ΣΠ from
previous chapters to the individual apartments of ∆.

Definition 7.1. A gem of ∆ is a residue of type Io := I\{o} for some special
vertex o of Π (as defined in 1.1), where I is the vertex set of Π. A gem of
type Io for some special vertex o is called o-special.

Definition 7.2. We will say that a residue D of ∆ is cut by an apartment
A if A∩D �= ∅. If a residue D of ∆ is cut by an apartment A, then, in fact,
D ∩ A is a residue of A of the same type as D (by 29.13.iv).

In the proof of the next result, we refer to the retraction map; see 8.16 of
[37] for the definition.1

Proposition 7.3. Suppose that S is a sector in an apartment A and that S
is contained in a second apartment A′. Then there is a special isomorphism
from A to A′ acting trivially on S. In particular, S is also a sector in A′.

Proof. Let x be a chamber of S. By 8.19 of [37], retrA′,x is a special iso-
morphism from A to A′. By 8.17 of [37], this map acts trivially on A ∩ A′.
�

Definition 7.4. A sector of ∆ is a sector in one of its apartments. Let S
be a sector, let A be an apartment containing it, let R be the unique gem
of ∆ such that A ∩ R is the terminus of S in A and let d ∈ R ∩ A denote
the apex of S. By 7.3, S is a sector in every apartment that contains it, and
the gem R and the apex d are independent of the choice of this apartment.

1The retraction map will play a central role in this chapter. We suggest, in fact, that
the reader review the basic properties of the retraction map proved in 8.17–8.19 of [37]
before proceeding.
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From now on, we will refer to R (rather than R ∩ A which does depend on
A) as the terminus of S. We will denote S by σA(R, d). Thus S = σA′(R, d)
also for any other apartment A′ containing S.

Notation 7.5. Let A be an apartment of ∆, let R be a gem cut by A and
let d be a chamber of A ∩ R. We denote by [R, d]A the set of roots of A
containing d but not some chamber of R ∩ A adjacent to d.

Proposition 7.6. Let u be a chamber and let S be a sector of ∆. Then
there exists an apartment containing both u and some subsector of S.2

Proof. Let A be an apartment containing S. By induction with respect to
the minimal length of a gallery from u to a chamber of A, it suffices to
assume that u �∈ A but that u is contained in a panel P containing chambers
of A. Let x and y be the two chambers in P ∩ A and let α be the unique
root of A containing x but not y. By 4.13, we can assume (by interchanging
x with y if necessary) that α contains a subsector S′ of S. By 29.33, there
exists an apartment containing α ∪ {u}. �

Proposition 7.7. Let S be a sector of an apartment A, let u ∈ ∆ and let
S′ and S′′ be two subsectors of S such that there is an apartment containing
u and S′ and an apartment containing u and S′′. Then

retrA,x(u) = retrA,y(u)

for all x ∈ S′ and all y ∈ S′′.

Proof. Let S1 = S′ ∩ S′′. By 4.8, S1 is a subsector of S. Choose chambers
x ∈ S′ and z ∈ S1. It will suffice to show that retrA,x(u) = retrA,z(u).
Let A′ be an apartment containing u and S′. Let φ = retrA,x. By 8.19 of
[37], φ is a special isomorphism from A′ to A, and by 8.17 of [37], φ fixes z.
By 8.2 of [37], therefore, δ(u, z) = δ(uφ, z). By 8.17 of [37], it follows that
uφ = retrA,z(u). �

Definition 7.8. Suppose that A is an apartment and that S is a sector in
A. For each chamber u ∈ ∆, let

retrA,S(u) = retrA,x(u),

where x is an arbitrary chamber contained in some subsector of S lying in
a common apartment with u. By 7.6, there always exists such chambers x,
and by 7.7, retrA,S(u) is independent of the choice of x. The map retrA,S

will be called the sector retraction onto A with respect to S.3

Proposition 7.9. Let A be an apartment, let S be a sector of A and let U
be a finite set of chambers of ∆. Then there exists a subsector S1 of S such
that

retrA,S(u) = retrA,x(u)

for all x ∈ S1 and all u ∈ U .

2Alternatively, we might say that u cohabits with a subsector of S.
3Curiously, this important tool will appear only in this chapter.
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Proof. This holds by 4.8 and 7.8. �

Proposition 7.10. Sector retractions are special homomorphisms (as de-
fined in 29.2).

Proof. Let A be an apartment and let S be a sector in A. By 8.18 of
[37], retrA,x is a special homomorphism for all x ∈ A. Let u, v be adjacent
chambers of ∆. By 7.9, there exists a chamber x ∈ S such that the restriction
of retrA,S to the set {u, v} equals the restriction of retrA,x to the set {u, v}.
Thus retrA,S is a special homomorphism. �

Lemma 7.11. Let A be an apartment of ∆, let S be a sector of A and let
S′ be another sector of ∆. Then there exists a subsector S′

1 of S′ such that
retrA,S restricted to S′

1 is an isometry.4

Proof. Let ρ = retrA,S . Let R0 and d be the terminus and the apex of the
sector S, let R = R0 ∩ A (so R is a gem of A) and let d′ be the apex of S′.
Let o be the special vertex of Π such that the gem R is o-special (as defined
in 1.6). Let A′ be an apartment containing S′ and let φ be the unique special
isomorphism from A′ to A mapping d′ to z := ρ(d′). Let x �→ x̄ denote the
map that sends a chamber of A to its special translate in R (as defined in
1.31). Let WR be the stabilizer of R in the Coxeter group W . The group W
acts sharply transitively on A and preserves types. It follows that WR acts
sharply transitively on R. For each chamber x ∈ S′, there is thus a unique
element ω(x) of WR such that

(7.12) φ(x)
ω(x)

= ρ(x).

Choose adjacent vertices x, y ∈ S′ and let i denote the type of the panel
containing them. By 29.6.i, we can assume that

(7.13) dist(d′, x) < dist(d′, y).

Let h be the unique element in WR such that

(7.14) φ(x)
h

= φ(y).

Suppose first that ρ(x) �= ρ(y). By 7.10, ρ(x) and ρ(y) are i-adjacent. By
7.12, we have

(7.15) φ(x)
ω(x)

= ρ(x)

and

(7.16) φ(y)
ω(y)

= ρ(y).

If i �= o, then by 1.32, φ(y) is the unique chamber of R that is i-adjacent to
φ(x) and ρ(y) is the unique chamber of R that is i-adjacent to ρ(x), so 7.15
implies that

(7.17) φ(y)
ω(x)

= ρ(y).

4A map π from a subset X of ∆ to ∆ is an isometry if

δ(x, y) = δ(xπ , yπ)

for all x, y ∈ X.
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Now suppose that i = o. By 1.30, there exists unique elements t1, t2 in T∩W
such that both φ(x)t1 and ρ(x)t2 are contained in the gem R. We have

wt1 = wt2 = w̄

for every chamber w in A (by 1.31). Thus the chamber φ(y)t1 is o-adjacent
to φ(x)t1 = φ(x) and the chamber ρ(y)t2 is o-adjacent to ρ(x)t2 = ρ(x), and
if δ is as in 1.33, then

δ
(
φ(x)

)
= φ(y)t1 = φ(y)

and, by 7.15,

δ
(
φ(x)

ω(x)
)

= δ
(
ρ(x)

)
= ρ(y)t2 = ρ(y).

Hence 7.17 holds by 1.33 with ω(x) in place of g. Therefore 7.17 holds
whether or not i = o. By 7.16 and 7.17, it follows that ω(x) = ω(y) (since
WR acts sharply transitively on R). We conclude that

(7.18) if ρ(x) �= ρ(y), then dist
(
d, z̄ω(x)

)
= dist

(
d, z̄ω(y)

)
.

Suppose now that ρ(x) = ρ(y). By 7.12 and 7.14, we have

φ(x)
ω(x)

= φ(y)
ω(y)

= φ(x)
hω(y)

.

Thus

(7.19) ω(x) = hω(y),

again because the identity is the only element of WR fixing an element of R.
Let p be the unique chamber of A that is i-adjacent to ρ(x), let P be the
unique panel of ∆ containing ρ(x) and p and let α denote the unique root of
A that contains ρ(x) but not p. Suppose that α contains a subsector of S.
By 4.8 and 7.9, there exists a chamber w ∈ α∩S such that ρ(u) = retrA,w(u)
for u = x and y. Since w ∈ α, we have

dist(w, ρ(x)) < dist(w, p)

by 29.6.i. By 29.10.v, it follows that projP w = ρ(x) = ρ(y). There are thus
no minimal galleries from w to ρ(x) = ρ(y) whose type ends in i. By 8.17 of
[37] (and 29.10.i), it follows that there are no minimal galleries from w to x
or from w to y whose type ends in i. By 29.10.v again, however, this implies
that x = y = projQ w, where Q is the i-panel containing x and y. Since x
and y are distinct, we conclude that the root α contains no subsector of S.

Let g be the unique element of g ∈ T ∩ W mapping ρ(x) to ρ(x) and let
α′ = αg. By 4.12.i and the conclusion of the previous paragraph, we have

(7.20) d �∈ α′.

Suppose that i = o. Let R′
0 be the unique o-special gem containing ρ(x) and

let R′ = R′
0 ∩ A. Then p �∈ R′ and hence ρ(x) = projR′ p. Therefore R′ ⊂ α

(by 29.6.i and 29.10.v). This implies, however, that

R = (R′)g ⊂ αg = α′.
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By 7.20, we conclude that i �= o. Hence p̄ = pg. Therefore the chambers
ρ(x) and p̄ are i-adjacent (since g ∈ W ) and α′ contains ρ(x) but not p̄.

Thus (α′)ω(x)−1

contains the chamber

ρ(x)
ω(x)−1

= φ(x)

but not the chamber of A that is i-adjacent to φ(x). This chamber is φ(y).
Hence α′ = βω(x) and therefore

(7.21) dω(x)−1

∈ −β,

where β is the unique root of A containing φ(x) but not φ(y). By 4.19 and
7.13, there exists a subsector S′′ of S′ such that for each u ∈ S′′, there exists
a minimal gallery from u to d′ passing through y and then x. In particular,
every chamber in φ(S′′) is nearer to φ(y) than to φ(x) and hence (by 29.6.i)

φ(S′′) ⊂ −β′,

where β′ is the unique root of A that contains φ(x) but not φ(y). The root
β′ is a translate in A of the root β and the sector φ(S′) (whose apex is z)
is a translate of a sector S0 having apex z̄. By 4.6 and 4.8, S0 ∩ φ(S′′) is a
subsector of S0. By 4.12.ii, we conclude that

(7.22) z̄ ∈ −β.

Since φ(x) and φ(y) are i-adjacent, the element h in 7.14 must be the
unique reflection in WR interchanging β and −β. By 3.18 of [37], 7.21 and
7.22, therefore,

dist
(
dω(x)−1

, z̄
)

< dist
(
dω(x)−1h, z̄

)
.

By 7.19, we conclude that

(7.23) if ρ(x) = ρ(y), then dist
(
d, z̄ω(x)

)
< dist

(
d, z̄ω(y)

)
.

Finally, let

ψ(u) = dist
(
d, z̄ω(u)

)

for all u ∈ S′. Since ψ(u) ≤ diam(R) < ∞ for all u ∈ S′, we can choose
v ∈ S′ such that

ψ(u) ≤ ψ(v)

for all u ∈ S′. By 4.19, there exists a subsector S′
1 of S′ such that for

each u ∈ S′
1, there is a minimal gallery from d′ to u that passes through

v. Suppose that w and u are two adjacent chambers in S′
1. Since one of

these two chambers is nearer to d′ than the other (by 29.6.i), we can assume
without loss of generality that there is a gallery

γ = (d′, . . . , v, . . . , w, u)

from d′ to u passing through both v and w. By 4.1 and 29.6.ii, sectors are
convex. Thus γ ⊂ S′. We conclude that if (x, y) is a successive pair of
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chambers on γ, then x and y satisfy 7.13. By 7.18 and 7.23 and the choice
of v, it follows that ρ(w) �= ρ(u).

Next suppose that w and u are any two chambers of S′
1. Since the sector

S′
1 is convex, there is a minimal gallery γ′ from w to u contained in S′

1. Let
f ′ be the type of γ′. By 29.10.i, f ′ is reduced. By the conclusion of the
previous paragraph, ρ(γ′) is a gallery from ρ(w) to ρ(u) which is also of type
f ′. By 29.10, this means that δ(ρ(u), ρ(w)) = rf ′ = δ(u, w), where rf ′ is as
in 29.8. �

We come now to the main theorem of this chapter.

Theorem 7.24. Let S and S′ be two sectors in ∆. Then there exists an
apartment A that contains subsectors of both S and S′.

Proof. Let A be an apartment containing S and let ρ = retrA,S . By 7.11,
there exists a subsector S′

1 of S′ such that the restriction of ρ to S′
1 is an

isometry. By 29.13.i, it follows that ρ is a special isomorphism from S′
1 to a

subsector of some apartment. By 7.3, therefore, ρ(S′
1) is, in fact, a subsector

of A.
Let z be the apex of S′

1. Let R0 be the terminus of S, let R′
0 be the

gem having the same type as R0 that contains ρ(z), let R = R0 ∩ A and let
R′ = R′

0 ∩ A. Thus R and R′ are both gems of A. By 1.22, there exists
a unique translate S1 of S in A whose terminus is R′. By 4.6, S ∩ S1 is a
sector. By 7.6, there is an apartment A′ of ∆ that contains both z and a
subsector S2 of S ∩ S1. Suppose that

(7.25) ρ(u) = retrA,c(u)

for all u ∈ S′
1 and all c ∈ S2. Then δ(c, ρ(u)) = δ(c, u) for all u ∈ S′

1 and
all c ∈ S2 (by 8.17 in [37]). In particular, if ρ(u) ∈ S2 for some u ∈ S′

1,
then δ(ρ(u), u) = δ(ρ(u), ρ(u)) = 1 and hence u = ρ(u) ∈ S2. Since the
restriction of ρ to S′

1 is injective, it follows that there exists an isometry π
from S2 ∪ ρ(S′

1) to S2 ∪ S′
1 such that π(x) = x if x ∈ S2 and π(ρ(u)) = u if

u ∈ S′
1. The image of π contains S2 ∪ S′

1. By 29.13.i, π extends to a special
isomorphism from A to ∆. The image of this extension is an apartment. It
thus suffices to show that 7.25 holds.

Choose u ∈ S′
1 and c ∈ S2. We proceed by induction with respect to

dist(z, u). By 7.8, we know that 7.25 holds for u = z since z and S2 lie in
the apartment A′. Suppose that dist(z, u) > 0, let

γ = (z, . . . , w, u)

be a minimal gallery from z to u, let w′ = ρ(w) and let u′ = ρ(u). By
induction, we can assume that ρ(w) = retrA,c(w) and hence

(7.26) δ(c, w) = δ(c, w′)

by 8.17 of [37]. Let P be the unique panel of ∆ that contains w and u and
let i be the type of P . Since the restriction of ρ to S′

1 is an isometry, the
chambers u′ and w′ are i-adjacent. Since retrA,c is a special homomorphism,
the chambers w′ = retrA,c(w) and retrA,c(u) are either equal or i-adjacent;
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if they are i-adjacent, then retrA,c(u) must be equal to u′ since u′ is the
unique chamber of A that is i-adjacent to w′. It thus suffices to show that
retrA,c(w) �= retrA,c(u). By 8.17 of [37], this is equivalent to showing that

(7.27) δ(c, w) �= δ(c, u).

If w or u equals projP c, then dist(c, w) �= dist(c, u) and hence 7.27 holds
by 7.8 of [37]. We thus assume that

(7.28) w �= projP c

and observe that under this assumption it will suffice to show that

(7.29) u = projP c.

Let p = projP c, let γ1 be a minimal gallery from c to p and let P ′ be the
unique panel containing u′ and w′. By 7.28, w �= p. By 29.10.v, therefore,
(γ1, w) is a minimal gallery. Let f be its type. Then f is reduced and
δ(c, w) = rf (by 29.10.i). Hence δ(c, w′) = rf by 7.26. There thus exists a
minimal gallery γ2 of type f from c to w′ (again by 29.10.i). Since the word
f ends in i, the penultimate chamber in γ2 lies in P ′. Thus w′ �= projP ′ c.
By 29.10.v, it follows that c is not nearer to w′ than it is to u′. Hence c �∈ α,
where α is the unique root of A containing w′ but not u′.

By 7.26 (and 7.8 of [37]), we have dist(c, w) = dist(c, w′). By 7.10, it
follows that (γ1, w) is mapped by ρ to a gallery of type f from c to w′. The
penultimate chamber in such a gallery must be u′, the unique chamber in A
that is i-adjacent to w′. Thus

(7.30) ρ(p) = u′.

The sector S2 is contained in a sector having terminus R′. We have

(ρ(z), . . . , w′, u′) = ρ(γ).

Since the restriction of ρ to S′
1 is an isometry, the type of ρ(γ) is the same

as the type of γ. Since γ is minimal, it follows (again by 29.10.i) that ρ(γ)
is also minimal. By 4.3, ρ(z) = projR′ u′. Thus for each x ∈ R′, there exists
a minimal gallery from x to u′ that passes through both ρ(z) and w′ (by
29.10.v). It follows that every chamber of R′ is nearer to w′ than to u′.
Hence R′ ⊂ α. In particular, α contains the apex of the translate S1 of S
which we denote by q. Let α′ be the unique root of A parallel to α that cuts
R′. Since c ∈ S2 ⊂ S1 but c �∈ α, we have S1 �⊂ α. By 4.14, therefore, q �∈ α′.
By 4.12.i, it follows that −α contains a subsector of S1. Hence by 4.8, −α
contains a subsector S3 of S2. By 4.8 and 7.9, there exists a chamber e in
S3 ⊂ −α such that

ρ(x) = retrA,e(x)

for both x = u and x = p. By 7.30, therefore,

(7.31) retrA,e(p) = ρ(p) = u′ = ρ(u) = retrA,e(u).

Since retrA,e(u) = u′ and retrA,e is a special homomorphism, we have
retrA,e(P ) ⊂ P ′. Since retrA,e preserves the distance to e (by 7.8 and 8.17 of
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[37]), it must therefore map projP e, but no other chamber on P , to projP ′ e.
Since e ∈ −α, we have

dist(e, u′) < dist(d, w′)

by 29.6.i and 29.13.iii. By 29.10.v, therefore, we have projP ′ e = u′. There
is thus a unique chamber in P mapped by retrA,e to u′. Hence u = p by
7.31. Therefore 7.29 holds. �

* * *

We close this chapter with a brief look at the very simplest affine buildings:

Example 7.32. Suppose that Π = Ã1. Let Γ denote the graph whose
vertices are the panels of ∆, where two panels are joined by an edge of Γ
if they contain a common chamber. If two panels of any building have a
non-empty intersection, then the two panels must have different colors and
the intersection must consist of a single chamber. Since ∆ has only two
colors, these colors must therefore alternate in every nonrepeating sequence
of adjacent panels in Γ. Let r : MI → WΠ be as in 29.8. Since the label on
the one edge of Ã1 is ∞, the restriction of the map r to the set of reduced
words in MI is a bijection. By 7.7 of [37], every two chambers in ∆ are
connected by an unique minimal gallery. It follows that Γ has no circuits.
In other words, Γ is a tree.

We define a tree to be thick if every vertex has at least three neighbors.
We are assuming that all buildings considered in this monograph are thick.
This means (by 29.2) that each panel of ∆ contains at least three chambers.
It follows that Γ is thick.

Suppose, conversely, that we start with a thick tree Γ. Trees are connected
and bipartite, so there is a unique decomposition of the vertex set of Γ into
two subsets V1 and V2 such that every edge of Γ contains exactly one vertex
from each of these two subsets. Let ∆ be the edge set of Γ. We declare that
two distinct edges e and f are i-adjacent for i = 1 or 2 if their intersection
consists of a vertex of Vi. Then ∆ is a building of type Π = Ã1.

The two constructions just described are inverses of each other. Thus, in
conclusion, buildings of type Ã1 and thick trees are equivalent notions. A
tree will be called thin if every vertex is adjacent to exactly two vertices. If
we think of a thick tree as a building of type Ã1, then the apartments are
the thin subtrees.5

We suggest that the reader verify 7.24 in the case Π = Ã1 with a few
simple diagrams.

5More precisely, an apartment is the set of edges on a thin subgraph of Γ, but there is
no reason to be so precise.



Chapter Eight

The Building at Infinity

In this chapter we show that the “boundary” of an affine building is a build-
ing of spherical type. This “building at infinity” plays a central role in the
study of affine buildings. The notion of the building at infinity generalizes,
as we will see, the notion of the celestial sphere of a Euclidean space. The
main results of this chapter are 8.24 and 8.36.

We continue to assume that Π is one of the affine Coxeter diagrams in
Figure 1.1 and that ∆ is a thick building of type Π.

Definition 8.1. Let A be an apartment of ∆, let R be a gem and let P be
a panel that is both contained in R and cut by A (as defined in 7.2). Let
d ∈ P ∩A, let S = σA(R, d) be as in 7.4, let α be the unique root of A such
that α ∩ P = {d} and let µ(α) be the wall of α as defined in 29.32. Let
µA(R, P ) be the set of panels Q in the wall µ(α) such that |Q∩S| = 1. Thus

{Q ∩ A | Q ∈ µA(R, P )}

is the P ∩ A-face of S in A as defined in 5.1. By 7.3, µA(R, P ) = µA′(R, P )
if A′ is any other apartment containing the sector S. Thus we can set
µ(S, P ) = µA(R, P ) and we can call µ(S, P ) simply the P -face of S. A face
is a set of the form µ(S, P ) for some sector S and some panel P containing
its apex and contained in its terminus. We call the set of chambers contained
in some panel of a face the chamber set of the face. As in 29.22 and 5.7,
we say that two walls (or two faces) are parallel if their chambers sets are
parallel in the sense of 1.44. If u is a chamber and f is a face, we will write
u ∈ f if u is contained in the chamber set of f .

The walls and faces of ∆ will play a central role in the next several chap-
ters.

Proposition 8.2. Let S and S′ be two sectors of ∆ (not necessarily con-
tained in the same apartment). Then S and S′ are parallel (as defined in
1.44) if and only if S ∩ S′ contains a sector.

Proof. Suppose that S ∩ S′ contains a subsector S′′. By two applications of
4.23, S′′ is parallel to S and to S′. Thus S is parallel to S′.

Suppose, conversely, that S is parallel to S′. By 7.24, there exists an
apartment A that contains subsectors S1 of S and S′

1 of S′. By 4.23 again,
S is parallel to S1 and S′ is parallel to S′

1. Thus S1 is parallel to S′
1. By

one more application of 4.23, it follows that S1 ∩ S′
1 is a sector contained in

S ∩ S′. �
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Definition 8.3. Suppose A is an arbitrary set of apartments in ∆. An
apartment of ∆ will be called an A-apartment if it is contained in A, a
sector will be called an A-sector if it is contained in an A-apartment, a root
will be called an A-root if it is contained in an A-apartment, a wall will be
called an A-wall if it is the wall of an A-root and a face will be called an
A-face if it is the face of an A-sector.

The following definition is important:

Definition 8.4. A system of apartments of ∆ is a set A of apartments
satisfying the following two conditions:

(i) Every two chambers of ∆ lie in some A-apartment.
(ii) Every two A-sectors contain subsectors that are contained in a common

A-apartment.

Definition 8.5. By 7.24 and 29.13.ii, the set of all apartments of ∆ is a
system of apartments. This system of apartments is called the complete
system of apartments.

Definition 8.6. Let o be a special vertex of Π and let Io be as in 7.1. We
will call a sector o-special if its terminus is o-special.

For the rest of this chapter, we fix a system of apartments A and a special
vertex o of Π and let I and Io be as in 7.1.

Proposition 8.7. Every A-sector is parallel to an o-special A-sector.

Proof. Let S be an A-sector and let A be an apartment in A containing S.
By 1.9, there is a translate S′ of S in A whose terminus is o-special. By
4.22, S′ is parallel to S. �

Definition 8.8. Let S = σA(R, d) be an o-special sector and let i ∈ Io. The
i-face of S is the P -face µA(S, P ), where P is the i-panel containing d.

We now define an edge-colored graph ∆∞
A with index set Io:

Definition 8.9. Two parallel classes x and x1 of A-sectors will be called
i-adjacent for some i ∈ Io (and we write x ∼i x1) if x �= x1 and for every
o-special A-sector S ∈ x and every o-special A-sector S1 ∈ x1, the i-faces of
S and S1 are parallel. Let ∆∞

A be the edge-colored graph with index set Io

whose vertices are the parallel classes of A-sectors, where two parallel classes
x and x1 of A-sectors are joined by an edge of color i ∈ Io if and only if they
are i-adjacent.

Proposition 8.10. Let S and S1 be parallel o-special A-sectors. Then the
i-faces of S and S1 are parallel for each i ∈ Io.

Proof. Let A and A1 be A-apartments containing S and S1. By 4.10 and
8.2, there is an o-special sector Ŝ contained in S ∩ S1. By 1.30, there is a
special translate of Ŝ in A having the same terminus as S. By 4.3, it follows
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that Ŝ is, in fact, a special translate of S in A. Thus for each i ∈ Io, the
i-face of Ŝ is a translate of the i-face of S. Hence by 1.45, the i-face of Ŝ is
parallel to the i-face of S for each i ∈ Io. Similarly, Ŝ is a special translate
of S1 in A1 and hence the i-face of Ŝ is parallel to the i-face of S1 for each
i ∈ Io. �

Corollary 8.11. Let x, x′ be distinct vertices of ∆∞
A and let i ∈ Io. Then

x ∼i x′ if and only if for some o-special A-sector S ∈ x and some o-special
A-sector S′ ∈ x′, the i-face of S and the i-face of S′ are parallel.

Proof. This holds by 8.9 and 8.10. �

Proposition 8.12. Let H be the subgroup of Aut(Π) defined in 1.27. Let
o′ be another special vertex of Π and let Io′ and ∼′

i for all i ∈ Io′ be as in
7.1 and 8.9 with o′ in place of o. Then there is a unique element τ of H
mapping o to o′ such that for all x, x′ ∈ ∆∞

A and all i ∈ Io,

x ∼i x′ if and only if x ∼′
τ(i) x′.

Proof. Let A ∈ A. By 1.28, there is a unique element τ of H mapping o to
o′. By 1.27, there exists a translation g of A that is also a τ -automorphism
of A. Thus g maps o-special gems (of A) to o′-special gems (of A). Hence if
S is an o-special sector in A and if f is its i-face for some i ∈ Io, then Sg is
an o′-sector and fg is its τ(i)-face. By 1.45, every sector S of A is parallel to
Sg and every face f of A is parallel to fg. By 8.11, it follows that if x ∼i x′

for some x, x′ ∈ ∆∞
A and for some i ∈ Io, then x ∼′

τ(i) x′. Reversing the role

of o and o′ in this argument, we conclude that also the converse holds. �

By 8.9, ∆∞
A is an edge-colored graph with index set Io, where two vertices

x, x′ of ∆∞
A are connected by an edge with the color i whenever x ∼i x′. By

8.12, this graph is, up to a relabeling of the colors, independent of the choice
of the special vertex o of Π.

Proposition 8.13. Let x, x1 ∈ ∆∞
A and suppose that x ∼i x1 and x ∼i′ x1

for i, i′ ∈ Io. Then i = i′.

Proof. By 4.23 and 8.4.ii, there exists an A-apartment A containing sectors
S ∈ x and S1 ∈ x1. By 4.10 and 4.23, we can assume that S and S1 are both
o-special. By 1.30, there is a special translate S0 of S1 in A such that S and
S0 have the same terminus. By 4.22, S0 is parallel to S1 and hence lies in
x1. Thus by 8.9, the i-face of S is parallel to the i-face of S0 and the i′-face
of S is parallel to the i′-face of S0. By 8.9, however, we also have x �= x1,
so S �= S0. Therefore S and S0 have at most one face in common (by 5.1).
By 5.9, a face of S is parallel to a face of S0 if and only if the two faces are
equal. Hence i = i′. �

Proposition 8.14. The edge-colored graph ∆∞
A with index set Io described

in 8.9 is a chamber system as defined in 29.2.

Proof. By 8.13, each edge has a unique color. Let i ∈ Io. We set

x ≈i x1
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for x, x1 ∈ ∆∞
A if either x = x1 or x ∼i x1. Since the parallel relation defined

in 1.44 is an equivalence relation, so is the relation ≈i. Now let x be a vertex
of ∆∞

A . By 8.6, we can choose an o-special A-sector S in x. Let R and d be
the terminus and apex of S, let A be an A-apartment containing S and let
e be the unique chamber in R∩A that is i-adjacent to d. Let S1 = σA(R, e)
and let x1 be the set of A-sectors parallel to S1. Then S and S1 have the
same i-face. By 4.3, on the other hand, S and S1 are disjoint. Therefore
x �= x1 by 8.2. Thus each i-panel of ∆∞

A contains at least two vertices. �

In light of 8.14, we will start referring to the vertices of ∆∞
A as chambers.

Proposition 8.15. Let S and S′ be parallel A-sectors. Then every face of
S is parallel to a unique face of S′.

Proof. By 8.2, S ∩ S′ contains a sector S1. By 1.45 and 4.7, every face of S
is parallel to a face of S1 and every face of S1 is parallel to a face of S′. By
5.9, no two faces of a sector are parallel. �

Proposition 8.16. Let S and S′ be two o-special A-sectors, let i, i′ ∈ Io,
let f be the i-face of S and let f ′ be the i′-face of S′. Suppose that f and f ′

are parallel. Then i = i′.

Proof. By 4.10 and 8.4.ii, there is an apartment A in A containing o-special
subsectors S1 of S and S′

1 of S′. Let f1 be the i-face of S1 and let f ′
1 be

the i′-face of S′
1. By 4.23, S1 is parallel to S and S′

1 is parallel to S′. By
two applications of 8.10, therefore, f1 is parallel to f and f ′

1 is parallel to
f ′. Hence f1 is parallel to f ′

1. By 1.30, there is a special translation g of A
mapping the terminus of S1 to the terminus of S′

1. Since g is special, fg is
the i-face of S′

1. By 1.45, fg
1 is parallel to f1 and hence to f ′

1. Thus by 5.9,
fg
1 = f ′

1. Therefore i = i′. �

Definition 8.17. For each A-sector S, let S∞ denote the chamber of ∆∞
A

(i.e. the parallel class of A-sectors) that contains S. For each A-face f , let
[f ] be the set of chambers of ∆∞

A that contain A-sectors that have a face
parallel to f . Note that by 8.15, if x is a chamber in [f ] for some face f ,
then every A-sector in x has a face parallel to f .

Proposition 8.18. The panels of the chamber system ∆∞
A are the sets [f ]

for all A-faces f .

Proof. Let F be an i-panel for some i ∈ Io and let x ∈ F . By 8.7, we can
choose an o-special A-sector S in x. Let f be the i-face of S. Then F ⊂ [f ]
by 8.9 and 8.17. Suppose that x′ is a chamber of ∆∞

A (i.e. a vertex of ∆∞
A )

that contains an A-sector S′ having a face f ′ parallel to f . By 8.7 and 8.15,
we can assume that S′ is o-special. By 8.16, it then follows that f ′ is the
i-face of S′. By 8.11, therefore, x′ ∈ F . Thus F = [f ]. Hence every panel is
of the form [f ] for some face f .

Suppose, conversely, that f is a face of an arbitrary A-sector S and let
x = S∞. By 8.7, there is an o-special sector S′ that is parallel to S. By 8.15,
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S′ has a face f ′ that is parallel to f ; moreover, f ′ is the i-face of S′ for some
i ∈ Io. By 8.17, [f ] = [f ′]. By the conclusion of the previous paragraph, [f ′]
is the i-panel containing S∞. Thus every set of the form [f ] is a panel. �

We will need the following observation in the proof of 8.24.

Lemma 8.19. Let A, A′ ∈ A, let R be a gem such that A ∩R = A′ ∩R, let
f = µA(R, P ) for some panel P ⊂ R cut by A, let f ′ = µA′(R, P ′) for some
panel P ′ ⊂ R cut by A′ and suppose that the faces f and f ′ are parallel.
Then P = P ′.

Proof. Let x ∈ A ∩ A′, let ρ = retrA,x, let f1 = A ∩ f (i.e. the intersection
of A with the chamber set of f), let f ′

1 = A′ ∩ f ′, let g1 = (f ′
1)

ρ and
let g = µA(R, P ′). By 8.19 of [37], the restriction of ρ to A′ is a special
isomorphism from A′ to A, and by 8.17 of [37], ρ acts trivially on R. By 5.3,
it follows that g1 = A ∩ g. Suppose that P ′ �= P . By 5.9, f and g are not
parallel. By 5.8.ii, therefore, for each N > 0, there exists x ∈ f ′

1 such that

(8.20) dist(xρ, f1) ≥ N.

By 8.18 of [37], ρ is a special homomorphism from ∆ to A. Hence (by 1.18
of [37])

dist(uρ, vρ) ≤ dist(u, v)

for all chambers u, v of ∆. Therefore 8.20 implies that

dist(x, f1) ≥ N

since ρ acts trivially on f1 ⊂ A. Hence f1 and f ′
1 are not parallel. This

implies, however, that f and f ′ are not parallel. We conclude that, in fact,
P = P ′. �

Notation 8.21. Let Πo denote the subdiagram of Π spanned by Io, i.e. the
diagram obtained from Π by deleting o and all edges containing o.

Proposition 8.22. Let A ∈ A and let A∞ denote the subgraph of ∆∞
A

spanned by the set of all chambers of ∆∞
A containing sectors that are con-

tained in A.1 Let R be an o-special gem cut by A. Then A∞ is a Coxeter
chamber system of type Πo and there is a special isomorphism from A∞ to
R that sends the parallel class σA(R, d)∞ to d for each chamber d in R.

Proof. The set A ∩ R is a gem of A. By 4.24, every parallel class in A∞

contains a unique sector of A having terminus A ∩ R. There is thus a well-
defined map π from A∞ onto R that sends the parallel class σA(R, d)∞ to
d for each chamber d in R. By 4.3, σA(R, d) and σA(R, d′) are disjoint if d
and d′ are distinct elements of R. By 8.2, it follows that π is injective.

Let {d, e} be an i-panel of A ∩R. By 8.11, the parallel classes σA(R, d)∞

and σA(R, e)∞ are i-adjacent vertices of ∆∞
A . Suppose, conversely, that the

1Let Γ be an arbitrary graph and let X be a subset of the vertex set of Γ. The subgraph

of Γ spanned by X is the graph whose vertex set is X and whose edge set is the set of all
edges of Γ connecting two vertices of X.
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sector classes σA(R, d)∞ and σA(R, e)∞ are i-adjacent for d, e ∈ R and for
some i ∈ Io. By 8.9, the i-faces of the sectors σA(R, d) and σA(R, e) are
parallel. By 5.9, it follows that d and e are i-adjacent. Thus π is a special
isomorphism. By 1.7, R is a Coxeter chamber system of type Πo. �

Corollary 8.23. Let A ∈ A and let R be a gem cut by A (not necessarily
o-special). Then there is an isomorphism from A∞ to R (not necessarily
special) that sends the parallel class σA(R, d)∞ to d for each chamber d
in R.

Proof. Let R′ be an o-special gem cut by A. By 1.9, R′ = Rg for some
translation of A. Then σA(R, d) and σA(R, d)g are parallel for every d ∈
R. By 8.22, therefore, there is an isomorphism from A∞ to R′ that sends
σA(R, d)∞ to dg−1

for every d ∈ R. �

We come now to the main result of this chapter.

Theorem 8.24. Let ∆∞
A be as defined in 8.9. Then ∆∞

A is a building of
type Πo whose apartments are the subgraphs A∞ for all A ∈ A, where Πo

and A∞ are as in 8.21 and 8.22.

Proof. By 8.14, ∆∞
A is a chamber system with index set Io, and by 8.22,

A∞ is isomorphic to ΣΠo
for each A ∈ A. By 8.4.ii, every two chambers of

∆∞
A are contained in A∞ for some A ∈ A. Thus 29.35.i holds. Let A, A′

be two apartments in A. By 29.34, there is a special isomorphism π from
A to A′ that acts trivially on A ∩ A′. This isomorphism induces a special
isomorphism φ from A∞ to (A′)∞. If S is a sector contained in both A and
A′, then φ fixes S∞. Thus 29.35.ii holds.

Suppose now that there exists a sector S contained in both A and A′ and
a panel F of ∆∞

A such that F ∩ A∞ and F ∩ (A′)∞ are both non-empty.
This means that there exist sectors S1 contained in A and S′

1 contained in
A′ such that S∞

1 and (S′
1)

∞ are both contained in F . By 8.18, S1 has a face
f and S′

1 has a face f ′ such that F = [f ] = [f ′]. By 4.15, we can choose a
gem R such that R ∩A = R ∩A′ �= ∅. By 1.9 and 1.45, we can assume that
f = µA(R, P ) for some panel P ⊂ R cut by A and f ′ = µA′(R, P ′) for some
panel P ′ ⊂ R cut by A′. By 8.19, P = P ′. Since π acts trivially on A ∩ R,
it follows that the isomorphism π maps f to f ′. We have

F ∩ A∞ = {σA(R, x)∞ | x ∈ P ∩ A}

and

F ∩ (A′)∞ = {σA′(R, x′)∞ | x′ ∈ P ∩ A′}.

Therefore the isomorphism φ maps F ∩A∞ to F ∩ (A′)∞ as claimed. As we
observed in the previous paragraph, φ fixes S∞. Thus 29.35.iii holds.

By 29.35, we conclude that ∆∞
A is a building of type Πo. In particular,

∆∞
A is spherical. Let Σ be an arbitrary apartment of ∆∞

A . By 29.14.i, we can
choose two chambers in Σ that are opposite in ∆∞

A . As observed above, there
exists A ∈ A such that the apartment A∞ contains these two chambers. By
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29.14.ii, we must, in fact, have A∞ = Σ. We conclude that every apartment
of ∆∞

A is of the form A∞ for some A ∈ A. �

Definition 8.25. Let o be a special vertex of Π, let Πo be as in 8.21 and
let ∆∞

A be the edge-colored graph defined in 8.9. As we have just shown in
8.24, ∆∞

A is a building of type Πo.
2 We call ∆∞

A the building at infinity of
the pair (∆,A).

Remark 8.26. We have Π = X̃�, where X� is one of the diagrams in Fig-
ure 1.3. By 8.24, the building at infinity ∆∞

A is a building of type X�. In
particular, ∆∞

A is irreducible. In 11.3, we will show that ∆∞
A is also thick.

Our principal goal for the rest of this chapter is to prove 8.36 where we
describe the panels of ∆∞

A in terms of parallel classes of A-faces of ∆ and
the walls of ∆∞

A in terms of parallel classes of A-walls of ∆.

Proposition 8.27. The map A �→ A∞ from A to the set of all apartments
of ∆∞

A is a bijection.

Proof. By 8.24, this map is surjective. Suppose A, A1 are two elements of
A such that A∞ = A∞

1 . Let R be an o-special gem cutting A, let d and e
be two opposite chambers of A ∩R, let S = σA(R, d) and let S′ = σA(R, e).
Then A1 contains subsectors S1 and S′

1 of S and S′. By 4.25, the convex
hull of S ∪ S′

1 is A. Since A1 is also convex, it follows that A ⊂ A1. By
symmetry, we also have A1 ⊂ A. �

Proposition 8.28. Let f and f ′ be A-faces such that [f ] = [f ′] (where [f ]
and [f ′] are as defined in 8.17). Then f is parallel to f ′.

Proof. Let S be an A-sector such that f is a face of S. By 8.15 and 8.17, S
has a face parallel to f ′. Now let A be an A-apartment containing S, let R
and d be the terminus and apex of S, let P be the panel containing d such
that f = µ(S, P ), let e be the unique chamber in P ∩A distinct from d and
let S′ = µA(R, e). Then S′ is also an A-sector and f is also a face of S′.
Hence also S′ has a face parallel to f ′. By 5.9, the only face of S that is
parallel to a face of S′ is f . It follows that f is parallel to f ′. �

Notation 8.29. For each A-root α of ∆, we set

α∞ = {S∞ | S is a sector contained in α},

and for each A-wall M of ∆, we set

[M ] = {[f ] | f is a face contained in M},

where [f ] is as in 8.17.

Proposition 8.30. The following hold:

(i) For each A-root α, the set α∞ defined in 8.29 is a root of ∆∞
A .

2We recall that by 8.12, the building at infinity does not depend in an essential way
on the choice of the special vertex o.
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(ii) For each A ∈ A, the map [α] �→ α∞ is a well-defined bijection from
the set of parallel classes of roots of A to the set of roots of A∞.

Proof. Let R be an o-special gem of A and let X be the set of roots of A
cutting R. By 8.22 and 29.19, the map

α �→ {σA(R, d)∞ | d ∈ α ∩ R}

is a bijection from X to the set of roots of A∞. By 4.24 and 4.12, we have

{σA(R, d)∞ | d ∈ α ∩ R} = α∞

for each α ∈ X . Thus (i) holds and the map α �→ α∞ is a bijection from X
to the set of roots of A∞. By 1.19, therefore, (ii) holds. �

Proposition 8.31. Let α and α′ be two roots such that α∞ = (α′)∞. Then
α ∩ α′ is a subroot of α and α′.

Proof. Since roots are convex, this holds by 4.26. �

Proposition 8.32. Let M be an A-wall, let R be a gem, let X be the set of
panels of R that are contained in M and suppose that X �= ∅. Then

M =
⋃

P∈X

µA(R, P ).

Proof. Let A be an A-apartment containing a root α such that M = µ(α).
Let Q ∈ M , let u be the unique chamber in α ∩ Q, let v be the other
chamber in A ∩ Q, let d = projR u, let e = projR v, let S = σA(R, d) and
let S′ = σA(R, e). By 29.21, d and e are adjacent. Let P be the unique
panel that contains d and e. By 4.3, u ∈ S, v ∈ S′ and P ∈ X . Thus Q is
contained in the face µA(R, P ). If, conversely, P is an arbitrary panel in X ,
then µA(R, P ) ⊂ µ(α) = M by 8.1. �

Proposition 8.33. For each A-root α, the set [µ(α)] defined in 8.29 is the
wall of the root α∞ of ∆∞

A and the map M �→ [M ] is a surjective map from
the set of A-walls of ∆ to the set of walls of ∆∞

A .

Proof. Suppose that α is a root of an apartment A in A (so α∞ is a root of
∆∞

A by 8.30), let M = µ(α) and let β be the root opposite α in A. By 8.30,
it will suffice to show that

[M ] = µ(α∞).

Let f be a face contained in M . Then f = µ(R, P ) for some panel P in M
and some gem R containing P . Let d be the unique chamber in α∩P and let
e be the unique chamber in β ∩P . By 4.11, σA(R, d) ⊂ α and σA(R, e) ⊂ β.
Thus σA(R, d)∞ ⊂ α∞ ∩ [f ] and σA(R, e)∞ ⊂ β∞ ∩ [f ] by 8.17 and 8.29.
It follows that [f ] is a panel of ∆∞

A (by 8.18) that is contained in the wall
µ(α∞) (by 29.32). We conclude that [M ] ⊂ µ(α∞).

Suppose, conversely, that F is a panel of ∆∞
A contained in the wall µ(α∞).

By 8.29, there exist sectors S contained in α and S1 contained in β such that
S∞ ∈ F ∩ α∞ and S∞

1 ∈ F ∩ β∞. Let R be the terminus of S. Translates



THE BUILDING AT INFINITY 75

of sectors are parallel by 4.22 and [M ] = [µ(α′)] for each root α′ parallel to
α by 1.26. By 1.18 and 1.22, therefore, we can assume that α cuts R (by
replacing α by a parallel root) and that R is also the terminus of S1 (by
replacing S1 by a translate). Since S∞ and S∞

1 are both contained in F ,
they are adjacent chambers of ∆∞

A . By 8.23, therefore, the apices d of S
and e of S1 are contained in a panel P . Let f = µ(R, P ). Since d ∈ α and
e ∈ β, it follows that P is contained in M . By 8.32, therefore, f ⊂ M . Thus
[f ] is also a panel of ∆∞

A (by 8.18) that contains both S∞ and S∞
1 . Hence

[f ] = F . Thus F ∈ [M ]. We conclude that µ(α∞) ⊂ [M ]. �

Proposition 8.34. Let f and f ′ be two A-faces that are not parallel. Then
for each N > 0 there exists a subface fN of f such that dist(u, f ′) ≥ N for
all u ∈ fN .

Proof. Let N > 0, let S be a sector contained in an A-apartment A such
that f is a face of S and let S′ be a sector contained in an A-apartment A′

such that f ′ is a face of S′. By 8.4.ii, there exist subsectors S1 of S and S′
1

of S′ and an apartment A1 containing S1 and S′
1. By 4.7, S1 = Sg for some

translation g of A and S′
1 = (S′)h for some translation h of A′. Let f1 be

the unique face of S1 such that f1 ∩ A = (f ∩ A)g and let f ′
1 be the unique

face of S′
1 such that f ′

1 ∩ A′ = (f ′ ∩ A)h. By 1.45, f1 is parallel to f and f ′
1

is parallel to f ′. Therefore f1 is not parallel to f ′.
Choose m > 0. By 5.8.ii, there exists a subface f̂ of f1 such that

dist(u, f ′
1) ≥ m

for all u ∈ f̂ . Let f̃ be the subface of f such that (f̃ ∩ S)g = f̂ ∩ S1. By
1.43, there exists M such that dist(x, xg) ≤ M for all chambers x ∈ A and
dist(x, xh) ≤ M for all chambers x ∈ A′. Thus dist(u, f ′) ≥ m − 2M for all
u ∈ f̃ . �

Proposition 8.35. Let M and M ′ be two A-walls. Then M and M ′ are
parallel if and only if [M ] = [M ′], where [M ] and [M ′] are as defined in 8.29.

Proof. By 1.16, we can choose a gem R containing panels in M . Let X be
as in 8.32, let A be an A-apartment containing a root α such that M = µ(α)
and let fP = µA(R, P ) for all P ∈ X . Then P �→ P ∩ A is an injective map
from X to the set of panels of R∩A. By 1.7, R∩A is finite. Thus X is also
finite.

Suppose now that M and M ′ are parallel. By 1.44, there exists N > 0
such that

dist(M, u′) ≤ N

for all u′ ∈ M ′. Let f ′ be an A-face contained in M ′. Let X1 be the set of
P ∈ X such that f ′ is not parallel to fP . By 5.15 and 8.34 (and the finiteness
of X), there exists u′ ∈ f ′ such that dist(fP , u′) > N for all P ∈ X1. By
8.32, it follows that X1 �= X . Thus f ′ is parallel to fP for some P ∈ X .
Therefore [f ′] ∈ [M ]. Hence [M ′] ⊂ [M ]. By symmetry, we conclude that,
in fact, [M ] = [M ′].
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Suppose, conversely, that [M ] = [M ′]. Let P ∈ X . By 8.29, there exists
a face f ′ contained in M ′ such that [f ′] = [fP ]. By 8.28, therefore, f ′ is
parallel to fP . This means that there exists NP > 0 such that

dist(u, M ′) ≤ dist(u, f ′) ≤ NP

for all u ∈ fP . Let N be the maximum of the NP for all P ∈ X . Then
dist(u, M ′) ≤ N for all

u ∈
⋃

P∈X

fP .

By 8.32 again, it follows that dist(u, M ′) ≤ N for all u ∈ M . By symmetry,

{dist(M, u′) | u′ ∈ M ′}

is also bounded. Therefore M and M ′ are parallel. �

Theorem 8.36. For each A-face f , let f∞ denote the set of A-faces parallel
to f and let [f ] be as in 8.17. For each A-wall M , let M∞ denote the set of
A-walls parallel to M and let [M ] be as in 8.29. Then the following hold:

(i) The map [f ] �→ f∞ is a well-defined bijection from the set of panels of
∆∞

A to the set of parallel classes of A-faces.
(ii) The map [M ] �→ M∞ is a well-defined bijection from the set of walls

of ∆∞
A to the set of parallel classes of A-walls.

Proof. The first assertion holds by 8.18 and 8.28 and the second by 8.33 and
8.35. �



Chapter Nine

Trees with Valuation

Affine buildings of rank 1 are the same thing as thick trees, as was explained
in 7.32. In this chapter we pause in our investigation of affine buildings
of arbitrary rank to introduce an important connection between trees and
valuations of fields. The principal results in this chapter are 9.14, 9.24 and
9.30.

Notation 9.1. The apartments of a thick tree are its thin subtrees. We will
refer to the sectors of thick trees as rays. (This will be helpful later on when
we talk about rays in trees and sectors in affine buildings of higher rank at
the same time.) Thus a ray is simply a path

(x0, x1, x2, . . .)

that goes on indefinitely, and two rays are parallel if their intersection is also
a ray. The rays of a single apartment all lie in one of two parallel classes. In
fact, in an obvious sense, these two parallel classes can be thought of as the
two “ends” of the apartment, and we will refer to parallel classes of rays in
thick trees as ends, the standard term for this notion.

Notation 9.2. Let Γ be a thick tree. Then for each vertex x and each end
a, there exists a unique ray that begins at x and is contained in a. We denote
this ray by ax.1

Proposition 9.3. Let Γ be a thick tree and let a and b be distinct ends of
Γ. Then there exists a unique apartment of Γ whose ends are a and b.

Proof. Let x be an arbitrary vertex of Γ, let ax and bx be as in 9.2 and let
(x, . . . , y, z) be the intersection of ax and bx. Then the union of the two rays
ax and bx minus the subpath (x, . . . , y) is an apartment whose ends are a
and b. Since Γ is a tree, this apartment is unique. �

Notation 9.4. We will denote the unique apartment in 9.3 by [a, b].2

Definition 9.5. Let Γ be a thick tree and let A be a subset of the set
of apartments of Γ. The pair (Γ,A) is a tree with sap if A is a system of
apartments (= sap ! 3) of Γ considered as a building of type Ã1. Thus by
8.4, (Γ,A) is a tree with sap if the following two conditions hold:

1There should be no confusion with the notation x �→ ax introduced in 3.5.
2There should be no confusion with the interval notation introduced in 3.1.
3This clever acronym is due to Mark Ronan.
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(i) Every two vertices of Γ lie in some A-apartment.4

(ii) For every pair a, b of distinct A-ends5 the apartment [a, b] defined in
9.4 is contained in A.

The set of A-ends of a thick tree with sap (Γ,A) will be denoted by Γ∞
A .

Example 9.6. Let Γ be a thick tree. Then the set of all apartments of Γ
is a system of apartments. We will refer to this as the complete system of
apartments of Γ.

Example 9.7. Let Γ be a thick tree and let W be a set of paths (x0, x1, x2)
of length 2 in Γ such that for every path (x0, x1) of length 1 in Γ, there
exists at least one vertex x2 such that (x0, x1, x2) ∈ W . Let AW denote the
set of apartments A such that all but finitely many of the paths of length 2
contained in A are contained in W . Then (Γ,AW ) is a tree with sap. For
most choices of W , however, the set AW is not the complete system of
apartments.

Remark 9.8. Note that if X is a set of ends of a thick tree and

A = {[a, b] | a, b ∈ X, a �= b},

then A satisfies 9.5.ii automatically.

We now fix a thick tree with sap (Γ,A).

Definition 9.9. For each triple a, b, c of distinct A-ends, there is a unique
vertex of Γ common to the three apartments [a, b], [b, c] and [a, c]. We call
this vertex the junction of a, b and c and denote it by κ(a, b, c). The map κ
will be called the junction map of the pair (Γ,A). For every 4-tuple (a, b, c, d)
of distinct A-ends, let

ω(a, b, c, d)

denote the unique integer n such that |n| is the distance from κ(a, b, c) to
κ(a, b, d) and n is negative if and only if the ray aκ(a,b,d) does not contain
the vertex κ(a, b, c).6 The map ω is called the canonical valuation of the pair
(Γ,A).

In Figure 9.1, for example, κ(a, b, c) is the vertex labeled x, κ(a, b, d) is
the vertex labeled y, ω(a, b, c, d) = 3 and ω(a, b, d, c) = −3.

Proposition 9.10. Every vertex of Γ is the junction of three ends in A.

Proof. This holds by 9.5.i. �

4The literal translation of 8.4.i is that every two edges of Γ lie in some A-apartment.
Since Γ is a tree, however, 9.5.i is an equivalent assertion.

5An A-ray is a ray contained in an A-apartment. By A-end, we mean a parallel class
of A-rays.

6Alternatively, we could define the signed length of a path contained in the apartment
[a, b] to be the length of the path with a plus sign if the path goes toward the end b (in
the obvious sense) or a minus sign if it goes toward a. The number ω(a, b, c, d) is then the
signed length of the unique path from κ(a, b, c) to κ(a, b, d).
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Figure 9.1 The canonical valuation ω

Proposition 9.11. The following hold:

(i) ω(a, b, c, d) = ω(c, d, a, b) = −ω(a, b, d, c);
(ii) if ω(a, b, c, d) = k > 0, then ω(a, d, c, b) = k and ω(a, c, b, d) = 0;
(iii) ω(a, b, c, d) + ω(a, b, d, e) = ω(a, b, c, e); and
(iv) the map t �→ ω(a, b, c, t) from Γ∞

A \{a, b, c} to Z is surjective

for all a, b, c, d, e in Γ∞
A that are pairwise distinct.

Proof. The identities (i)–(iii) follow immediately from 9.9 with the help of
a few diagrams like the one in Figure 9.1. Let a, b, c ∈ Γ∞

A be distinct, let
u = κ(a, b, c) and let n ∈ Z. If n ≥ 0, let v be the vertex of [a, b] at distance
|n| from u that is contained in the ray bu, and if n < 0, let v be the vertex
of [a, b] at distance |n| from u that is not contained in the ray bu. Since Γ
is thick, there exists a vertex w adjacent to v that is not in [a, b] and there
exists a vertex z adjacent to w that is not in the ray cu.7 By 9.5.i, there is
an end t ∈ A containing a ray that starts at v and passes through w and z.
Hence a, b, c, t are distinct and ω(a, b, c, t) = n. Thus (iv) holds. �

Definition 9.12. Let X be a set. A projective valuation on X is a function
ω from the set of 4-tuples of distinct elements of X to Z satisfying (i)–(iv)
of 9.11.

Proposition 9.13. Let ω be a projective valuation on a set X and let a ∈ X.
Then ω is uniquely determined by its restriction to the set of all 4-tuples of
distinct elements of X whose first entry is a.

Proof. Let ωa denote the restriction of ω to the set of all 4-tuples of distinct
elements of X whose first entry is a and let (x, y, z, w) be an arbitrary 4-tuple
of distinct elements in X . Then either a ∈ {x, y, z, w} or a �∈ {x, y, z, w}. In
the first case, ω(x, y, z, w) can be calculated from ωa using 9.11.i, and in the
second case, we have

ω(x, y, z, w) = ω(x, y, z, a) + ω(x, y, a, w)

by 9.11.iii. �

Every projective valuation, it can be shown, is the canonical valuation on
the set of ends of a thick tree with sap. We omit the proof since we do not
need this fact. Instead, it is the following uniqueness result that will play an
important role in Chapter 12. The proof we give is due to Nils Rosehr.

7In fact, every vertex adjacent to w is not contained in cu unless n = 0.
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Theorem 9.14. Suppose that (Γ,A) and (Γ̂, Â) are two thick trees with sap
(as defined in 9.5) with canonical valuations ω and ω̂ and let φ be a bijection
from Γ∞

A to Γ̂∞
Â

such that ω̂◦φ = ω. Then there exists a unique isomorphism

ρ from Γ to Γ̂ such that ρ(x) = φ(x) for all x ∈ Γ∞
A . (Thus, in particular, ρ

maps A to A′.)

Proof. Let X = Γ∞
A and X̂ = Γ̂∞

Â
. If a, b, . . . and a′, b′, . . . are elements of

X , we denote by â, b̂, . . . and â′, b̂′, . . . their images under φ. Let κ̂ denote
the junction map of Γ̂.

Choose a vertex x of Γ. By 9.10, there exist distinct ends a, b, c ∈ X such
that x = κ(a, b, c). Suppose that a′, b′, c′ is a second triple of distinct ends

in X such that x = κ(a′, b′, c′). Let x̂ = κ(â, b̂, ĉ) and x̂′ = κ̂(â′, b̂′, ĉ′). We
claim that

(9.15) x̂ = x̂′.

After relabeling the ends a′, b′, c′ if necessary, we can assume that for all
distinct u, v ∈ {a, b, c}, the rays ux and v′x do not pass through the same
neighbor of x. It follows that for all u ∈ {a, b, c}, either u = u′ or

(9.16) ω(u, u′, v, w′) = 0

for all v, w ∈ {a, b, c}\{u} such that v �= w′.
Let k be the distance from x̂ to x̂′ in Γ̂ and suppose that k > 0. Let γ be

the unique minimal path in Γ̂ from x̂ to x̂′, let x̂1 be the unique neighbor
of x̂ that lies on γ and let x̂′

1 be the unique neighbor of x̂′ that lies on γ.
We can choose two 2-element subsets {u, v} and {w, z} of {a, b, c} such that
the rays ûx̂ and v̂x̂ do not pass through x̂1 and the rays ŵ′

x̂′ and ẑ′x̂′ do not
pass through x̂′

1. Since |{a, b, c}| = 3, the sets {u, v} and {w, z} cannot be
disjoint. We can thus assume that u = z. Hence û, û′, v̂ and ŵ′ are distinct
and

ω̂(û, û′, v̂, ŵ′) = k.

By 9.16, however, ω̂(û, û′, v̂, ŵ′) = 0. With this contradiction, we conclude
that 9.15 holds. There is thus a unique map ρ from the vertex set of Γ to
the vertex set of Γ̂ such that

κ(a, b, c)ρ = κ̂(â, b̂, ĉ)

for all triples a, b, c of distinct ends in X .
Since the graph Γ̂ is thick, the map ρ is surjective (by 9.10). Suppose that

x and y are vertices of Γ and let m = dist(x, y). By 9.5.i and thickness, there
exist ends a, b, c, d in X such that x = κ(a, b, c), y = κ(a, b, d) and

ω(a, b, c, d) = m.

Thus

ω̂(â, b̂, ĉ, d̂) = m.

By 9.9, this means that

xρ = κ̂(â, b̂, ĉ)
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and

yρ = κ̂(â, b̂, d̂)

are at distance m in Γ̂. Thus ρ preserves distances. It follows that ρ is an
isomorphism.

It only remains to show that the map induced by ρ on X coincides with
the bijection φ. Let b ∈ X . There exist ends a, c, di in X such that a, b, c, di

are distinct and

ω(a, b, c, di) = i

for all i ≥ 1. Let xi = κ(a, b, di) and x̂i = κ̂(â, b̂, d̂i) = xρ
i for all i ≥ 1. Thus

(x1, x2, x3, . . .)

is a ray contained in the end b. Since

ω̂(â, b̂, ĉ, d̂i) = i

for all i ≥ 1,

(x1, x2, x3, . . .)
ρ = (x̂1, x̂2, x̂3, . . .)

is a ray contained in b̂. It follows that ρ(b) = b̂. �

We turn now to valuations of alternative division rings:

Definition 9.17. Let K be a field, a skew field or an octonion division
algebra.8 A valuation 9 of K is a surjective map ν from K∗ to Z such that

(i) ν(ab) = ν(a) + ν(b) and
(ii) ν(a + b) ≥ min{ν(a), ν(b)}

for all a, b ∈ K∗. As is standard, we assign ν(0) the value ∞. A uniformizer
is an element u ∈ K∗ such that ν(u) = 1.

To begin, we investigate the consequences of condition 9.17.ii in a more
general setting:

Lemma 9.18. Let U be a group written additively, but which might not be
abelian, and let ν be a map from U∗ to Z, which we extend to U by setting
ν(0) = ∞, such that

(a) ν(a + b) ≥ min{ν(a), ν(b)} and
(b) ν(−a) = ν(a)

8By a famous result of Bruck and Kleinfeld, it would be equivalent to say, “Let K be
an alternative division ring (as defined in 9.1 of [36]).” See, for example, Chapters 9 and
20 of [36] for a proof. Alternative division rings are precisely the algebraic structures that
classify Moufang projective planes.

9More precisely, this is the definition of a discrete valuation of rank 1 of K. Since these
are the only valuations of an alternative division ring that will appear in this monograph,
we will almost always omit these extra adjectives. We refer the reader who would like
to know more about valuations of skew fields and octonion division algebras to [20], [22]
and [39].
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for all a, b ∈ U∗. Let ∂ν be the map from U × U to R defined as follows:

(9.19) ∂ν(x, y) =

⎧⎨
⎩

2−ν(x−y) if x �= y and

0 if x = y.

Then the following hold:

(i) For all a, b ∈ U∗,

ν(a + b) = ν(a)

if ν(a) < ν(b).
(ii) ∂ν is a metric.
(iii) If (ak)k≥0 is a Cauchy sequence in U (with respect to ∂ν) that does

not converge to zero, then ν(ak) is constant for k sufficiently large.

Proof. Choose a, b ∈ U∗ such that ν(a) < ν(b). By (a), we have ν(a + b) ≥
ν(a) and

ν(a) = ν(a + b − b) ≥ min{ν(a + b), ν(−b)}.

Since ν(−b) = ν(b) by (b) and ν(a) < ν(b), it follows that ν(a) ≥ ν(a + b).
Thus (i) holds. By (b), ∂ν is symmetric. By (a), ∂ν satisfies the triangle
inequality. Since ∂ν(x, y) �= 0 whenever x �= y, it follows that ∂ν is a metric.
Thus (ii) holds.

Let (ak)k≥0 be a Cauchy sequence that does not converge to zero. Since
(ak) does not converge to zero, there exists N such that ν(ak) ≤ N for
infinitely many indices k. Since (ak)k≥0 is a Cauchy sequence, there exists
M such that ν(al − ak) > N for all k, l > M . Choose k > M such that
ν(ak) ≤ N . By (i), ν(al) = ν(ak) for all l ≥ k. Thus (iii) holds. �

Notation 9.20. Let U , ν and ∂ν be as in 9.18. By 9.18.ii, ∂ν is a metric
on U . Let Û denote the completion of U with respect to ν, i.e. with respect
to this metric. By 9.18.iii, there is a unique extension of ν to a continuous
map from Û∗ to Z (as metric spaces). We usually denote this extension also
by ν. We say that U is complete with respect to ν if U = Û . In particular,
if U = K is as in 9.17, then K̂ denotes the completion of K with respect to
ν and we denote the unique extension of ν to K̂ by the same letter ν.

We will see that in all the cases that interest us, there is a natural extension
of the group structure on U to a group structure on Û . For the moment,
we observe only that if K is an alternative division ring, then K̂ has a
unique structure of an alternative division ring such that K is a subring
of K̂ and addition and multiplication in K̂ are continuous with respect to
the continuation of ν to K̂ defined in 9.20; moreover, this continuation is a
valuation of K̂.10

10Here is a proof: Suppose that (tk)k≥1 and (uk)k≥1 are sequences of elements of K

that converge to elements t and u in K̂. Then ν(tk) and ν(uk) are bounded from below
for k sufficiently large. Since tkuk−tlul = tk(uk−ul)+(tk −tl)ul for all k and l, it follows
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If U and ν are as in 9.18, then

(9.21) Uk := {u ∈ U | ν(u) ≥ k}

is a subgroup of U for all k ∈ Z. In all the cases that will interest us, Uk+1

is, in fact, a normal subgroup of Uk for each k; see 18.20.

Notation 9.22. Let K be an alternative division ring and let ν be a valu-
ation of K in the sense of 9.17. As in 9.21, we set

Km = {u ∈ K | ν(u) ≥ m}

for each m ∈ Z. By 9.17.i, K0 is a subring of K, the set K0\K1 is closed
under multiplicative inverses and K1 is a two-sided ideal of K0. Let K̄ denote
the quotient ring K0/K1. If K is a field, then so is K̄, if K is a skew field,
then K̄ is a field or a skew field and if K is an octonion division algebra,
then (by 26.15) K̄ is a field, a skew field or an octonion division algebra. In
each case, we will call K̄ simply the residue field of K (with respect to ν).
The subring K0 is called the ring of integers of K with respect to ν (or the
valuation ring of ν). We will denote it by OK since the symbol K0 will have
a different meaning in several chapters.

Proposition 9.23. Let ν be a valuation of an alternative division ring K
as defined in 9.17. Then the following hold:

(i) ν(−b) = ν(b) for all b ∈ K∗ and
(ii) ν(a + b) = ν(a) for all a, b ∈ K∗ such that ν(a) < ν(b).

Proof. By 9.17.i, we have ν(1) = 2ν(1) = 2ν(−1). Hence ν(−1) = ν(1) = 0.
By 9.17.i again, it follows that (i) holds. Thus by 9.18.i, also (ii) holds. �

We come now to the first main theorem of this chapter. This result ex-
plains the use of the word “valuation” in the notion of a canonical (and
projective) valuation.

Theorem 9.24. Let K be an alternative division ring, let ∞ be an additional
symbol, let X := K∪{∞} (the corresponding “projective line”), let H be the
permutation group

〈x �→ ax + b | a ∈ K∗, b ∈ K〉

that (tkuk)k≥1 is a Cauchy sequence. We set tu equal to its limit (which depends only on

t and u and not on the two sequences). This defines a multiplication in K̂ that extends
the multiplication in K. Addition is defined similarly. The same argument also shows
that addition and multiplication in an arbitrary alternative division ring with valuation
are continuous.

It follows from the definition of addition and multiplication that each identity that
holds in K (such as the associative law for multiplication) holds in K̂, and the extension

of ν to K̂ defined in 9.20 satisfies conditions (i) and (ii) in 9.17. It therefore remains
only to show the existence of multiplicative inverses. Suppose that t �= 0. After deleting
finitely many terms, we can assume, by 9.18.iii, that ν(tk) is, in fact, a constant (and
thus, in particular, tk �= 0) for all k ≥ 1. Hence ν(t−1

k
) = −ν(tk) is a constant for all

k ≥ 1. Since t−1
k

− t−1
l

= t−1
l

(tl − tk)t−1
k

if tk and tl are both non-zero, it follows that

(t−1
k

)k≥1 is a Cauchy sequence. Its limit is the multiplicative inverse of t.
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on X (which fixes ∞) and let ω be an H-invariant projective valuation on
X (as defined in 9.12). Let ν be the map from K∗ to Z sending 1 to 0 given
by

(9.25) ν(x) := ω(∞, 0, 1, x)

for all other x ∈ K∗. Then ν is a valuation of K as defined in 9.17.

Proof. By 9.11.iv, the map ν is surjective. By 9.1.i of [36], a−1 · ab = b for
all a, b ∈ K∗. Since ω is invariant under the group H , we thus have

ν(ab) = ω(∞, 0, 1, ab)

= ω(∞, 0, a−1, b)

= ω(∞, 0, a−1, 1) + ω(∞, 0, 1, b) by 9.11.iii

= ν(a) + ν(b)

for all a, b ∈ K∗ such that 1, b and ab are distinct, and thus

ν(a) + ν(a−1) = ν(a) + ν(a−1b) − ν(b) = ν(a · a−1b) − ν(b) = 0

for all a, b ∈ K∗ such that 1, a−1b and b are distinct. By 9.11.iv, the set
X is infinite. Thus for every a ∈ K\{0, 1}, there exists b ∈ K\{0, 1, a}. It
follows that 9.17.i holds. In particular,

(9.26) ν(−a) = ν(a)

for all a ∈ K∗.
To prove 9.17.ii, we suppose that a, b are elements of K∗ such that a+b �= 0

and ν(a + b) is strictly less than both ν(a) and ν(b). Replacing a and b by
ac and bc for a suitable element c ∈ K∗, we can assume by 9.17.i that a �= 1,
b �= 1 and a + b �= 1. Thus (by the H-invariance of ω)

ν(a + b) = ω(∞, 0, 1, a + b)

= ω(∞, 0, 1, a) + ω(∞, 0, a, a + b) by 9.11.iii

= ν(a) + ω(∞,−a, 0, b),

so ω(∞,−a, 0, b) < 0. Therefore ω(∞,−a, b, 0) > 0 by 9.11.i and hence

ν(−b−1a) = ω(∞, 0, 1,−b−1a) = ω(∞, 0, b,−a) > 0

by 9.11.ii. Interchanging a and b in this argument, we conclude that also
ν(−a−1b) > 0. By 9.17.i, however, ν(−b−1a) + ν(−a−1b) = ν(1) = 0. With
this contradiction, we conclude that 9.17.ii also holds. �

The canonical valuation of a tree with sap (Γ,A) is sometimes called the
cross ratio of (Γ,A) because of the following observation.

Proposition 9.27. Let all the hypotheses and notation in 9.24 hold. Then
ω can be recovered from ν by the formula

(9.28) ω(a, b, c, d) = ν
(
(b − c)−1(a − c) · (a − d)−1(b − d)

)
,

where we allow ourselves to delete factors of the form u − v and (u − v)−1

on the right-hand side of 9.28 if u or v equals ∞.
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Proof. Using the H-invariance of ω (and 9.26), we have

ω(∞, b, c, d) = ω(∞, 0, c − b, d − b)

= ω
(
∞, 0, 1, (c− b)−1(d − b)

)
(9.29)

= ν
(
(b − c)−1(b − d)

)

for all triples b, c, d of distinct elements of K. Thus

ω(a, b, c, d) = ω(a, b, c,∞) + ω(a, b,∞, d) by 9.11.iii

= ω(∞, c, b, a) + ω(∞, d, a, b) by 9.11.i

= ν
(
(b − c)−1(a − c)

)
+ ν

(
(a − d)−1(b − d)

)
by 9.29

= ν
(
(b − c)−1(a − c) · (a − d)−1(b − d)

)
by 9.17.i

for every 4-tuple (a, b, c, d) of distinct elements of K. Now suppose that
(a, b, c, d) is an arbitrary 4-tuple of distinct elements of K ∪ {∞}. If b = ∞,
then

ω(a, b, c, d) = −ω(b, a, c, d) by 9.11.i

= −ν
(
(c − a)−1(d − a)

)
by 9.29

= ν
(
(a − c)(a − d)−1) by 9.17.i.

In a similar fashion, we check that 9.28 holds if c or d equals ∞. �

We arrive now at the final result of this chapter.

Theorem 9.30. Let (Γ,A) be a thick tree with sap and let ω be its canonical
valuation. Let X denote the set of A-ends of Γ, let ∞ and 0 be two elements
of X and let U be a group acting on X which we write additively even though
it is not assumed to be abelian. Suppose that the group U fixes ∞ and acts
sharply transitively on X\{∞}. We identify U with the set X\{∞} via the
map u �→ 0u. Let H be the permutation group

{x �→ x + b | b ∈ U}

on X (which fixes ∞ and is isomorphic to U) and suppose that ω is invariant
under the action of the group H. For each x ∈ U∗, let νx : U∗ → Z be given
by

νx(w) =

⎧⎨
⎩

ω(∞, 0, x, w) if w �= x and

0 if w = x

and let ∂x : U × U → R be given by

∂x(u, v) =

⎧⎨
⎩

2−νx(u−v) if u �= v and

0 if u = v.

and suppose that

(a) νx(w + z) ≥ min{νx(w), νx(z)} and
(b) νx(−w) = νx(w)
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for all w, z ∈ U∗. Then the following hold:

(i) For all x, x′ ∈ U∗, the maps ∂x and ∂x′ are equivalent metrics on U .
(ii) Let Û be the completion of U with respect to the metric ∂x for some

x ∈ U∗ (which is independent of the choice of x by (i)). Then U = Û
if and only if the system of apartments A is complete (in the sense of
8.5).

Proof. Let x, x′ be distinct elements of U∗. By 9.18.ii, ∂x and ∂x′ are metrics
on U . We have

νx(w) − νx′(w) = ω(∞, 0, x, w) − ω(∞, 0, x′, w)

= ω(∞, 0, x, w) + ω(∞, 0, w, x′) by 9.11.i

and therefore (by 9.11.iii)

(9.31) νx(w) − νx′(w) = ω(∞, 0, x, x′)

for all w ∈ U∗\{x, x′}. In particular, the expression on the left-hand side of
9.31 is independent of the choice of w. Thus (i) holds.

We turn now to (ii). Choose x ∈ U∗ and suppose that y, z are distinct
elements of U\{0, x} such that νx(y) = νx(z) = 1. Then νx(−z) = 1 by (b).
Since νx(x) = 0, it follows that x �= −z and, by (a), x �= y − z. Therefore

νx(y − z) = ω(∞, 0, x, y − z)

= ω(∞, 0, x,−z) + ω(∞, 0,−z, y − z) by 9.11.iii

= ω(∞, 0, x, z) + ω(∞, 0,−z, y − z) by (b)

= ω(∞, 0, x, z) + ω(∞, z, 0, y) by the H-invariance of ω

= ω(∞, z, x, 0) + ω(∞, z, 0, y) by 9.11.ii

and thus

(9.32) νx(y − z) = ω(∞, z, x, y)

by 9.11.iii.
Now let w be an arbitrary end of Γ (i.e. an end not necessarily in X = Γ∞

A )
that is distinct from 0 and ∞ and let

(u0, u1, u2, . . .)

be the unique ray in the end w starting at the junction κ(∞, 0, w). Let w0

be the end 0, and for each k ≥ 1, let wk be an A-end such that the path
(u0, u1, . . . , uk) extends to a ray contained in wk and wk �= wl for all l < k;
such an end exists by 9.5.i. By 9.5.i again, there exists an A-end x ∈ U∗

such that

(9.33) ω(∞, 0, x, wk) = 1

for all k ≥ 1. Thus

ω(∞, wk, x, wl) > min{k, l}

for all k, l ≥ 1. By 9.32, we have

νx(wl − wk) = ω(∞, wk, x, wl)
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for all distinct k, l ≥ 1. Therefore (wk)k≥1 is a Cauchy sequence in U with
respect to the metric ∂x.

Now suppose that U = Û (i.e. that U is complete with respect to νx in
the sense of 9.20). Then there exists an element z ∈ U such that for each N
there exists M such that

(9.34) νx(z − wk) > N

for all k > M . In particular, we have νx(z) = 1 by 9.18.i and 9.33. By 9.32,

νx(z − wk) = ω(∞, wk, x, z)

for all k ≥ 1 such that wk �= z. Hence by 9.34, the A-end z contains the ray

(u0, u1, u2, . . .).

Therefore z = w. Since z ∈ U = X\{∞} is an A-end, also w is an A-end.
Thus A is complete.

Suppose, conversely, that A is complete. Let (wk)k≥1 be a Cauchy se-
quence in U with respect to νx for some x ∈ U∗ that does not converge to 0.
Our goal is to show that this sequence has a limit in U (with respect to νx).
We can assume that the terms wk are all distinct from each other and from
0 and x and, after deleting the first few terms, that νx(wk) is independent
of k (by 9.18.iii). Replacing x if necessary, we can assume by 9.31 that, in
fact,

(9.35) νx(wk) = 1

for all k ≥ 1. Thus νx(wl − wk) = ω(∞, wk, x, wl) by 9.32. Hence for each
N there exists M such that

ω(∞, wk, x, wl) > N

for all k, l > M . It follows that there exists an end z of Γ distinct from ∞,
0, x and (after deleting one of the wk if necessary) all the wk’s such that for
each N there exists M such that

ω(∞, wk, x, z) > N

for all k > M . Since A is complete, we have z ∈ U∗. By 9.35, we have

νx(z) = ω(∞, 0, x, z) = 1.

Therefore

νx(z − wk) = ω(∞, wk, x, z)

for all k ≥ 1 by 9.32. We conclude that the sequence (wk)k≥1 converges to
z with respect to νx. Thus (ii) holds. �
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Chapter Ten

Wall Trees

We return now to our assumptions in Chapter 8: Π is one of the affine
Coxeter diagrams in Figure 1.1 with vertex set I, o ∈ I is a special vertex
of Π, ∆ is a thick building of type Π, A is a system of apartments of ∆ and
∆∞

A is the building at infinity of the pair (∆,A) as constructed in 8.9 and
8.25. Our main goal in this chapter is to introduce a family of trees with
sap, one for each wall of ∆∞

A . We also prove (in 10.24) for each gem R of ∆
the existence of a canonical epimorphism from ∆∞

A to R.

Definition 10.1. We will say that a wall M is contained in an apartment A
if there exists a root α contained in A such that M = µ(α). We will say that
a wall M is contained in a root β if there exists a root α properly contained
in β such that M = µ(α).

Definition 10.2. Let M and M ′ be two A-walls. We will say that the walls
M and M ′ are adjacent if there exists an A-apartment A containing roots
α and α′ such that M = µ(α), M ′ = µ(α′) and α′ is contained maximally
in α. Note that if α′ is contained maximally in α, then −α is contained
maximally in −α′; adjacency is thus a symmetric relation. Note, too, that
adjacent walls are parallel (by 1.46).

Definition 10.3. Let M and M ′ be adjacent A-walls and let A and α be
as in 10.2. We set

[M, M ′] = −α′ ∩ α.

Thus [M, M ′] is a strip in A as defined in 1.37.

In 10.6, we show that adjacency and the set [M, M ′] are independent of
the choice of the A-apartment A containing M and M ′ in 10.2 and 10.3.
This will justify referring to [M, M ′] simply as the strip between M and M ′

whenever M and M ′ are adjacent.

Proposition 10.4. Let M and M ′ be adjacent A-walls and let A, α and
α′ and [M, M ′] be as in 10.3. Then [M, M ′] is the convex hull of the border
∂α.

Proof. This holds by 1.40 (and 29.13.iii). �

Proposition 10.5. Let M and M ′ be adjacent A-walls and let A, α and α′

and [M, M ′] be as in 10.3. Then for each panel P ′ in the A-wall M ′, the set
[M, M ′] is the convex hull of the set

{projP u | P ∈ M and u ∈ P ′}.
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Proof. Let P ∈ M , let P ′ ∈ M ′, let x be the unique chamber in α ∩ P , let
x1 be the other chamber in A∩P , let x′ be the unique chamber in −α′ ∩P ′

and let x′
1 be the other chamber in A ∩ P ′. Since x′ ∈ α, we have

dist(x, x′) < dist(x1, x
′)

(by 29.6.i and 29.13.iii). There thus exists a minimal gallery

γ = (x1, x, . . . , x′)

from x1 to x′ that passes through x. Since x1 ∈ −α′, we have

dist(x1, x
′) < dist(x1, x

′
1).

Thus the gallery (γ, x′
1) is minimal. Let v ∈ P ′\{x′}. Then the galleries

(γ, v) and (γ, x′
1) have the same type. Hence (γ, v) is also a minimal gallery

(by 29.10.i). It follows that projP v = x for all v ∈ P ′ (by 29.10.v). Since
{x} = P ∩ ∂α (by 29.40), we conclude that

{projP u | P ∈ M and u ∈ P ′} = ∂α.

The claim holds, therefore, by 10.4. �

Proposition 10.6. Let M and M ′ be two A-walls. Then the following hold:

(i) The walls M and M ′ are adjacent as defined in 10.2 if and only if for
every A-wall A containing M and M ′, there exist roots α and α′ in A
such that M = µ(α), M ′ = µ(α′) and α′ is contained maximally in α.

(ii) If M and M ′ are adjacent, then the set [M, M ′] is independent of the
choice of A in 10.4.

(iii) If M and M ′ are adjacent, then the set [M, M ′] is contained in every
A-apartment that contains M and M ′.

Proof. Suppose that M and M ′ are adjacent and let A and A′ be two A-
apartments that contain them both. By 10.5 and 29.13.iii, both A and A′

contain [M, M ′]. All three claims hold, therefore, by 29.34. �

Proposition 10.7. Let M , M ′ and M ′′ be A-walls such that both M ′ and
M ′′ are adjacent to M (as defined in 10.2) and suppose that

P ∩ [M, M ′] ∩ [M, M ′′] �= ∅

for some P ∈ M . Then M ′ = M ′′.

Proof. Let A, α and α′ be as in 10.2 (with respect to M and M ′) and let A1,
α1 and α′

1 be as in 10.2 with M ′′ in place of M ′. By 10.3, P ∩ [M, M ′] ⊂ ∂α
and P ∩ [M, M ′′] ⊂ ∂α1. By 29.42, therefore, ∂α = ∂α1. By 10.4, it follows
that [M, M ′] = [M, M ′′]. By 1.42, a panel is contained in M ′ (respectively,
M ′′) if and only if it contains exactly one chamber in [M, M ′] (respectively,
[M, M ′′]) but is not contained in M . Thus M ′ = M ′′. �

Proposition 10.8. Let α be a root of an apartment A in A, let P be a panel
in µ(α), let y be a chamber in P but not in α and let X denote the set of
A-apartments containing α ∪ {y}. Then α is a root in every apartment in
X, and if A1 ∈ X and β is the root of A1 containing α minimally, then β
is contained in all the apartments in X.
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Proof. Let A1 ∈ X and let x ∈ α. Then retrA,x is an isomorphism from A1

to A acting trivially on α (by 8.17 and 8.18 in [37]). Thus α is a root of A1.
By 1.38, the root of A1 containing α minimally is the convex hull of α∪{y}
and hence lies in every apartment in X (by 29.13.iii). �

Definition 10.9. We call the set of apartments A full if for all choices of
A, α, P and y, the set X in 10.8 is always non-empty.

We will show in 10.30 that every system of apartments is full. For now,
we have only the following observation.

Proposition 10.10. If A is the complete system of apartments (as defined
in 8.5), then it is full.

Proof. This holds by 29.33. �

Until we reach 10.30, it will be important to pay careful attention at each
step whether A is assumed to be complete, full or simply arbitrary.

Proposition 10.11. Suppose that A is full. Let M0, M1, . . . , Mk be a se-
quence of A-walls such that Mj is adjacent to Mj−1 (as defined in 10.2)
for all j ∈ [1, k] and Mj �= Mj−2 for all j ∈ [2, k]. Then there exists an
apartment A in A containing roots

α0, α1, . . . , αk

such that Mj = µ(αj) for all j ∈ [0, k] and αj contains αj−1 minimally for
all j ∈ [1, k].

Proof. We proceed by induction with respect to k. If k = 1, then (by 10.2)
there is nothing to show. Suppose that k > 1 and that A0 is an A-apartment
containing roots α0, α1, . . . , αk−1 such that Mj = µ(αj) for all j ∈ [0, k − 1]
and αj contains αj−1 minimally for all j ∈ [1, k − 1]. Let P ∈ µ(αk−1) and
let x be the unique chamber in P ∩ αk−1. By 10.6,

[Mj−1, Mj] = −αj−1 ∩ αj

for all j ∈ [1, k − 1]. Thus, in particular, P ∩ [Mk−2, Mk−1] = {x}.
By 10.3, there is a unique chamber y in P that is contained in the strip

[Mk−1, Mk]. By 10.7, we have x �= y (since Mk−2 �= Mk). Thus y �∈ αk−1.
Hence by 10.9, there exists an A-apartment A containing αk−1 ∪ {y}. Let
αk be the root of A that contains αk−1 minimally and let M# = µ(αk). By
10.3, [Mk−1, M

#] contains y. By 10.7 again, it follows that M# = Mk. �

Corollary 10.12. Let M0, M1, . . . , Mk be a sequence of A-walls such that
Mj is adjacent to Mj−1 (as defined in 10.2) for all j ∈ [1, k] and Mj �= Mj−2

for all j ∈ [2, k]. Then Mk �= M0.

Proof. We can replace A by the complete system of apartments. The result
holds then by 10.10 and 10.11. �

Definition 10.13. Let m be a parallel class of A-walls. We let Tm denote
the graph whose vertex set is the set of walls in m and whose edges are pairs
of walls in m that are adjacent as defined in 10.2.



92 CHAPTER 10

Proposition 10.14. Let Tm be as in 10.13 for some parallel class m of
A-walls. Then Tm is a tree.

Proof. By 10.12, Tm has no circuits. It will thus suffice to show that Tm is
connected. Let M and M ′ be two walls in m, i.e. two vertices of Tm. Let A
and A′ be A-apartments containing roots α and α′ cutting M and M ′. By
8.30, α∞ and (α′)∞ are roots of the building at infinity ∆∞

A . Suppose that
they are the same. Then by 8.31, α ∩ α′ is a root of A ∩ A′ parallel to both
α and α′. It follows that M and M ′ are in the same connected component
of Tm.

Suppose that the roots α∞ and (α′)∞ are different. Since M and M ′ are
parallel, we have [M ] = [M ′], where [M ] and [M ′] are as defined in 8.29.
By 8.35, it follows that α∞ and (α′)∞ are roots of ∆∞

A having the same
wall. Thus by 29.48, the union of these two roots is an apartment of ∆∞

A .
By 8.27, the apartment is of the form A∞

0 for a unique apartment A0 of ∆.
Thus there exist opposite roots α0 and α′

0 of A0 such that (α0)
∞ = α∞ and

(α′
0)

∞ = (α′)∞. Thus by 8.31 again, α∩α0 is a root of A0 ∩A parallel to α
and α′ ∩ α′

0 is a root of A0 ∩ A′ parallel to α′. It follows again that M and
M ′ are in the same connected component of Tm. �

Proposition 10.15. Suppose that A is full. Let M be a wall and let P ∈
M . For each A-wall M ′ adjacent to M , there is a unique chamber xM ′ in
P ∩ [M, M ′] and the map

M ′ �→ xM ′

is a bijection from the set of A-walls adjacent to M to P .

Proof. By 1.42 and 10.3, |P ∩ [M, M ′]| = 1 for each A-wall M ′ adjacent to
M . The map M ′ �→ xM ′ is injective by 10.7 and surjective by 10.9. �

Corollary 10.16. Suppose that A is full and let m be a parallel class of
A-walls. Then Tm is a thick tree.

Proof. By 10.14, Tm is a tree. By 10.15, Tm is thick (since ∆ is assumed to
be thick). �

Proposition 10.17. Let R be an arbitrary gem and let S be a sector of ∆.
Then S is parallel to a unique sector S1 whose terminus is R.1

Proof. By 7.6, there exists an apartment A (which might not be in A) con-
taining a subsector of S and a chamber of R. By 4.23, S is parallel to this
subsector. By 4.24, therefore, S is parallel to a sector S1 in A having termi-
nus R. Now suppose that S2 is a second sector parallel to S whose terminus
is R. Let d be the apex of S1 and let e be the apex of S2. By 4.3 (and
29.10.v), d = projR u for all u ∈ S1 and e = projR u for all u ∈ S2. By 4.23,
S1 ∩ S2 is a subsector and thus, in particular, not empty. It follows that
d = e. By 4.18, therefore, S1 = S2. �

1We are not claiming in 10.17 that S1 ∈ A even if S ∈ A. See, however, 10.27.
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Notation 10.18. Let R be a gem. For each sector S, let dS denote the
apex of the sector S1 described in 10.17. We denote the map S∞ �→ dS from
parallel classes of A-sectors (i.e. chambers of the building at infinity ∆∞

A ) to
R by ψR.

Definition 10.19. Let m be a parallel class of A-walls and let Tm be the
graph defined in 10.13. Thus by 10.16, Tm is a thick tree if A is full. For
each A ∈ A, let Am denote the set of walls in A contained in m, let mA be
the set of all A ∈ A such that Am is non-empty and let

Am = {Am | A ∈ mA}.

Let A ∈ mA. By 10.2, the set Am is the vertex set of a thin subgraph, i.e. of
an apartment, of Tm. We can thus talk about rays in Am: A ray in Am is a
set of the form {µ(β) | β ⊂ α} (which we will denote by αm) for some root α
of A such that µ(α) ∈ m. There is thus a canonical correspondence between
the two ends of Am and the two parallel classes of roots α of A such that
µ(α) ∈ m.

Proposition 10.20. Suppose that A is full, let m be a parallel class of A-
walls and let Tm and Am be as in 10.13 and 10.19. Then the pair (Tm,Am)
is a thick tree with sap as defined in 9.5.

Proof. By 10.16, Tm is a thick tree. By 10.11, every two vertices of Tm are
contained in an element of Am. Thus 9.5.i holds. Choose apartments A and
A′ in mA and roots α of A and α′ of A′ such that the walls µ(α) and µ(α′)
are both contained in the parallel class m. By 8.30 and 8.33, α∞ and (α′)∞

are roots of ∆∞
A having walls [µ(α)] and [µ(α′)]. By 8.36, these two walls

are the same.
Suppose now that the rays αm and α′

m of Tm (as defined in 10.19) are
not parallel. By 8.31, the roots α∞ and (α′)∞ of ∆∞

A are distinct. By 8.27
and 29.48, there is a unique apartment A1 ∈ A such that the apartment
A∞

1 is the union of α∞ and (α′)∞. There thus exist roots α1 and α2 in A1

such that α2 is opposite α1 in A1, α∞
1 = α∞ and (α2)

∞ = (α′)∞. By 8.31
again, α∩α1 and α′ ∩α2 are roots of A′. Therefore (A1)m ∈ Am and (A1)m

contains subrays of αm and α′
m. Thus 9.5.ii holds. �

Definition 10.21. A wall tree of (∆,A) is a pair (Tm,Am) for some parallel
class of A-walls m, where Tm is as in 10.13 and Am is as in 10.19.2

Proposition 10.22. Suppose that A is full and let M be an A-wall. Let α
and α′ be two A-roots such that µ(α) = µ(α′) = M but

(10.23) α ∩ α′ ∩ M = ∅.

Then α ∪ α′ is an A-apartment.3

2Thus a wall tree is, in fact, a tree with sap and not simply a tree. In fact, we only
know that (Tm,Am) is a tree with sap when the system of apartments A is full (by 10.20);
we are thus anticipating 10.30 with this comment.

3More precisely, the subgraph of ∆ spanned by α ∪ α′ is an A-apartment.
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Proof. Let m be the parallel class of A-walls containing M and let αm and
α′

m be as in 10.19. Then M is a vertex of the tree Tm that is contained in
both αm and α′

m. By 10.15 and 10.23, the vertex of Tm adjacent to M in αm

is distinct from the vertex of Tm adjacent to M in α′
m. By 10.20, therefore,

there exists an apartment A ∈ Am such that αm ∪ α′
m = Am. By 1.41 and

10.6.iii, it follows that α ∪ α′ = A. �

Theorem 10.24. Let R be a gem. Then the map ψR from ∆∞
A to R given

in 10.18 is a surjective homomorphism (as defined in 29.2).

Proof. Let d ∈ R. By 8.4.i, there exists an A-apartment A containing d. Let
S = σA(R, d). Then ψR(S∞) = d. Thus ψR is surjective.

To prove that ψR is a homomorphism, we can assume that A is complete
(and hence full by 10.10). Let x and x′ be adjacent chambers of ∆∞

A . By
10.17, there exist unique sectors S and S′ in x and x′ such that the terminus
of both S and S′ is R. Let d be the apex of S and let e be the apex of S′.
Thus d = ψR(x) and e = ψR(x′). By 8.17 and 8.18, S and S′ have faces f
and f ′ that are parallel.

Let A be an apartment containing S. There is a unique wall M in A
containing f ; let m = M∞. By 8.17 and 8.18, [f ] is the panel containing x
and x′. By 8.29 and 8.33, [f ] ∈ [M ] and [M ] is a wall of ∆∞

A . By 8.30, 8.33
and 29.47, there is an A-root α such that [α∞] = [M ] and x′ ∈ α∞. Let A1

be an A-apartment containing α and let M ′ = µ(α). By 8.35, M ′ is parallel
to M . We have

[f ] ∈ [M ] = [M ′] = {[f ′] | f ′ is a face contained in M ′}

by 8.29. Hence by 8.28, the wall M ′ contains a face parallel to f . Since
x′ ∈ [f ] and x′ ∈ α∞, there exists a sector S′

1 contained in A1 that is
parallel to S′ and has a face f ′

1 parallel to f . Let M1 be the unique wall of
A1 that contains f ′

1. By 5.16, M1 is parallel to M ′ and hence also to M .
We have thus produced an A-apartment A1 and a wall M1 contained in A1

that is parallel to M such that A1 contains a sector S′
1 parallel to S′ having

a face f ′
1 contained in M1 and parallel to f . We now assume that A1 and

M1 are chosen among all such pairs so that the distance k from M to M1 in
the tree Tm is minimal. Let α1 be the root of A1 containing S′

1 such that
µ(α1) = M1.

We suppose first that M �= M1, i.e. that k > 0, and let (M1, M̂1, . . . , M)
be the unique path from M1 to M in Tm. Suppose that M̂1 is contained
in some A-apartment A# that contains α1. By 1.26 and 1.46, there is a
translation g of A# such that µ(αg

1) = M̂1. Thus (S′
1)

g is a sector of A#

having a face f̂1 contained in M̂1. By 1.45, (S′
1)

g is parallel to S′ and f̂1 is
parallel to f . This contradicts the choice of A1 and M1. Hence M̂1 is not
contained in any A-apartment containing α1.

By 10.20, there exists an apartment A2 ∈ mA such that (A2)m contains
both M1 and M̂1. There are thus unique roots α2 and α̂2 in A2 such that
M1 = µ(α2), M̂1 = µ(α̂2) and α̂2 ⊂ α2. Since α1 ⊂ A1, the wall M̂1 is not
contained in A1 by the conclusion of the previous paragraph. By 10.7 and
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29.42, it follows that

α1 ∩ α2 ∩ M1 = ∅.

By 10.22, therefore, A# := α1 ∪ α2 is an A-apartment. This contradicts
the conclusion of the previous paragraph since A# contains both α1 and
M̂1 = µ(α̂2). We conclude that M = M1.

Since M = M1 and M contains panels that are contained in R, the apart-
ment A1 contains chambers in R. Let R1 be the terminus of S′

1. By 1.9,
there exists a translation h of A1 such that (R1)

h = R. By 1.45, (S′
1)

h is
a sector with terminus R that is parallel to S′. Thus (S′

1)
h = S′ by the

uniqueness of S′. Since µ(α1) = M1 = M , both α1 and αh
1 cut R ∩ A. By

1.13, it follows that α1 = αh
1 . Therefore S′ has a face parallel to f that

is contained in M . Since no two faces of a sector are parallel (by 5.9), it
follows that f ′ ⊂ M . Let α be the unique root of A containing S such that
M = µ(α).

Suppose that ∂α = ∂α1 and choose a chamber x in ∂α. Then retrA,x(S′)
is a sector of A having face f ′. Thus f and f ′ are parallel faces of sectors
contained in A having the same terminus. By 5.9, it follows that f = f ′.
Now suppose that ∂α �= ∂α1. By 29.42, ∂α and ∂α1 are disjoint. Thus by
10.22, A# := α ∪ α1 is an A-apartment. Therefore, f and f ′ are parallel
faces of sectors contained in A# having the same terminus. By 5.9 again, it
follows that f = f ′.

Let P be the unique panel in f contained in R. Since f contains d and
f ′ contains e, it follows that P contains both d and e. Let o′ be the unique
special vertex such that the gem R is o′-special, let i ∈ Io be the type of the
panel of ∆∞

A containing x and x′, let j ∈ Io′ be the type of the panel P (so
f is the j-face of both S and S′) and let ∼′

i for all i ∈ Io′ be as defined in
8.9 with o′ in place of o. Thus x ∼′

j x′. If σ is as in 8.12, then j = σ(i).
Note that σ depends only on o and o′ and not on x or x′. We conclude that
if x and x′ are i-adjacent chambers of ∆∞

A for some i ∈ Io (where o is the
special vertex used in the construction of ∆∞

A and thus Πo is the type of ∆∞
A

by 8.24), then ψR(x) and ψR(x′) are both contained in a σ(i)-panel of R
(which is a building of type Πo′ by 29.10.iii). Thus ψR is a homomorphism
from ∆∞

A to R. �

Proposition 10.25. Let R be a gem. Then every panel of R is of the form
ψR(F ) for some panel F of ∆∞

A , where ψR is as in 10.18.

Proof. This holds by 10.24 and 29.53. �

Proposition 10.26. Let R be a gem and let d and e be opposite chambers
of R, let A and A′ be apartments in A such that d ∈ A and e ∈ A′, let
S = σA(R, d) and S′ = σA′(R, e). Then there is a unique A-apartment A1

containing S ∪ S′ and A1 is, in fact, the only apartment of ∆ (in A or not)
containing subsectors of both S and S′.

Proof. By 8.4.ii, there is an apartment A1 ∈ A containing subsectors S1 of
S and S′

1 of S′. The apartments in ∆∞
A and in R are all isomorphic to ΣΠo

.
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By 29.14.i, it follows that ∆∞
A and R have the same diameter. Since d and

e are opposite in R and the map ψR defined in 10.18 is a homomorphism by
10.24, the chambers S∞ and (S′)∞ are therefore opposite in ∆∞

A . By 8.27
and 29.14.ii, A1 is the only apartment in A containing subsectors of both
S and S′. Since A is an arbitrary system of apartments, we conclude that
A1 is also the only apartment in Â containing subsectors of both S and S′,
where Â is the complete system of apartments of ∆.

Choose u ∈ S1 and u′ ∈ S′
1. By 8.4.i, there is an apartment A2 in A

containing d and e. Let S2 = σA2(R, d), let S′
2 = σA2(R, e), let γ be a

minimal gallery in S from d to u, let γ′ be a minimal gallery in S′ from u′

to e and let γ0 be a minimal gallery from d to e. Next let γ2 be the unique
gallery in A2 starting at d and having the same type as γ and let γ′

2 be the
unique gallery in A2 ending at e and having the same type as γ′. Let x be
the last chamber of γ2 and let x′ be the last chamber of γ′

2. By 4.3 and
29.10.v, (γ−1, γ0) is a minimal gallery. Therefore also (γ−1

2 , γ0) is a minimal
gallery (by 29.10.i). It follows projR x = d. Therefore x ∈ S2 by another
application of 4.3. Similarly, x′ ∈ S′

2. By 4.20, we conclude that (γ−1
2 , γ0, γ

′
2)

is a minimal gallery. Therefore also (γ−1, γ0, γ
′) is a minimal gallery. Since

u′ and u, its first and last chambers, both lie in A1, the whole gallery lies in
A1 (by 29.13.iii). Therefore d and e lie in A1. By 4.18, it follows that S ∪S′

is contained in A1. �

We can now prove an improved version of 10.17:

Proposition 10.27. Let R be an arbitrary gem and let S be an A-sector.
Then S is parallel to a unique A-sector S1 whose terminus is R.

Proof. By 10.17, there exists a unique sector S1 parallel to S whose terminus
is R. We must show that S1 lies in an apartment in A. Let S2 = S ∩ S1, let
d be the apex of S1 and let e be an arbitrary chamber of R that is opposite
d in R. Then S2 is an A-sector since S is one. By 8.4.i, there exists an
A-apartment A containing the chamber e. Let S′ = σA(R, e). By 8.4.ii,
there exists an A-apartment A1 in A containing subsectors of S′ and S2. By
10.26, the apartment A1 contains d. By 4.18, therefore, S1 ⊂ A1. �

The main idea in the proof of the next result was suggested by Linus
Kramer.

Proposition 10.28. The system of apartments A is full (as defined in 10.9).

Proof. Let A, α, P and y ∈ P\α be as in 10.8 and let x be the unique
chamber in α∩P . By 1.16, there is a gem R cut by α. Let Q be a panel cut
by α that is contained in R, let u = projQ x and let v = projQ y. By 29.39
and 29.43, u ∈ α and v �∈ α. By 29.43, we also have y = projP v, so there
is a minimal gallery from x to v that passes through y (by 29.8.v). Thus if
there is an apartment A1 containing α∪{v}, then y ∈ A1 (since apartments
are convex). It thus suffices to assume that P = Q, i.e. that P is contained
in a gem R.
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Let z be the unique chamber in P ∩A distinct from x, let d be the unique
chamber opposite z in R ∩A and let e be the unique chamber opposite x in
R ∩ A. By 29.9.v, d and e are adjacent. By 29.9.i, d ∈ α and e �∈ α. Thus
d ∈ ∂α. Let S = σA(R, d), Š = σA(R, z) and Ŝ = σA(R, x). Let F be the
unique panel of ∆∞

A containing the chambers ǔ := Š∞ and û := Ŝ∞. Thus
ψR(ǔ) = z and ψR(û) = x. By 10.25, it follows that ψR(F ) = P . There thus
exists a chamber u′ ∈ F such that ψR(u′) = y. By 10.27, there is a unique
A-sector S′ in the parallel class u′ having apex y.

By 29.9.iii, there is a minimal gallery

(x0, . . . , xk, z)

in A with x0 = d and xk = x, where k = diam(R) − 1 and thus

(10.29) k = diam(∆∞
A ) − 1.

Since the gallery

γ1 := (x0, . . . , xk, y)

has the same type, it is also a minimal gallery (by 29.10.i). Let

ui = σA(R, xi)
∞

for all i ∈ [1, k]. Thus uk = û and

γ2 := (u0, . . . , uk, u′)

is a gallery in ∆∞
A which is mapped by ψR to γ1. By 10.24, it follows that

γ2 is minimal.
By 10.26, there is a unique A1 ∈ A containing S ∪ S′. In particular, A1

contains y and d and A∞
1 contains u and u′. By 29.13.iii, it follows that γ2

is contained in A∞
1 (since γ2 is minimal). By 4.11, S and Ŝ are contained in

the root α. Hence u0 and uk = û are contained in the root α∞. By 10.29,
the distance from u0 to uk in ∆∞

A is diam(∆∞
A ). By 29.6.iii and 29.9.ii, α∞

is the unique root of A∞ that contains u0 and uk. By 29.6.iv, therefore, α∞

is the convex hull in ∆∞
A of {u0, uk}. Thus α∞ ⊂ A∞ ∩A∞

1 . Hence by 4.26,
A ∩ A1 is a root of A parallel to α. Since d ∈ A ∩ A1 and d ∈ ∂α, it follows
that α ⊂ A ∩ A1. Therefore A1 is an A-apartment containing α ∪ {y}. �

The result in 10.28 is important enough to reformulate as follows:

Theorem 10.30. Every system of apartments is full.

Proof. The system of apartments A is arbitrary. The claim holds, therefore,
by 10.28. �

Corollary 10.31. For each wall m of ∆∞
A , (Tm,Am) is a thick tree with

sap.

Proof. This holds by 10.20 and 10.30. �

Corollary 10.32. Let M be an A-wall. Then every wall parallel to M is
an A-wall.
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Proof. Let Â be the complete set of apartments of ∆, let m̂ be the wall of
∆Â that contains M and let m ⊂ m̂ be the set of A-walls parallel to M . By
10.15 and 10.30, every wall in m̂ adjacent in Tm̂ to a wall contained in m is
contained in m. Since Tm̂ is connected, it follows that m̂ = m. �

Corollary 10.33. Let M be an A-wall and let M ′ be a wall parallel to M .
Then there exists an A-apartment containing both M and M ′.

Proof. By 10.32, M ′ is an A-wall. The claim holds, therefore, by 10.31. �

Corollary 10.34. Let M be an A-wall and let α and α′ be A-roots cutting
M such that

α ∩ α′ ∩ M = ∅.

Then α ∪ α′ is an A-apartment.

Proof. This holds by 10.22 and 10.30. �

Corollary 10.35. Let A be an A-apartment, let α1 be a root of A and let
α2 be its opposite in A. Then there exists a third A-root α3 having the same
wall as α1 and α2 such that αi ∪ αj is an A-apartment for all pairs i, j of
distinct elements of the index set [1, 3].

Proof. Let P be a panel in µ(α1) and let y ∈ P\A. By 10.30, we can choose
an A-apartment A1 containing α1 ∪ {y}. The root α1 of A is also a root of
A1; let α3 be its opposite in A1. The claim holds now by 29.42 and 10.34.
�

Corollary 10.36. Let A be an A-apartment and let α be a root of A. Then
there exists an A-apartment A1 such that α = A ∩ A1.

Proof. This holds by 10.35. �

Here is an improved version of 7.6:

Proposition 10.37. Let u be a chamber and let S be an A-sector of ∆.
Then there exists an A-sector containing both u and a subsector of S.

Proof. In light of 10.30, the proof of 7.6 applies verbatim. �

Proposition 10.38. Let the set of walls of ∆∞
A be identified with the set

of parallel classes of A-walls of ∆ under the map [M ] �→ M∞ described in
8.36.ii. Let m be a wall of ∆∞

A and let ξm denote the map from the set of
roots of ∆∞

A whose wall is m to the set of Am-ends of the tree Tm given by

ξm(α∞) = (αm)∞

for each root α of an A-apartment such that µ(α) ∈ m, where α∞ is as in
8.29, the ray αm is as in 10.19 and (αm)∞ is the end of Tm containing the
ray αm. Then the map ξm is a bijection.
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Proof. By 8.30 and 8.33, every root of ∆∞
A whose wall equals m is of the

form α∞ for some root α of ∆ whose wall is contained in the parallel class
m. The map ξm is surjective by the definition of (Tm,Am) given in 10.19.
Suppose A and A′ are two apartments in Am and α and α′ are roots of A
and A′ whose walls both lie in m. Suppose, too, that (αm)∞ = (α′

m)∞. By
1.41 and 10.6.iii, α∩α′ contains a root. This root is parallel to α and to α′,
so α is parallel to α′. Therefore α∞ = (α′)∞. Hence ξm is injective. �
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Chapter Eleven

Panel Trees

In this chapter, which is a companion to the previous chapter on wall trees,
we introduce a second, related family of trees with sap, one for each panel
of the building at infinity ∆∞

A .

We continue to assume that Π is one of the affine Coxeter diagrams in
Figure 1.1 with vertex set I, that ∆ is a thick building of type Π and that
A is a system of apartments as defined in 8.4.

Conventions 11.1. From now on, we identify the set of panels of ∆∞
A with

the set of parallel classes of A-faces via the map [f ] �→ f∞ and we identify
the set of A-walls of ∆∞

A with the set of parallel classes of walls in ∆ via
the map [M ] �→ M∞ as described in 8.36. Thus, in particular, a panel F of
∆∞

A is contained in a wall m of ∆∞
A if and only if each A-wall of ∆ in the

parallel class m contains an A-face in the parallel class F .

Proposition 11.2. Let f be a face contained in an A-wall M of ∆. Then
each A-apartment A containing M contains a sector S having f as a face.

Proof. Let A be an A-apartment containing M . By 10.1, there exists a root
α in A such that M = µ(α). Since f is a face, we can choose an A-apartment
A1 containing a sector S1 having f as a face. Suppose that A ∩ A1 �= ∅ and
let x ∈ A ∩ A1. Then the restriction of ρ := retrA,x to A1 is a special
isomorphism from A1 to A that acts trivially on A∩A1 (by 8.17 and 8.18 in
[37]). Thus ρ(P ) ⊂ P for each panel P ∈ µ(α) and hence ρ(S1) is a sector
of A having f as a face.

Suppose now that A ∩ A1 = ∅. Choose a panel P in f and let y be a
chamber in P ∩ A1. By 10.30, there exists an A-apartment A2 containing
α∪{y}. Thus A1∩A2 �= ∅, so f is the face of a sector in A2, and A∩A2 �= ∅,
so f is the face of a sector in A (by two applications of the conclusion of the
previous paragraph). �

Proposition 11.3. The building at infinity ∆∞
A is thick.

Proof. Let f be an A-face, let M be an A-wall of ∆ containing f and let
F denote the panel [f ] of ∆∞

A (as defined in 8.17). By 10.35, there exist
roots α1, α2, α3 such that µ(αi) = M for all i ∈ [1, 3] and αi ∪ αj is an
A-apartment for all pairs i, j of distinct elements in [1, 3]. By 11.2, there
exist sectors Si ⊂ αi having f as a face for all i ∈ [1, 3]. Since the sectors
S1, S2, S3 are pairwise disjoint, the chambers S∞

1 , S∞
2 and S∞

3 are pairwise
distinct elements of F . By 8.18, we conclude that every panel of ∆∞

A contains
at least three chambers. �
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Proposition 11.4. Suppose f1, f2 and f3 are three faces such that f1 ∩ f2

and f2 ∩ f3 both contain faces. Then f1 ∩ f3 also contains a face.

Proof. Let A be an apartment containing a sector S2 that has f2 as a face.
By 11.2, there are sectors S1 and S3 in A such that S1 has a face f#

1 contained

in f1 ∩ f2 and S3 has a face f#
3 contained in f2 ∩ f3. Thus f#

1 and f#
3 are

both subfaces of f2 and f#
1 ∩ f#

3 ⊂ f1 ∩ f3. By 5.15 (applied to A), f#
1 ∩ f#

3

is a face. �

Proposition 11.5. Let f and f ′ be parallel A-faces both contained in an
A-wall. Then f ∩ f ′ is a face.

Proof. Let M be an A-wall containing f and f ′ and let A be an A-apartment
containing M . By 11.2, f and f ′ are faces of sectors contained in A. The
claim holds, therefore, by 5.12. �

Proposition 11.6. Let f and f ′ be A-faces such that f ′ ⊂ f contains a
face. Then f ′ is parallel to f .

Proof. Let A be an A-face containing a sector that has f as a face. By 11.2,
f ′ is also a face of a sector contained in A. The claim holds, therefore, by
5.13. �

Definition 11.7. Two A-faces are called asymptotic if their intersection
contains a face. By 11.4, this is an equivalence relation. The equivalence
classes will be called A-asymptote classes. The A-asymptote class containing
a face f will be denoted by f◦. We will say that an A-asymptote class e is
contained in a wall M if there is a face in e that is contained in M . By 11.6,
all the A-faces in a given A-asymptote class are parallel to one another. We
can thus set e∞ = f∞ for each asymptote class e, where f is an arbitrary
face in e and f∞ is as in 8.36. We will say that an A-asymptote class e
is parallel to an A-asymptote class e1 (or to an A-face f) if e∞ = e∞1 (or
e∞ = f∞).

Definition 11.8. Let f and f ′ be two A-faces. We will say that f and f ′ are
adjacent if they are parallel and there exists an A-apartment A containing
subfaces f1 of f and f ′

1 of f ′ such that the unique walls of A containing f1

and f ′
1 are adjacent as defined in 10.2. We will say that two A-asymptote

classes (as defined in 11.7) are adjacent if they contain adjacent faces (in
which case every face in the one asymptote class is adjacent to every face in
the other).

Definition 11.9. For each panel F of ∆∞
A (which we are interpreting as

a parallel class of A-faces by 11.1), let TF be the graph whose vertices are
the asymptote classes contained in F , where adjacency is defined as in 11.8.
For each A ∈ A, let AF be the set of asymptote classes in F contained in A
(i.e. that contain faces contained in A), let FA denote the set of A ∈ A such
that AF is non-empty and let

AF = {AF | A ∈ FA}.
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Note that if F is a panel and m is a wall of ∆∞
A , then by 11.1,

(11.10) F ∈ m if and only if mA ⊂ FA.

Proposition 11.11. Let F be a panel of ∆∞
A , let m be a wall of ∆∞

A con-
taining F , let A ∈ mA (so also A ∈ FA by 11.10), let Am and mA be as in
10.19 and let AF and FA be as in 11.9. Then every e ∈ AF is contained in
a unique wall Me of Am and the map e �→ Me from AF to Am is a bijection.

Proof. Since F ∈ m, each wall in m contains a face in F (by 11.1). Two
distinct A-walls in Am are disjoint and hence do not contain asymptotic
faces. We conclude that for each e ∈ AF , there exists a unique wall Me ∈ Am

that contains it, and that the map e �→ Me is surjective. By 11.5, this map
is injective. �

Proposition 11.12. Let F be a panel of ∆∞
A , let A ∈ FA and let m be a

wall of ∆∞
A containing F . Then there exists a unique apartment A′ in mA

(and thus A′ ∈ FA by 11.10) such that (A′)F = AF .

Proof. Let S and S′ be the distinct sectors of A sharing a face f contained
in F (thought of as a parallel class of A-faces). By 8.36.i, the two parallel
classes S∞ and (S′)∞ are both contained in F (thought of as a panel of
∆∞

A ). By 8.27 and 29.49, there exists a unique A-apartment A′ containing
a wall in m such that (A′)∞ contains S∞ and (S′)∞. The apartment A′

contains subsectors of S and S′. Let X be the convex hull of S ∪ S′. Since
apartments are convex, we have X ⊂ A∩A′. By 5.17, X contains sectors S1

and S′
1 sharing a common face that is contained in f . By 5.20 applied to A

and then to A′, a face in F is contained in A (respectively, A′) if and only if
it contains a subface that is contained in S1, S′

1 or f . Thus AF = (A′)F . �

Note that by 11.12, there are many distinct apartments A ∈ FA for which
the set AF is the same since in ∆∞

A there are many different walls containing
a given panel.

Proposition 11.13. Let m be a wall of ∆∞
A and let F be a panel contained

in m. Then each asymptote class e contained in F is contained in a unique
wall contained in m.

Proof. Let f ∈ F . By 11.12, there exists a wall M ∈ m containing the
asymptote class f◦. By 10.14, distinct walls in m are disjoint. Thus M is
unique. �

Proposition 11.14. Let m be a wall of ∆∞
A and let F be a panel contained

in m. Let M, M ′ be two A-walls in m and let e, e′ be A-asymptote classes
in F contained in M and M ′. Then M and M ′ are adjacent in Tm if and
only if e and e′ are adjacent in TF .

Proof. This holds by 10.2, 11.8 and 11.13. �

Definition 11.15. Let m be a wall of ∆∞
A and let F be a panel contained

in m. By 11.13, there is a map from the set of A-asymptote classes in F to
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m that sends an A-asymptote class to the unique wall in m that contains it.
We denote this map by φm,F .

Proposition 11.16. Let m be a wall of ∆∞
A , let F be a panel contained in

m and let φm,F be as in 11.15. Then φm,F is an isomorphism from TF to
Tm that maps AF to Am.

Proof. By 11.11,

(11.17) φm,F (AF ) = Am

for each A ∈ mA. Since every wall in m is contained in an apartment in
mA, it follows that φm,F is surjective. By 5.12 and 11.2, φm,F is injective.
By 11.14, therefore, φm,F is an isomorphism from TF to Tm. Let A ∈ FA

and let A′ be as in 11.12. By 11.12 and 11.17, φm,F maps AF to Am. �

Corollary 11.18. For each panel F of ∆∞
A , (TF ,AF ) is a thick tree with

sap.

Proof. This holds by 10.31 and 11.16 (since there are walls of ∆∞
A containing

any given panel). �

Definition 11.19. A panel tree is a pair (TF ,AF ) for some panel F of ∆∞
A .

(Thus a panel tree is, in fact, a tree with sap and not simply a tree.)

Notation 11.20. Let F be a panel of ∆∞
A and let S be an A-sector such

that the chamber S∞ of ∆∞
A is contained in F (thought of as a panel of ∆∞

A ).
This means that S has a face f contained in F (thought of as a parallel class
of faces). Let A be an A-apartment containing S, let α be the unique root of
A containing S such that f ⊂ µ(α) and let SF denote the set of asymptote
classes that contain faces that are both parallel to f and contained in µ(β)
for some root β of A contained in α. Thus A ∈ FA, SF is a ray in the
apartment AF of TF and every AF -ray of TF is of this form.

Proposition 11.21. The ray SF described in 11.20 is independent of the
choice of the A-apartment A.

Proof. By 5.20, each asymptote class in SF contains faces contained in S or
in f . The claim holds, therefore, by 29.34. �

Proposition 11.22. Let F be a panel of ∆∞
A and let ζF denote the map

from F to the set of AF -ends of TF given by

ζF (S∞) = (SF )∞

for all A-sectors S such that S∞ ∈ F , where SF is the ray of AF described
in 11.9 and (SF )∞ is the end of TF containing the ray SF . Then ζF is a
bijection.

Proof. Since every AF -ray of TF is of the form SF for some A-sector S
such that S∞ ∈ F (as was observed in 11.20), the map ζF is surjective.
Suppose that A′ ∈ FA, that S′ is a sector in A′ having a face in F and that
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(S′
F )∞ = (SF )∞. By 8.4.ii, there exists A1 ∈ A containing subsectors S1 of

S and S′
1 of S′. By 4.7, (S1)F and (S′

1)F are subrays of SF and (S′)F . Thus
(S1)F and (S′

1)F contain a common subray of the apartment (A1)F . By
5.11, it follows that the panels S1 and S′

1 are parallel. Hence S∞ = (S′)∞.
Thus ζF is injective. �

Notation 11.23. Let m be a wall of ∆∞
A and let F be a panel contained in

m. Let Xm denote the set of roots of ∆∞
A whose wall is m. By 29.47, there

is a bijection from F to Xm that sends a chamber u in F to the unique root
in Xm that contains u. We denote this map by ιm,F .

Proposition 11.24. Let m be a wall of ∆∞
A and let F be a panel contained

in m. Let ξm be as in 10.38, let φm,F be as in 11.15, let ζF be as in 11.22
and let ιm,F be as in 11.23. Then φm,F induces the map

ξm ◦ ιm,F ◦ ζ−1
F

from the set of AF -ends of TF to the set of Am-ends of Tm.

Proof. Let p be an AF -end of TF . By 11.20, 11.21 and 11.22, there exists
an apartment A that is contained in both FA and mA, a sector S contained
in A such that p = (SF )∞ and a root α contained in A such that S ⊂ α and
the wall µ(α) contains the face of S that is contained in both m and F . The
map φm,F sends (SF )∞ to (αm)∞ and the map ιm,F sends S∞ to α∞. Thus

ξm

(
ιm,F (p)

)
= ξm

(
ιm,F (S∞)

)
= ξm(α∞)

= (αm)∞

= φm,F

(
(SF )∞

)

= φm,F

(
ζF (S∞)

)
= φm,F

(
ζF (p)

)
.

�

Corollary 11.25. Let m be a wall of ∆∞
A , let F be a panel contained in m

and let ωm and ωF be the canonical valuations of (Tm,Am) and (TF ,AF )
as defined in 9.9. Let ξm be as in 10.38, let ζF be as in 11.22 and let ιm,F

be as in 11.23. If the set of roots of ∆∞
A whose wall is m is identified with

the set of Am-ends of Tm via ξm and the panel F is identified with the set
of AF -ends of TF via ζF , then

ωF = ωm ◦ ιm,F .

Proof. By 11.16, we have ωF = ωm ◦ φm,F . The claim holds, therefore, by
11.24. �
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Chapter Twelve

Tree-Preserving Isomorphisms

The goal of this chapter is to prove 12.3. This fundamental result gives a
necessary and sufficient condition expressed in terms of wall and panel trees
for an isomorphism from one building at infinity to another to extend to an
isomorphism of affine buildings.1 In 12.31, we deduce as a corollary that
all the elements of all the root groups of the building at infinity extend to
automorphisms of the affine building itself.

The main result of this chapter was first proved by Tits in [35]. In fact,
Theorem 2 in Section 8 of [35] is more general: It applies to non-discrete
as well as affine buildings.2 The proof of 12.3 we give here applies only to
affine buildings.

We continue to assume that Π is one of the affine Coxeter diagrams X� in
Figure 1.1, that ∆ is a thick building of type Π and that A is a system of
apartments of ∆. Let I be the vertex set of Π.

We now assume as well that ∆′ is a second thick building of type Π and
that A′ is a system of apartments of ∆′. Moreover, the following conventions,
along with those in 11.1, will apply from now on:

Conventions 12.1. For each wall m of the building at infinity ∆∞
A , we

identify the set of roots of ∆∞
A having a wall m with the set of Am-ends of

the tree Tm via the map ξm defined in 10.38. We identify each panel F of
∆∞

A with the set of AF -ends of TF via the map ζF defined in 11.22.

For each wall m′ and each panel F ′ of the building at infinity (∆′)∞A′ , let
(T ′

m′ ,A′
m′) and (T ′

F ′ ,A′
F ′) denote the corresponding wall tree and panel tree

defined with respect to the pair (∆′,A′) and let the analogous identifications
be made between the set of roots of (∆′)∞A′ having wall m′ and the set of
A′

m′ -ends of T ′
m′ and between the panel F ′ of (∆′)∞A′ and the set of A′

F ′ -ends
of T ′

F ′ .

1Our use here of the term “extend” is not completely correct. What we really mean is
stated more precisely in 12.3.

2In 14.54, we will conclude that Bruhat-Tits buildings are classified by root data with
valuation (up to equipollence). In [6] and [35], Bruhat and Tits introduce a more general
geometrical structure usually called a non-discrete building and show that non-discrete
buildings with a Moufang building at infinity are classified by root data with non-discrete
valuation (up to equipollence). A non-discrete valuation of a root datum is the notion
obtained by weakening the assumption in 3.21 that the range of each map φa is Z to the
assumption that the range of each map φa is a subset of R of cardinality at least 3 and
replacing Z by R in conditions (V1) and (V3). See footnote 1 in Chapter 14.
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Definition 12.2. Let τ be an isomorphism from ∆∞
A to (∆′)∞A′ . We will

say that τ is tree-preserving 3 if

ωτ(m) ◦ τ = ωm

for each wall m of ∆∞
A and

ωτ(F ) ◦ τ = ωF

for each panel F of ∆∞
A , where ωm, ωF , etc. are as in 11.25. (This makes

sense due to the conventions set out in 12.1.)

Here is the main result of this chapter:

Theorem 12.3. Let τ be a tree-preserving isomorphism from ∆∞
A to (∆′)∞A′ .

Then there exists a unique isomorphism ρ from ∆ to ∆′ mapping A to A′

such that

(12.4) ρ(S)∞ = τ(S∞)

for all A-sectors S of ∆.4

Proof. By 9.14 and 10.31 (and 12.1), for each wall m of ∆∞
A , there exists a

unique isomorphism from Tm to T ′
τ(m) whose action on the Am-ends of Tm

(i.e. on the set of roots of ∆∞
A whose wall is m) is the same as the action of τ

on this set; we will call this isomorphism τm. By 9.14 and 11.18 (and 12.1),
for each face F of ∆∞

A , there exists a unique isomorphism from TF to T ′
τ(F )

whose action on the AF -ends of TF (i.e. on F ) is the same as the action of
τ on F ; we will call this isomorphism τF .

Notation 12.5. For each A-wall M and each A-face f of ∆, we set τ(M) =
τm(M) for m = M∞ (so m is the parallel class of walls containing M as well
as a wall of ∆∞

A and M is a vertex of Tm) and τ(f◦) = τF (f◦) for F = f∞

(so F is the parallel class of faces containing f as well as a panel of ∆∞
A and

the A-asymptote class f◦ is a vertex of TF ).

Notation 12.6. Let A ∈ A. Then A∞ is an apartment of ∆∞
A and hence

τ(A∞) is an apartment of (∆′)∞A′ . Thus by 8.27, there is a unique A′ ∈ A′

such that (A′)∞ = τ(A∞). We set A′ = τ(A).

We now proceed with the proof of 12.3 in a series of steps.

Proposition 12.7. The map A �→ τ(A) from A to A′ is a bijection.

Proof. The map τ is an isomorphism from one spherical building to another.
By (i) and (ii) of 29.14, it follows that τ maps the set of apartments of ∆∞

A

bijectively to the set of apartments of (∆′)∞A′ . The claim holds, therefore,
by 8.27 and 12.6. �

Proposition 12.8. Let M be an A-wall and let e be an A-asymptote class
contained in M . Then τ(e) is contained in τ(M).

3Perhaps “ecological” would be a better word.
4See 12.25 below.
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Proof. Let m = M∞ and let F = e∞. By 11.1, m is a wall of ∆∞
A and

F is panel in m. Let φm,F and φτ(m),τ(F ) be as in 11.15 and let ιm,F and
ιτ(m),τ(F ) be as in 11.23. Thus

τ ◦ ιm,F ◦ τ−1 = ιτ(m),τ(F ).

By 11.24 and 12.1, it follows that

τ ◦ φm,F ◦ τ−1 = φτ(m),τ(F ).

Since M = φm,F (e), we therefore have φτ(m),τ(F )(τ(e)) = τ(M). �

Proposition 12.9. Let A ∈ A, let A′ = τ(A), let M be a wall contained in
A and let m = M∞. Then the following hold:

(i) τ(M) is contained in τ(A) and if α is one of the two roots of A whose
wall is M , then there is a unique root α′ of A′ such that τ(M) = µ(α′)
and τ(α∞) = (α′)∞.

(ii) A′ ∈ τ(m)A′ (as defined in 10.19) and τ induces an isomorphism from
the Am-apartment Am of the tree Tm to the A′

τ(m)-apartment A′
τ(m)

of the tree T ′
τ(m).

(iii) If α and α′ are as in (i), then τ maps the Am-ray αm to the A′
τ(m)-ray

α′
τ(m) (where the rays αm and α′

τ(m) are as defined in 10.19).

Proof. Let α be one of the two roots of A whose wall is M . Let α1 = α and
let α2 be the root of A opposite α1. By 10.35, we can choose a third A-root
α3 whose wall is M such that αi ∪ αj is an A-apartment for all pairs i, j of
distinct elements of the interval [1, 3].

Thus the A-wall M is the junction in Tm (as defined in 9.9) of the Am-ends
α∞

1 , α∞
2 and α∞

3 (which are also roots of ∆∞
A having m as a wall by 12.1).

By 12.5, therefore, τ(M) is the junction in T ′
τ(m) of the A′

τ(m)-ends τ(α∞
1 ),

τ(α∞
2 ) and τ(α∞

3 ). Since A′
τ(m) satisfies 9.5.ii, there thus exist unique A′-

roots α′
1, α′

2 and α′
3 in ∆′ such that τ(M) = µ(αi) and (α′

i)
∞ = τ(α∞

i ) for
each i ∈ [1, 3] and α′

i ∪ α′
j ∈ A′ for all pairs i, j of distinct elements of the

index set [1, 3].
The apartment A∞ is the disjoint union of the roots α∞

1 and α∞
2 . Thus

τ(A∞) is the disjoint union of the roots (α′
1)

∞ and (α′
2)

∞. By 12.6, it
follows that A′ = α′

1 ∪ α′
2. Thus (i) holds with α′ = α′

1. In particular,
τ(Am) ⊂ A′

τ(m). Hence (ii) holds since τm is an automorphism of Tm.

By 12.5, the image of the ray αm under τ is a ray of T ′
τ(m) contained in

the A′-end τ(α∞) = (α′)∞. Since the ray αm starts at the vertex M , its
image under τ starts at the vertex τ(M). Since α′

τ(m) (where α′ = α′
1) is

also a ray contained in the A′-end τ(α∞) = (α′)∞ that starts at τ(M), we
conclude that these two rays are equal. Thus (iii) holds. �

Proposition 12.10. Let A ∈ A and let A′ = τ(A) (as defined in 12.6).
There exists a unique bijection ρA from the set of roots of A to the set of
roots of A′ such that for each root α of A,

(12.11) µ
(
ρA(α)

)
= τ

(
µ(α)

)
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and

(12.12) ρA(α)∞ = τ(α∞).

Furthermore, the following hold:

(i) If α and β are opposite roots of A, then ρA(α) and ρA(β) are opposite
roots of A′.

(ii) If α and β are roots of A such that α ⊂ β, then ρA(α) ⊂ ρA(β).

Proof. By 12.9.i, there exists a unique map ρA satisfying 12.11 and 12.12.
These two properties imply that (i) holds, ρA is a bijection by 12.9.ii and by
12.9.iii, (ii) holds. �

Proposition 12.13. Let A ∈ A, let A′ = τ(A), let S be a sector in A, let f
be a face of S, and let S′ be a sector in A′ contained in τ(S∞) (which exists
by 12.6). Then S′ has a face f ′ parallel to the A′-asymptote class τ(f◦) (as
defined in 11.7).

Proof. Let e = f◦, let F = e∞ and let F ′ = τ(F ). By 12.5, F ′ = τ(e)∞.
Since S∞ is a chamber in F and S′ is contained in the parallel class τ(S∞),
it follows that S′ has a face parallel to τ(e). �

Proposition 12.14. Let A ∈ A, let S be a sector of A, let

X = {τ(f◦) | f is a face of S}

and let A′ = τ(A). Then there is a unique sector S′ contained in the apart-
ment A′ such that

(S′)∞ = τ(S∞)

and the set of A-asymptote classes containing faces of S′ equals X.

Proof. By 12.6, we can choose a sector S′
1 in A′ contained in τ(S∞). By

12.13, each A′-asymptote class in X is parallel to an A′-asymptote class
containing a face of S′

1. By 12.8 and 12.9.i, each A′-asymptote class in X is
contained in A′. By 5.14 and 5.22, it follows that there is a unique sector S′

in A′ parallel to S′
1 such that the set of asymptote classes containing faces

of S′ is precisely X . �

Definition 12.15. For each A ∈ A, let Aσ denote the set of sectors in A.
For each A ∈ A and each S ∈ Aσ, we set

τA(S) = S′,

where S′ is the unique sector of τ(A) described in 12.14.

Proposition 12.16. For each A ∈ A, the map τA defined in 12.15 is in-
vertible.

Proof. Since the isomorphism τ has an inverse, so does each τA. �
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Proposition 12.17. Let A ∈ A, let A′ = τ(A), let S and S1 be sectors of
A having the same terminus R and suppose that the apex of S and the apex
of S1 are opposite chambers of R. Let S′ = τA(S) and S′

1 = τA(S1), where
τA is as in 12.15, let d′ be the apex of S′ and let d′1 be the apex of S′

1. Then
S′ and S′

1 have the same terminus R′ and d′ and d′1 are opposite chambers
of R′.

Proof. Let d be the apex of S, let d1 be the apex of S1, let R′ be the terminus
of S′ and let R′

1 be the terminus of S′
1. By 29.9.v, each panel of R containing

d is opposite a unique panel in R containing d1 (as defined in 9.8 of [37]). By
29.44, it follows that each panel of R containing d is comural with a unique
panel of R containing d1. Therefore a wall of A contains a face of S if and
only if it contains a face of S1. By 12.8 and 12.14, it follows that a wall of
A′ contains a face of S′ if and only if it contains a face of S′

1. In particular,
a root α′ of A′ lies in the set [R′, d′]A′ (as defined in 7.5) if and only if either
α′ or its opposite lies in the set [R′

1, d
′
1]A′ . By 1.12, therefore, R′ = R′

1. By
10.24, S∞ and S∞

1 are opposite. Hence (S′)∞ = τ(S∞) and (S′
1)

∞ = τ(S∞
1 )

are opposite chambers of (∆′)∞A′ .
Let (x0, x1, . . . , xn) be a minimal gallery in R′ from x0 := d′ to xn := d′1

and let Ŝi = σA′(R′, xi) for each i ∈ [1, n]. Then

(Ŝ∞
0 , Ŝ∞

1 , . . . , Ŝ∞
n )

is a gallery in (∆′)∞A′ from Ŝ∞
0 = (S′)∞ to Ŝ∞

n = (S′
1)

∞. Thus n is at least
as large as diam((∆′)∞A′). Since (∆′)∞A′ and R′ are buildings of the same type
(by 1.7 and 8.24), they have the same diameter (by 29.14.i). It follows that
d′ and d′1 are opposite in R′. �

Proposition 12.18. Let A ∈ A, let A′ = τ(A), let R be a gem of ∆ cut by A
and let P and Q be panels of R such that P ∩A and Q∩A are opposite panels
of R ∩ A. Furthermore, let f = µA(R, P ) and f1 = µA(R, Q) (as defined
in 8.1), let e′ = τ(f◦) and e′1 = τ(f◦

1 ) and let M be the wall contained in
A that contains both P and Q (which exists by 29.44). Then the following
hold:

(i) For every gem R′ of ∆′ cut by τ(M), there exist unique panels P ′ and
Q′ of R′ such that µA′(R′, P ′) ∈ e′ and µA′(R′, Q′) ∈ e′1.

(ii) If R′, P ′ and Q′ are as in (i), then P ′ ∩ A′ and Q′ ∩ A′ are opposite
panels of R′ ∩ A′.

Proof. Choose d ∈ R ∩ P and let d1 be the chamber of Q opposite d in
R ∩ A. Let S = σA(R, d), let S1 = σA(R, d1) and let S′, S′

1 and R′ be as
in 12.17. By 12.15, there exist panels P ′ and Q′ of R′ cut by A′ such that
the face µA′(R′, P ′) of S′ is contained in e′ and the face µA′(R′, Q′) of S′

1 is
contained in e′1. By 5.9, the panels P ′ and Q′ are uniquely determined. By
12.8, e′ and e′1 are both contained in τ(M). By 5.23, it follows that P ′ ∩ A′

and Q′ ∩ A′ are opposite panels of R′ ∩ A′.
Suppose now that R′

1 is an arbitrary gem of ∆′ cut by τ(M). By 1.9 and
1.13, there is a translation g of A′ mapping the chamber set M ∩A to itself
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such that R′
1 ∩ A′ = (R′ ∩ A′)g. Let P ′

1 and Q′
1 be the unique panels of R′

1

such that P ′
1 ∩A′ = (P ′ ∩A′)g and Q′

1 ∩A′ = (Q′ ∩A′)g. By 1.45 and 5.12,
each face contained in M is asymptotic to its translate by g. Thus

(12.19) µA′(R′
1, P

′
1) ∈ e′ and µA′(R′

1, Q
′
1) ∈ e′1.

By 5.9, P ′
1 and Q′

1 are the unique panels of R1 satisfying 12.19. Thus (i)
holds. Since P ′ ∩A′ and Q′ ∩A′ are opposite panels of R′ ∩A′, P ′

1 ∩A′ and
Q′

1 ∩ A′ are opposite panels of R′
1 ∩ A′. Thus (ii) holds. �

Proposition 12.20. Let A ∈ A, let A′ = τ(A), let S and S1 be distinct
sectors of A having the same terminus and sharing a face, let S′ = τA(S)
and let S′

1 = τA(S1). Then S′ and S′
1 are distinct sectors of A′ having the

same terminus and sharing a face.

Proof. Let f be the face shared by S and S1, let R be the terminus of S and
S1, let M be the unique wall contained in A that contains f , let α1 and α2

be the two roots of A whose wall is M and let r denote the reflection of A
that interchanges α1 and α2. The reflection r also maps R ∩A to itself and
interchanges the apex of S with the apex of S1. Thus S1 = Sr.

By 10.35, we can choose a third A-root α3 whose wall is M such that
Ai := αi ∪α3 is an apartment in A for i = 1 and 2. Let A′

i = τ(Ai) for i = 1
and 2 and let M ′ = τ(M). By 12.9.i, the wall M ′ is contained in A. By
12.9.iii, there exist distinct A′-roots α′

1, α′
2 and α′

3 whose wall is M ′ such
that (α′

i)
∞ = τ(α∞

i ) for all i ∈ [1, 3]. Since Aτ(m) satisfies 9.5.ii, the union
α′

i ∪ α′
j is an A′-apartment for all pairs of distinct indices i, j ∈ [1, 3]. By

12.6, we have A′ = α′
1 ∪ α′

2 (since A∞ = α∞
1 ∪ α∞

2 ). Similarly, A′
i = α′

i ∪ α′
3

for i = 1 and 2.
Let e = f◦, let R′ be the terminus of S′, let f ′ be the unique face of S′

contained in e′ := τ(e) (which exists by 12.15), let r′ be the reflection of
A′ interchanging the roots α′

1 and α′
2 and let S′

1 = (S′)r′

. The reflection r′

maps every panel in M ′ to itself. By 12.8, e′ is contained in M ′. Thus S′

and S′
1 are distinct sectors of A′ having the same terminus R′ and sharing

the face f ′. Our goal is to show that τA(S1) = S′
1.

Let f1 be a face of S distinct from f and let f2 = f r
1 (so f2 is a face of

S1 = Sr). By 12.15, there exists a unique face f ′
1 of S′ such that

(12.21) f ′
1 ∈ τ(f◦

1 ).

Let f ′
2 = (f ′

1)
r′

. For i = 1 and 2, let Mi be the unique wall contained in Ai

containing fi and let M ′
i be the unique wall contained in A′

i containing f ′
i .

(We really mean Ai and A′
i, not A or A′.)

For i = 1 and 2, let Pi be the panel of R such that fi = µA(R, Pi). Thus
P2 ∩A = (P1 ∩A)r . By 29.54, there exists a unique panel Q of R such that
Q∩Ai and Pi ∩Ai are opposite panels of R∩Ai for both i = 1 and 2. Since
P1 ∩ A1 ⊂ α1, we have Q ∩ A1 ⊂ α3. By 4.11, therefore, the face µA1(R, Q)
is contained in α3. By 29.34, there is an isomorphism from A1 to A2 that
acts trivially on α3. It follows that µA1(R, Q) = µA2(R, Q). We denote this
face by f3. Let ei = f◦

i for all i ∈ [1, 3].



TREE-PRESERVING ISOMORPHISMS 113

For i = 1 and 2, let P ′
i be the panel of R′ such that f ′

i = µA(R′, P ′
i ). Thus

P ′
2 ∩ A′ = (P ′

1 ∩ A′)r′

. By 29.54 again, there exists a unique panel Q′ of R′

such that Q′∩A′
i and P ′

i ∩A′
i are opposite panels of R′∩A′

i for both i = 1 and
2. Just as in the previous paragraph, we have µA′

1
(R′, Q′) = µA′

2
(R′, Q′).

Let f ′
3 denote this face and let e′i denote the A′-asymptote class of f ′

i for all
i ∈ [1, 3].

Since e1 is contained in M1, τ(e1) is contained in τ(M1) by 12.8. By 12.21,
τ(e1) = e′1. Thus e′1 is contained in both τ(M1) and M ′

1. Since these are
both walls contained in A1, it follows that τ(M1) = M ′

1. Thus R′ is cut by
τ(M1). By 12.18, it follows that τ(e3) = e′3. By 12.8 again, e′3 is contained
in τ(M2) (since e3 is contained in M2). By 29.44, e′3 is also contained in
M ′

2. Since τ(M2) and M ′
2 are both walls contained in A2, it follows that

τ(M2) = M ′
2. Thus R′ is cut by τ(M2). By 12.18 again, it follows that

τ(e2) = e′2.
We conclude that for every face of S1, τ maps the A-asymptote class that

contains it to an A′-asymptote class containing a face of S′
1. By 12.15, we

conclude that τA(S1) = S′
1. �

Proposition 12.22. For each A ∈ A, there exists a unique isomorphism
νA from A to τ(A) such that

(i) νA(S) ∈ τ(S∞) for each sector S contained in A and
(ii) νA(f) ∈ τ(f◦) for each face f contained in A.5

Furthermore,

(iii) νA(α) = ρA(α) for all roots α in A, where ρA is as in 12.10, and
(iv) νA(M) = τ(M) for each wall M contained in A.

Proof. Choose A ∈ A, let A′ = τ(A) and let τA be as in 12.15. Let X be
the set of all gems of ∆ cut by A and let X ′ be the set of all gems of ∆′ cut
by A′. For each R ∈ X , let τR

A be the map from R ∩ A to A′ that sends a
chamber d of R ∩ A to the apex of τA(σA(R, d)). Choose R ∈ X . If d and
e are adjacent chambers of R ∩ A, then by 12.20, the sectors τA(σA(R, d))
and τA(σA(R, e)) have the same terminus and their apices τR

A (d) and τR
A (e)

are adjacent. Since R ∩ A is connected, it follows that there exists a unique
R′ in X ′ such that

τR
A (R ∩ A) ⊂ R′ ∩ A′

and τR
A sends panels of R ∩ A to panels of R′ ∩ A′. As observed in 12.16,

the map τA has an inverse. Moreover, 12.20 applies also to this inverse. It
follows that there exists a map τR′

A′ from R′ ∩A′ to R∩A that is the inverse
of τR

A and also maps panels to panels. We conclude that for each R ∈ X ,
there exists R′ ∈ X ′ such that τR

A is an isomorphism from R∩A to R′ ∩A′.
Let κA be the map from X to X ′ such that

κA(R) ∩ A′ = τR
A (R ∩ A)

5By νA(f) we mean the set of panels P ′ in ∆′ containing νA(P ∩ A) for some panel
P ∈ f . In (iv), νA(M) is to be interpreted analogously as the set of panels P ′ in ∆′

containing νA(P ∩ A) from some panel P ∈ M .
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for all R ∈ X . Thus

(12.23) τA(σA(R, d)) = σA′(κ(R), τR
A (d))

for all R ∈ X and all chambers d ∈ R ∩ A. By 12.16, also κA is a bijection.
Let ρA be the bijection from the set of roots of A to the set of roots of A′

defined in 12.10. Let R ∈ X , let d ∈ R∩A, let S = σA(S, d), let α ∈ [R, d]A
(as defined in 7.5), let M = µ(α), let f be the face of S contained in M and
let e = f◦. Then the sector τA(S) = σA′(κ(R), τR

A (d)) has a face contained
in the A′-asymptote class τ(e) (by 12.15) and also contained in the A′-wall
τ(M) (by 12.8). By 12.11, ρA(α) is a root of A′ whose wall is τ(M). Thus
either ρA(α) or its opposite in A′ is contained in the set [κA(R), τR

A (d)]A′ .
By 12.12, τ(S∞) ∈ ρA(α)∞ (since S ⊂ α). By 4.12.ii, it follows that the
root ρA(α) contains the apex of the sector τA(S). Therefore

α ∈ [R, d]A implies ρR(α) ∈ [κA(R), τR
A (d)]A′

for R ∈ X and all d ∈ R ∩ A. By 6.6 and 12.10, we conclude that there
exists an isomorphism νA from A to A′ whose restriction to R∩A equals τR

A

for all R ∈ X . By 6.6 and 12.10, we also know that νA satisfies (iii).
Let R, d, S, α, M , f and e be as in the previous paragraph. Let R′ = κ(R),

let d′ = νA(d) and let S′ = νA(S). Thus R′ is the unique gem of ∆′ such
that νA(R ∩ A) = R′ ∩ A, d′ = τR

A (d) and

S′ = νA(σA(R, d)) = σA′(R′, d′)

(since νA is an isomorphism). Hence S′ = τA(S) by 12.23. By 12.15, there-
fore, S′ ∈ τ(S∞). Thus νA satisfies (i). Let M ′ = νA(M). We have
νA(α) = ρA(α) by (iii) and hence M ′ = νA(M) by 12.11. Thus νA satis-
fies (iv). Let P be the panel in R containing d such that f = µA(R, P ), let
P ′ = νA(P ) and let f ′ = νA(f). Thus d′ ∈ τR

A (P ) = P ′ and f ′ = µA′(R′, P ′).
In particular, f ′ is a face of S′. Since the panel P is in M , the panel P ′

is in νA(M) = M ′. Hence also f ′ is contained in M ′. By 12.8, τ(e) is also
contained in M ′, and by 12.15, τ(e) contains a face of S′ = τA(S). Since
only one face of S′ can be contained in M ′, we conclude that f ′ ∈ τ(e). Thus
νA satisfies (ii).

Suppose that ν̂A is another isomorphism from A to A′ satisfying (i) and
(ii). By 12.15, ν̂A(S) = τA(S) for all sectors S in A. This means that the
restriction of ν̂A to R ∩ A must equal τR

A for each gem R of ∆ cut by A.
Hence ν̂A = νA. �

Proposition 12.24. Let u be a chamber of ∆ and let A1 and A2 be two
apartments in A both containing u. Then νA1(u) = νA2(u) (where νA1 and
νA2 are as in 12.22).

Proof. We proceed in steps:

Step 1: Assume first that A1 ∩A2 is a root α. Let M = µ(α), let m = M∞

and let A′
i = τ(Ai) and α′

i = νAi
(α) for i = 1 and 2. By 12.10 and 12.22.iii,

µ(α′
1) = µ(α′

2) = τ(M), and by 12.6, (α′
1)

∞ = (α′
2)

∞ = τ(α∞). By 12.1,
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this means that α′
1 and α′

2 are two Am-rays of Tm in the same end and
having the same initial vertex. Thus α′

1 = α′
2.

Let R be a residue of ∆ cut by A such that R ∩ A ⊂ α, let α1 be the
unique root of A parallel to α that cuts R and let d be a chamber of R ∩α1

such that all the chambers of R ∩ A adjacent to d are also in α1. Let X
denote the set consisting of d and all the chambers of R ∩ A adjacent to d.
By 4.14, σA1(R, e) ⊂ α for every chamber e ∈ X . By 7.3, these sectors are
also sectors of A2. Let S be one of these sectors and let

S′
i = νAi

(S)

for i = 1 and 2. By 12.22.i, we have

(S′
1)

∞ = τ(S∞) = (S′
2)

∞,

and by 12.22.ii, the set of A′-asymptote classes containing faces of S′
1 is the

same as the set of A′-asymptote classes containing faces of S′
2. By 12.14, it

follows that S′
1 = S′

2. By 4.4, we conclude that νA1 and νA2 agree on the
set X . This implies that νA1 and νA2 are both σ-isomorphisms for the same
bijection σ from Π to Π′. Let φi be the restriction of νAi

to α for i = 1
and 2 and let φ denote the the composition φ−1

2 ◦ φ1. By the conclusion of
the previous paragraph, φ is a bijection from α to itself. The map φ fixes
the chamber d and for each vertex i of Π, two chambers of α are i-adjacent
if and only if their images under φ are i-adjacent. The root α is of course
connected and for each vertex i of Π, each chamber of α is i-adjacent to at
most one chamber of α. It follows that φ is the identity map. We conclude
that νA1 and νA2 agree on all of A1 ∩ A2.

Step 2: Let k0 denote the number of chambers in a root of ∆∞; by 29.45,
this is a constant. Let k denote the number of chambers of ∆∞

A contained in
A∞

1 ∩A∞
2 . Since apartments are convex, the intersection A1 ∩A2 is convex.

By 29.20, therefore, A1∩A2 is contained in a root α of A1. Hence A∞
1 ∩A∞

2 ⊂
α∞ and therefore k ≤ k0. Suppose that k = k0. Then A∞

1 ∩ A∞
2 = α∞. By

4.26, A1∩A2 is a root. Thus by Step 1, νA1 and νA2 agree on all of A1∩A2.

Step 3: Suppose that 0 < k < k0. By 29.55, we can choose an apartment
A3 ∈ A such that

(i) A∞
1 ∩ A∞

3 is a root of A∞
1 ;

(ii) A∞
1 ∩ A∞

2 ⊂ A∞
3 ; and

(iii) |A∞
1 ∩ A∞

2 | < |A∞
2 ∩ A∞

3 |.

By (i) and (iii),

|A∞
1 ∩ A∞

2 | < |A∞
i ∩ A∞

3 |

for both i = 1 and 2. By induction and Step 2, we can assume, therefore,
that νAi

and νA3 agree on Ai ∩ A3 for both i = 1 and i = 2. Therefore νA1

and νA2 agree on A1 ∩ A2 ∩ A3.
By (i) and 4.26, A1∩A3 is a root of A1 which we will call α. Let βi be the

root opposite α in Ai for i = 1 and 3. By (ii), A1 ∩A2 ∩A3 is not empty; let
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x be a chamber in this set. By (iii), we can choose a chamber y in A2 ∩ A3

not contained in A1. Thus x ∈ α and y ∈ β3. Let γ be a minimal gallery
from x to y. By 29.6, γ contains a panel {v, w} such that v ∈ α and w ∈ β3

(and hence w �∈ A1 since A1 ∩ A3 = α). Since x and y both lie in A2, also
v and w both lie in A2. Let P be the panel of ∆ containing {u, v}. Since
P ∈ µ(α), there exists a unique chamber p in P ∩ β1. Since v ∈ α, we have
p �= v. Since p ∈ A1, we have p �= w. Since A2 ∩ P = {v, w}, it follows that
p �∈ A2. Now let z be an arbitrary chamber in β1. By 29.6.i, there exists a
minimal gallery

γ1 = (z, . . . , p, v)

from z to v whose penultimate chamber is p. Since v ∈ A2 and p �∈ A2, it
follows that z �∈ A2. We conclude that A1 ∩ A2 ⊂ α ⊂ A3. Thus

A1 ∩ A2 ⊂ A1 ∩ A2 ∩ A3.

By the conclusion of the previous paragraph, therefore, the maps νA1 and
νA2 agree on A1 ∩ A2.

Step 4: Suppose that k = 0. Choose a gem R containing u and let S1 =
σA1(R, u). Let v be the unique chamber opposite u in R ∩ A2 and let S2 =
σA2(R, v). By 10.26, there exists an apartment A3 ∈ A containing S1 ∪ S2.
By Step 3, therefore, νA1 and νA3 agree on A1 ∩ A3 and νA2 and νA3 agree
on A2 ∩ A3. Since u ∈ A1 ∩ A2 ∩ A3, it follows that

νA1(u) = νA3(u) = νA2(u).

The proof of 12.24 is now complete. �

We can now conclude the proof of 12.3. For each chamber u of ∆, we
choose an apartment Au ∈ A containing u. Let

ρ(u) = νAu
(u)

for all u ∈ ∆. By 12.24, ρ is independent of the choice of the Au. Every
chamber of ∆′ lies in some element of A′. By 12.7, therefore, ρ is surjective.

Suppose that u and v are two chambers of ∆. By 8.4.i, there exists an
apartment A ∈ A containing both u and v. In fact, we can assume that
Au = Av = A. Since νA is an isomorphism from A to τ(A), we conclude
that ρ(u) and ρ(v) are adjacent if u and v are adjacent and that ρ(u) �= ρ(v)
if u �= v. This implies that ρ is an isomorphism from ∆ to ∆′. By 12.22.i,
ρ(S)∞ = τ(S∞) for all A-sectors S of ∆.

It remains only to prove the uniqueness of ρ. For this it suffices to show
that an automorphism of ∆ mapping A to itself that acts trivially on ∆∞

A is
the identity. Suppose that ω is such an automorphism of ∆. By 8.27, ω acts
trivially on A. By 10.36, it follows that ω maps each root contained in an
A-apartment to itself. Now let d be an arbitrary chamber of ∆. Then there
exists an A-apartment A containing d (by 8.4.i), and for each chamber e of
A adjacent to d, there exists a root of A containing d but not e (by 29.6.i).
By 29.6.ii, {d} is the intersection of these roots. Hence ω fixes d. �
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Remark 12.25. Let τ and ρ be as in 12.3. Let o be the special vertex of Π
used in the construction 8.9 of ∆∞

A . By 3.21 of [32], ρ is a σ-isomorphism for
some isomorphism σ from Π to Π′. Let o′ = σ(o). By 7.1, ρ maps o-special
sectors of ∆ to o′-special sectors of ∆′. By 8.12, we can assume that o′ is
the special vertex of Π′ used in the construction 8.9 of (∆′)∞A′ . By 8.8, it
follows that τ is a σo-isomorphism from Πo to Π′

o′ , where Πo and Π′
o′ are as

in 7.1 and σo is the restriction of σ to Πo.

The following observation makes it practical to check whether a given
isomorphism τ is tree-preserving.

Proposition 12.26. Let τ be an isomorphism from ∆∞
A to (∆′)∞A′ . Let X

be a set containing an arbitrary panel of ∆∞
A if Π has only single bonds and

let X = {F1, F2}, where F1 and F2 are two panels of ∆∞
A contained in the

two components of the graph Ω described in 29.51, if Π has multiple bonds.
Let W be a set of walls of ∆∞

A such that every F ∈ X is contained in m for
some m ∈ W . Suppose that

ωτ(F ) ◦ τ = ωF

for each panel F contained in X or that

ωτ(m) ◦ τ = ωm

for each wall in W . Then τ is tree-preserving.

Proof. Suppose m is a wall of ∆∞
A and that F is a panel in m. Thus τ(F ) is

a panel in the wall τ(m) of (∆′)∞A′ . Let ιm,F and ιτ(m),τ(F ) be as in 11.23.
Thus

(12.27) τ ◦ ιm,F ◦ τ−1 = ιτ(m),τ(F ).

By 11.24 and 12.1, we also have

(12.28) ωm ◦ ιm,F = ωF

and

(12.29) ωτ(m) ◦ ιτ(m),τ(F ) = ωτ(F ).

Hence

ωτ(m) ◦ τ ◦ ιm,F = ωτ(m) ◦ ιτ(m),τ(F ) ◦ τ

= ωτ(F ) ◦ τ

by 12.27 and 12.29. By 12.28, therefore, ωτ(m) ◦ τ = ωm if and only if
ωτ(F ) ◦ τ = ωF . By 29.51 and the hypothesis, it follows that τ is tree-
preserving. �

The following is a convenient reformulation of 12.3.

Theorem 12.30. Let

Aut(∆,A)

denote the subgroup of Aut(∆) mapping A to itself and for each element ρ of
this group, let ρ∗ be the automorphism of ∆∞

A induced by ρ. Then the map
ρ �→ ρ∗ is an isomorphism from Aut(∆,A) to the group of tree-preserving
automorphisms of ∆∞

A .
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Proof. Since an element ρ of Aut(∆,A) preserves the tree structure of ∆,
its image ρ∗ is tree-preserving. The claim holds, therefore, by 12.3. �

The following result will play a central role from now on.

Theorem 12.31. Suppose that the rank � of ∆∞
A is at least 2 and let G† be

the subgroup of Aut(∆∞
A ) generated by all the root groups of ∆∞

A (as defined
in 29.15). Then every element of G† is tree-preserving and thus (by 12.30)
every element of G† is induced by a unique element of Aut(∆,A).

Proof. Let A ∈ A, let a be a root of A∞, let ∂a be its border (as defined in
29.40) and let x be a chamber in a\∂a. Let X be a set of panels containing
x, one from each connected component of the graph Ω given by 29.51 applied
to ∆∞

A . The group Ua acts trivially on every panel containing a chamber in
a\∂a. By 12.26, it follows that every element of Ua is tree-preserving. �



Chapter Thirteen

The Moufang Property at Infinity

In the last chapter we saw (in 12.3) that a pair (∆,A) is uniquely determined
by its building at infinity ∆∞

A and its “tree structure.” In this chapter, we
introduce the assumption that the building at infinity ∆∞

A has the Moufang
property (defined in 29.15) and show how the tree structure of (∆,A) can
be translated into a valuation of the root datum of ∆∞

A as defined in 3.21.
Our main results are 13.30 and 13.31.

Definition 13.1. A Bruhat-Tits pair is a pair (∆,A) such that ∆ is a build-
ing whose Coxeter diagram (or type) is one of the affine Coxeter diagrams
X̃� in Figure 1.1 (which we call the type of the Bruhat-Tits pair), A is a
system of apartments of ∆ and the building at infinity ∆∞

A has the Moufang
property as defined in 29.15 (which requires, in particular, that the rank
� of ∆∞

A be at least 2). We call a building ∆ a Bruhat-Tits building if it
has a system of apartments A such that (∆,A) is a Bruhat-Tits pair. An
isomorphism from one Bruhat-Tits pair (∆,A) to another Bruhat-Tits pair
(∆′,A′) is an isomorphism from ∆ to ∆′ that maps A to A′.

If ∆ is an arbitrary affine building of type X̃� and A is a system of apartments
of ∆, then ∆∞

A is a building of type X� (by 8.26). By 11.3 and 29.15.i,
therefore, (∆,A) is automatically a Bruhat-Tits pair if � ≥ 3.

For the rest of this chapter, we assume that (∆,A) is a Bruhat-Tits pair
of type Π = X̃� and that A is an apartment in A. Let Σ = A∞, let Ξ be the
set of roots of Σ, let (G†, ξ) be the root datum of ∆∞

A based at Σ as defined
in 3.4 and let I be the vertex set of the Coxeter diagram Π.

By 12.31, we can identify G† with its pre-image in Aut(∆,A) under the
map ρ �→ ρ∗ described in 12.30. We are thus considering, in particular, each
root group Ua of ∆∞

A to be a subgroup of Aut(∆,A).

Proposition 13.2. Let a ∈ Ξ and let au = A ∩ Au for each u ∈ U∗
a . Then

for each u ∈ U∗
a , au is a root of A such that a∞

u = a on which u acts trivially.
In particular, each element of Ua is a special automorphism of ∆.

Proof. Let u ∈ U∗
a . We have (Au)∞ = (A∞)u and thus A∞ ∩ (Au)∞ = a

by 29.56. By 8.30, a = α∞ for some root α of A. This means (by 4.8) that
each sector contained in α contains subsectors contained in the intersection
au of A and Au. By 29.13, au is convex. Hence by 4.26, au is a root of A
parallel to α. Thus a∞

u = α∞.
It remains only to show that u acts trivially on au. Let R be a gem cut

by A such that R∩A ⊂ au, let β be the unique root of A parallel to au that
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cuts R ∩ A and let ∂β be the border of β as defined in 29.40. By 29.7.iv,
R∩β is a root of R∩A. By 6.13.i of [37], therefore, we can choose a chamber
x ∈ β∩R such that x and every chamber of R∩A adjacent to x are in β\∂β.
Let d be a chamber of R∩A equal to or adjacent to x and let e be a chamber
of R ∩ A adjacent to d. Then d and e are both in β. Let S = σA(R, d),
let S1 = σA(R, e), let P be the panel containing d and e, let f = µA(R, P )
and let F = f∞. By 11.1, F is the panel of ∆∞

A containing S∞ and S∞
1 .

By 4.11, S and S1 are both contained in β. Therefore S∞ and S∞
1 are both

contained in a = β∞. Since u ∈ Ua, it follows that u acts trivially on F (by
the definition of a root group). Thus u acts trivially on the set of AF -ends
of the panel tree (TF ,AF ) (by 12.1). Hence u acts trivially on TF itself (by
9.14). In particular, fu is a face asymptotic to f (as defined in 11.7). By
5.22, we conclude (since e is arbitrary) that Su = S. Hence u fixes the apex
d of S. We conclude that u fixes x and all the chambers of R∩A adjacent to
x. It follows, in particular, that u is a special automorphism of ∆. Therefore
u is a special isomorphism from A to Au that fixes the chamber x. By 29.34,
therefore, u acts trivially on au. �

Definition 13.3. Let a ∈ Ξ. For each residue E cut by A, let

Ua,E = {u ∈ Ua | Eu = E}.

Proposition 13.4. Let a ∈ Ξ and let E be a proper residue cut by A. Then
an element u ∈ U∗

a lies in Ua,E if and only if E∩au �= ∅ (where au and Ua,E

are as in 13.2 and 13.3).

Proof. Let u ∈ U∗
a , let bu be the root of A opposite au, let cu be the root of

Au opposite au and let A′ = bu ∪ cu. By 13.2, bu ∩ cu = ∅. Hence by 10.34,
A′ ∈ A.

By 13.2, u is special and acts trivially on au. Thus if E ∩ au �= ∅, then u
fixes chambers in E and hence u ∈ Ua,E. Suppose, conversely, that Eu = E.
Suppose as well that E ∩ A ⊂ bu. Then

E ∩ cu = Eu ∩ bu
u = (E ∩ bu)u = (E ∩ A)u,

so |E ∩ A′| = 2|E ∩ A|. Thus, in particular, |E ∩ A| �= |E ∩ A′|. This is
impossible by 29.18, however, since both E ∩ A and E ∩ A′ are apartments
of E (by 29.13.iv). Therefore E ∩ A �⊂ bu. Thus E ∩ au �= ∅. �

Proposition 13.5. Let a ∈ Ξ, let α be a root of A such that α∞ = a, let
P be a panel in the wall µ(α) and let Ua,P be as in 13.3. Then Ua,P acts
transitively on P\{x}, where x is the unique chamber in P ∩α. In particular,
there exists u ∈ U∗

a such that α = au.

Proof. Let y be the unique chamber of P ∩ A not in α and let z be an
arbitrary chamber of P\{x}. By 10.28, there exists an apartment A1 in A
containing α∪ {z}. By 8.27 and 29.15, there is an element u in Ua mapping
A to A1. By 13.2, u is special and acts trivially on au = A ∩ Au. Thus u
fixes x and maps P to itself. Since y is the unique chamber in A∩P distinct
from x and z is the unique chamber in A1 ∩ P distinct from x, we conclude
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that u maps y to z and, if y �= z, then y �∈ au. Thus if y �= z, then au = α
since α is the unique root of A containing x but not y (by 29.6.i). �

Definition 13.6. Let α be a root of A and let i �→ αi be the bijection from
Z to the parallel class [α] described in 1.3. Thus

· · · ⊂ α−2 ⊂ α−1 ⊂ α0 = α ⊂ α1 ⊂ α2 ⊂ α3 ⊂ · · · .

We set

dist(αi, αj) = j − i

for all i, j ∈ Z.

Proposition 13.7. Let α and β be parallel roots of A. Then the following
hold:

(i) dist(α, β) = −dist(β, α);
(ii) dist(α, β) = −dist(−α,−β) (where −α and −β are the roots of A

opposite α and β); and
(iii) dist(α, β) = dist(α, δ) + dist(δ, β) for all roots δ of A parallel to α.

Proof. These identities follow directly from 13.6. �

The following definition is fundamental.

Definition 13.8. Let R be a gem cut by A. For each a ∈ Ξ, let aR be the
unique root of A such that a∞

R = a and aR cuts R ∩ A, let u �→ au be the
map from U∗

a to the set of roots of A defined in 13.2 and let φa denote the
map from U∗

a to Z given by

φa(u) = dist(aR, au)

for each u ∈ U∗
a , where the map dist is as defined in 13.6. Note that by 13.5,

φa is surjective for each a ∈ Ξ. Let

φR = {φa | a ∈ Ξ}.

Proposition 13.9. Let R and φR = {φa | a ∈ Ξ} be as in 13.8, let a ∈ Ξ,
let m be the wall of a, let b be the root opposite a in Σ and let ωm be the
canonical valuation of the wall tree (Tm,Am) as defined in 9.9. We identify
the set of roots of ∆∞

A whose wall is m (which contains a and b) with the set
of Am-ends of Tm via the map ξm given in 10.38. Then

ωm(a, b, bu1 , bu2) = φa(u2) − φa(u1)

for all distinct elements u1, u2 ∈ U∗
a .

Proof. This holds by 9.9 and 13.8. �

Theorem 13.10. Let (∆′,A′) be another Bruhat-Tits building and let τ be
an isomorphism from ∆∞

A to (∆′)∞A′ . Let A′ be the unique apartment in A′

such that τ(A∞) = (A′)∞ and let Ξ′ denote the set of roots of A′. Let φR =
{φa | a ∈ Ξ} for some gem R of ∆ cut by A and let φR′ = {φa′ | a′ ∈ Ξ′}
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for some gem R′ of ∆′ cut by A′ be as in 13.8. Suppose that for each a ∈ Ξ,
there is a constant ca such that

(13.11) φa′(τuτ−1) = φa(u) + ca

for each u ∈ U∗
a , where a′ = τ(a) (so τUaτ−1 is the root group Ua′ of ∆′

A′).
Then there is a unique isomorphism ρ from ∆ to ∆′ mapping A to A′ such
that ρ(S)∞ = τ(S∞) for all A-sectors S of ∆.

Proof. Let α be a root of A, let β be its opposite, let M = µ(α), let m = M∞,
let a = α∞ and let b = β∞. Let u1, u2 be distinct elements of U∗

a and let
u′

i = τuiτ
−1 ∈ Ua′ for i = 1 and 2. By 13.9,

ωm(a, b, bu1 , bu2) = φa(u2) − φa(u1)

and

ωm′

(
a′, b′, (b′)u′

1 , (b′)u′

2
)

= φa′(u′
2) − φa′(u′

1),

where a′ = τ(a) and b′ = τ(b). By 13.11, therefore,

ωm(a, b, bu1 , bu2) = ωm′

(
a′, b′, (b′)u′

1 , (b′)u′

2
)

= ωm′

(
τ(a), τ(b), τ(bu1 ), τ(bu2)

)
.

By 12.31, ωm is Ua-invariant and ωm′ is Ua′-invariant. Since a is fixed by
Ua and a′ is fixed by Ua′ , it follows that

(13.12) ωm(a, bu1 , bu2 , bu3) = ωm′

(
τ(a), τ(bu1 ), τ(bu2 ), τ(bu3 )

)

for all triples u1, u2, u3 of distinct elements of U∗
a . Let (Tm)Am

denote the
set of Am-ends of the wall tree Tm, i.e. the set of roots of ∆∞

A having wall
m. For each c ∈ (Tm)Am

distinct from a, there is a unique apartment with
chamber set a ∪ c (by 29.48). By the Moufang property, it follows that

(Tm)Am
= {a} ∪ {bu | u ∈ Ua}.

Thus ωm and ωm′ ◦ τ agree on all 4-tuples of distinct elements of (Tm)Am

whose first coordinate is a. By 9.13, it follows that ωm = ωm′ ◦ τ .
Let Ω be the graph obtained by applying 29.51 to ∆∞

A and let x be a
chamber of A∞. By 29.51, there exist panels in each connected component
of Ω (of which there are at most two) all containing x. Thus the set of walls
W described in 12.26 can be chosen so that every wall in W is contained in
A∞. By 12.26, therefore, τ is tree-preserving. Thus the claim holds by 12.3.
�

Our next goal (which we reach in 13.30) is to show that for each gem R
of ∆ cut by A, the collection of maps

φR = {φa | a ∈ Ξ}

defined in 13.8 is a valuation of the root datum (G†, ξ) (as defined in 3.21).
The first step toward this goal is to introduce a root map ι of Σ (as defined
in 3.12). To do this, we need to return to the representation of the Coxeter
chamber system Σ̃Π in terms of a root system Φ and alcoves that was the
subject of Chapter 2:
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Notation 13.13. The Coxeter diagram Π of ∆ is one of the diagrams X̃�

in Figure 1.1. Let Φ be the root system X�, let V be its ambient space and
let Σ̃Φ be the chamber system introduced in 2.29. This chamber system is
isomorphic to ΣΠ and hence to A. We choose an isomorphism ψ from A to
Σ̃Φ, and from now on, we identify A with Σ̃Φ via ψ, so the chambers of A
are alcoves and the roots of A are identified with the sets Kα,k defined in
2.31. Let R be the gem cut by A such that R ∩ A corresponds under this
identification to the set of all alcoves whose closure contains 0 and let ΣΦ

be the Coxeter chamber system introduced in 2.9. By 2.10 and 2.13, the
roots of ΣΦ are the sets Kα for α ∈ Φ defined in 2.11. The chambers of ΣΦ

(i.e. the Weyl chambers of Φ) can be thought of as the sectors of A with
terminus R. By 8.23, there is an isomorphism π from Σ to ΣΦ such that

(13.14) π(σA(R, d)∞) = σA(R, d)

for each d ∈ R (where σA(R, d) is as defined in 7.4 and σA(R, d)∞ is as
defined in 8.17). We identify the roots of Σ with the parallel classes of roots
in A, i.e. the sets

{Kα,k | k ∈ Z},

via the bijection in 8.30.ii and let ι be the bijection from Ξ to Φ such that

ι
(
{Kα,k | k ∈ Z}

)
= α

for each α ∈ Φ. Then π(a) = Kι(a) for each a ∈ K. Thus ι is a root map
of Σ with target Φ as defined in 3.12. We now identify Ξ with Φ via ι and
apply 3.19: For each pair a, b of roots of A∞ (i.e. for each pair a, b of roots
in Φ) such that a �= ±b and for each c in the interval (a, b) as defined in 3.1,
there exist (by 3.19) unique positive real numbers pc and qc such that

(13.15) c = pca + qcb.

Suppose that Π is not simply laced. By 2.48, the identification of A with Σ̃Φ

is unique up to an element of TΦWΦ. Since TΦ acts trivially on Ξ, it follows
that ι is, up to equivalence as defined in 3.12, independent of the choice of
the isomorphism ψ from A to Σ̃Φ. By 3.14.ii, this is true also if Π is simply
laced. Thus, in particular, the coefficients pc in 13.15 are independent of the
choice of ψ (whether or not Π is simply laced).

We emphasize that it is the identification of Ξ with Φ via ι that allows us
to make sense of 13.15.

Remark 13.16. In 13.13 it appears that we imply that for a given root
system Φ there is a unique equivalence class of root maps of the apartment
Σ with target Φ, whereas in 3.14 we showed that there are, for certain choices
of Φ, two. We resolve this “paradox” as follows. The main point in 13.13
is that there is a canonical isomorphism π (given in 13.14) from A∞ to
ΣΦ. Since Σ equals A∞ in 13.13, we obtain from π a unique root map of
Σ satisfying 3.13. In 3.14, on the other hand, there is no affine building.
We could nevertheless introduce a Coxeter chamber system A of type Π̃ and
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define the isomorphism π from A∞ to ΣΦ as in 13.13, but to obtain from π
a root map of the Coxeter chamber system Σ with target Φ, we must first
choose an isomorphism from Σ to A∞ which we then compose with π to
obtain an isomorphism from Σ to ΣΦ. It is in the choice of this isomorphism
from Σ to A∞ that the possibility of more than one equivalence class of root
maps with target Φ arises.

Notation 13.17. Let a ∈ Φ and let φ = φR be as defined in 13.8, where R
is the gem chosen in 13.13. For a ∈ Ξ (i.e. for each a ∈ Φ), we extend φa to
Ua by setting φa(1) = ∞ and set

Ua,k = {u ∈ Ua | φa(u) ≥ k}

for each k ∈ R. Let k ∈ Z and let β be the unique root of A such that
β∞ = a and dist(aR, β) = k. By 13.2, Ua,k is the pointwise stabilizer in
Ua of β. Thus, in particular, Ua,k is a subgroup of Ua. In other words, φ
satisfies condition (V1) in 3.21.

Proposition 13.18. Let a ∈ Φ, let R and φ = φR be as in 13.17, let
u ∈ U∗

a and let au be as in 13.2. For each k ∈ Z, let Ka,k be as in 13.13,
so Ka,0 = aR (where aR is as defined in 13.8), and let Ua,k be as in 13.17.
Then the following hold:

(i) dist(Ka,0, Ka,−k) = k for all k ∈ Z.
(ii) au = Ka,−φa(u).
(iii) u ∈ U∗

a,k if and only if Ka,−k ⊂ au.

Proof. Let k ∈ Z. Then

Ka,0 ⊂ Ka,−1 ⊂ · · · ⊂ Ka,−k

if k ≥ 0 and

Ka,−k ⊂ Ka,−k−1 ⊂ · · · ⊂ Ka,0

if k < 0. By 13.6, therefore, (i) holds. By 13.8,

φa(u) = dist(Ka,0, au).

Therefore (ii) follows from (i). By (ii) and 13.17, (iii) holds. �

We show next that φ satisfies (V2) in 3.21. The proof we give is borrowed
from the Diplom-Arbeit of A. von Heydebreck [15].

Proposition 13.19. Suppose a and b are two roots of A∞ such that a �= ±b.
For each c ∈ (a, b), let pc and qc be as in 13.15. Then

[Ua,k, Ub,l] ⊂
∏

c∈(a,b)

Uc,pck+qcl

for all k, l ∈ Z (with the notation in 13.17).

Proof. Choose k, l ∈ Z. Let P = 〈a, b〉. Since a �= ±b, the subspace P of the
ambient space V of Φ is two-dimensional. We denote the closure of a subset
L of P by L̄. Let

(13.20) X = {v ∈ P | v · a > −k and v · b > −l}.
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Let

[a, b] = (a1, a2, . . . , as)

(so a1 = a and as = b). By 3.2.iii, we can assume that s > 2.
Let w ∈ [Ua,k, Ub,l]. By 13.2 and 13.18.iii, Ua,k and Ub,l act trivially on

the set

Ka,−k ∩ Kb,−l.

Hence w acts trivially on this set. By 3.2.iii again, there exists for each
i ∈ (1, s) an element gi ∈ Uai

such that

(13.21) w = g2 · · · gs−1.

Let

(13.22) mi = φai
(gi),

so Kai,−mi
is the set of chambers in A fixed by gi (by 13.2 and 13.18.ii), and

let

(13.23) Di = {v ∈ P | v · ai > −mi}

for each i ∈ (1, s). By 13.15, there exist integers ni such that

(13.24) X ⊂ {v ∈ P | v · ai > −ni}

for all i ∈ (1, s), where X is as in 13.20.
We claim that

(13.25) X ⊂ D2 ∩ · · · ∩ Ds−1.

Suppose that 13.25 is false. Let Φ̃ = Φ × Z (as in 2.16), let

Φ̃0 = {(c, p) ∈ Φ̃ | P ⊂ Hc,p},

where Hc,p is as defined in 2.17, and let Φ̃1 = Φ̃\Φ̃0. By 13.24 and some
plane geometry, there exists a point

u ∈ X ∩ D̄2 ∩ · · · ∩ D̄s−1

that is contained in Haj ,−mj
for some j ∈ (1, s) but not in Hc,p for any

(c, p) ∈ Φ̃1 distinct from (aj ,−mj). Let w be a point in V orthogonal to the

plane P such that w �∈ Hc,k for any (c, p) ∈ Φ̃0. Then there exists an ε > 0
such that the intersection of the ball in V centered at u+ w of radius ε with
the set {v ∈ V | v · aj < −mj} is contained in a single alcove d. This alcove
is not contained in the root Kaj,−mj

but it is contained in Ka,−k∩Kb,−l and
in Kai,−mi

for all i ∈ (1, s) different from j. Therefore d is fixed by w and
by gi for all i ∈ (1, s) different from j but not by gj. With this contradiction
(to 13.21), we conclude that 13.25 holds. Thus, in particular,

(13.26) x ∈ D̄2 ∩ · · · ∩ D̄s−1,

where x is the unique point in

(13.27) P ∩ Ha,k ∩ Hb,l.
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Let c = ai for some i ∈ (1, s) and let

M = pck + qcl,

where pc and qc are as in 13.15. By 13.23 and 13.26, we have x · c ≥ −mi.
Therefore

φc(gi) = mi by 13.22

≥ −x · (pca + qcb) by 13.15

= −pc(x · a) − qc(x · b)

= pck + qcl = M by 13.27,

and hence gi ∈ Uc,M by 13.17. �

Proposition 13.28. Let a be a root of Σ (i.e. a ∈ Ξ), let b denote the root
opposite a in Σ, let u ∈ U∗

a and let v, w be the unique elements of U∗
b such

that mΣ(u) = vuw, where mΣ is as defined in 3.8. Then

bv = bw = −(au),

where bv, bw and au are as defined in 13.2, −(au) is the root of A opposite
au and mΣ(u) interchanges au and −(au).

Proof. By 3.8, mΣ(u) interchanges a and b. In particular, mΣ(u) maps Σ to
itself. By 8.27, therefore, mΣ(u) maps A to itself. Let α be the image of the
root −(au) ∩ bv under the element u. By 13.2, the element v acts trivially
on the root bv and thus mΣ(u) maps −(au) ∩ bv to αw. Therefore αw is a
root of A parallel to au. Let β be the image of the root −(au) under the
element u. By 10.34 and 13.2, −(au)∪β is an A-apartment; we denote it by
A1. By 29.13.v, β and −(au) are opposite roots of A1, −(au) ∩ bw is a root
of A1 parallel to −(au) and α is a root of A1 parallel to β. Thus by 8.27,
A is the unique A-apartment containing −(au) ∩ bw and αw and A1 is the
unique A-apartment containing −(au) ∩ bw and α. Since w acts trivially on
−(au) ∩ bw, it follows that Aw

1 = A. Thus

A ∩ Aw−1

= A ∩ A1 = −(au).

Hence bw = bw−1 = −(au). Replacing u by u−1 in this argument, we con-
clude (by 3.9) that also bv = −(au). �

Proposition 13.29. Let φ = φR be as in 13.8 for some gem R cut by A.
Let a, b ∈ Ξ, let u ∈ U∗

a , let v be an element of U∗
b such that φb(v) = 0, let

sa denote the reflection of Σ that interchanges a and its opposite (as in 3.7)
and let

t = φsa(b)(v
mu),

where mu := mΣ(u) (as defined in 3.8). Then the following hold:

(i) φsa(b)(x
mu) = φb(x) + t for all x ∈ U∗

b . In particular, t is independent
of the choice of v.
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(ii) If a = b, then t = −2φa(u) and thus

φ−a(xmu) = φa(x) − 2φa(u)

for all x ∈ U∗
a .

Proof. Let x ∈ U∗
b , let y = xmu , let z = vmu and let c = sa(b). Thus

bmu
x = cy and bmu

v = cz (where bx, cy, etc. are as defined in 13.2). By
13.8 and the choice of v, we have bv = bR. Since mu preserves containment
among roots, it follows that

dist(cz, cy) = dist(bv, bx) = dist(bR, bx).

Therefore

φc(y) = dist(cR, cy) by 13.8

= dist(cz, cy) + dist(cR, cz) by 13.7.iii

= dist(bR, bx) + dist(cR, cz)

= φa(x) + φc(z)

= φa(x) + t.

Thus (i) holds.
Suppose now that b = a. Then c = sa(b) = −a, bv = aR and cR is the

opposite of aR in A, i.e. cR = −(aR). Thus

dist(−(au), cz) = dist(amu
u , bmu

v ) by 13.28

= dist(au, bv)

= −dist(aR, au) by 13.7.i

= −φa(u)

and

dist(cR,−(au)) = −dist(aR, au) = −φa(u)

by 13.7.ii. Hence

t = dist(cR, cz)

= dist(cR,−(au)) + dist(−(au), cz)

= −2φa(u)

by 13.7.iii. Thus (ii) holds. �

Theorem 13.30. Let (G†, ξ) be the root datum of ∆∞
A based at Σ (as defined

in 3.4), let R, ι and V be as in 13.13 and let φ = φR be as defined in 13.8.
Then the following hold:

(i) φ is a valuation of (G†, ξ) based at Σ with respect to the root map ι
of Σ.

(ii) If R1 is another gem cut by A and v is the center of R1 ∩A as defined
in 2.41 (modulo the identification of A with V ), then the valuation φR1

(as defined in 13.8) equals φ + v (as defined in 3.23).
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(iii) Every valuation of (G†, ξ) equipollent to φ is of the form φR1 for some
gem R1 cut by A.

Proof. It was observed in 13.8 that the map φa is surjective for each root a
of Σ and in 13.17 that the set φ satisfies condition (V1). The set φ satisfies
condition (V2) by 13.19 and conditions (V3) and (V4) by 13.29. Thus (i)
holds.

Let R1 be an arbitrary gem cut by A, let v be the center of R1 ∩ A, let
a ∈ Ξ and let aR and aR1 be as defined in 13.8. Then aR = Ka,0 and
aR1 = Ka,v·a (since v ∈ Ha,v·a). Thus dist(aR, aR1) = −v · a by 13.18.i and
hence

dist(aR1 , au) = dist(aR, au) + dist(aR1 , aR) by 13.7.iii

= dist(aR, au) + v · a by 13.7.i

for all u ∈ U∗
a . Therefore φR1 = φR + v by 13.10. Thus (ii) holds.

Suppose, conversely, that ψ := {ψa | a ∈ Ξ} is an arbitrary valuation of
(G†, ξ) that is equipollent to φ. By 3.23, there exists a special point v ∈ V
such that ψ = φ + v. By 2.42, there exists a gem R1 cut by A such that v
is the center of R1 ∩A. By (ii), it follows that ψ = φR1 . Thus (iii) holds. �

In light of 13.30, we can rephrase 13.10 as follows:

Theorem 13.31. Let (∆′,A′) be another Bruhat-Tits pair and let τ be an
isomorphism from ∆∞

A to (∆′)∞A′ . Let A′ be the unique apartment in A′ such
that τ(A∞) = (A′)∞ and let Ξ′ be the set of roots of A′. Let

φR = {φa | a ∈ Ξ}

for some gem R of ∆ cut by A and let

φR′ = {φa′ | a′ ∈ Ξ′}

for some gem R′ of ∆′ cut by A′ be as in 13.8. For each a ∈ Ξ, let

(13.32) ψa(u) = φτ(a)(τuτ−1)

for each u ∈ U∗
a and let

(13.33) ψ := {ψa | a ∈ Ξ}.

Then the following hold:

(i) ψ is a valuation of (G†, ξ) with respect to the root map ι defined in
13.13.

(ii) The valuations ψ and φR are equipollent to each other if and only if
there is an isomorphism ρ from ∆ to ∆′ mapping A to A′ such that
ρ(S)∞ = τ(S∞) for all A-sectors S of ∆.

Proof. Let ι be as in 13.13. By 13.30.i, φR is a valuation of the root datum
(G†, ξ) with respect to ι. By 11.23 of [37] and 3.21, it follows that ψ is also
a valuation of (G†, ξ) with respect to ι. Thus (i) holds. Suppose that ρ is an
isomorphism from ∆ to ∆′ mapping A to A′ such that ρ(S)∞ = τ(S∞) for
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all A-sectors S of ∆ and let R1 = ρ−1(R′). Then ψ equals the valuation φR1

of (G†, ξ) (as defined in 13.8). By 13.30.ii, it follows that ψ is equipollent to
φR. The converse holds by 13.10. Thus (ii) holds. �

Here is a slightly less formal reformulation of 13.31:

Theorem 13.34. Let (∆,A) be a Bruhat-Tits pair, let A ∈ A, let R be a
gem cut by A and let Σ = A∞. Then the pair (∆,A) is uniquely determined
by the root datum (G†, ξ) of ∆∞

A based at Σ and the equipollence class of the
valuation φ = φR defined in 13.8.

Proof. By 3.6, the pair (∆∞
A , Σ) is uniquely determined by the root datum

(G†, ξ). The claim holds, therefore, by 13.31. �
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Chapter Fourteen

Existence

In this chapter we are concerned with the existence part of the classification
of Bruhat-Tits buildings. Our main result is 14.47. Combining this existence
result with the uniqueness result 13.31, we obtain as a corollary (in 14.54)
one of our major conclusions: that Bruhat-Tits buildings are classified by
root data (of Moufang spherical buildings of rank � ≥ 2) with valuation (up
to equipollence).

This chapter is essentially a continuation of Chapter 3. We have included
it at this point so that we can make the link to 13.8 in 14.47.iii and to 13.31
in 14.54.

The results in this chapter were first proved in Chapters 5 and 6 of [6].1

Our plan is to prove 14.38 and then obtain 14.47 as a consequence. We
accomplish this in a series of steps.

Notation 14.1. Let ∆ be a spherical building whose Coxeter diagram Π
is one of the Coxeter diagrams X� in Figure 1.3 with � > 1, let Σ be an
apartment of ∆ and let Ξ denote the set of roots of Σ. We assume that ∆
satisfies the Moufang property and let (G†, ξ) be the root datum of ∆ based
at Σ as defined in 3.4. Let ι be a root map of Σ with target Φ (as defined in
3.12). This means that there is an isomorphism π from Σ to ΣΦ such that
3.13 holds. We identify Σ with ΣΦ via π and Ξ with Φ via ι. Finally, let

ψ := {ψa | a ∈ Φ}

be a valuation of the root datum (G†, ξ) with respect to ι as defined in 3.21.

Proposition 14.2. Let a ∈ Φ, let u ∈ U∗
a , let m = mΣ(u) be as defined in

3.8 and let k = −ψa(u). Then for each special point v of the ambient space
V of Φ (as defined in 2.26),

(ψ + v)m = ψ + sa,k(v),

where the expression on the left-hand side is as defined in 3.30 and sa,k is
the affine reflection of V defined in 2.17.

Proof. Let v be a special point of V . We have v · sa(b) = sa(sa(v) · b) =
sa(v) · b for all b ∈ Φ, where sa is the reflection of V interchanging a and −a.

1The result analogous to 14.47 for root data with a non-discrete valuation (as defined
in footnote 2 in Chapter 12) is proved in Chapter 7 of [6]. The proof of this analogous
result requires completely different methods.
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Therefore (by 3.23)

((ψ + v)m)b(x) = (ψ + v)sa(b)(x
m)

= ψsa(b)(x
m) + v · sa(b)

= (ψm)b(x) + sa(v) · b

for all x ∈ U∗
b and hence

(ψ + v)m = ψm + sa(v).

By 3.31, it follows that

(ψ + v)m = ψ + sa(v) − 2ψa(u)a/(a · a)

= ψ + sa,k(v).

�

Notation 14.3. Let

Na := 〈mΣ(u) | u ∈ U∗
a 〉

and

Ma := 〈mΣ(u)mΣ(v) | u, v ∈ U∗
a 〉

for each a ∈ Φ. Let N = 〈Na | a ∈ Φ〉 and M = 〈Ma | a ∈ Φ〉.

Since the group M defined in 14.3 acts trivially on Σ, it normalizes Ua for
each a ∈ Φ. (By 33.9 in [36], M is, in fact, the pointwise stabilizer of Σ in
G†.)

Proposition 14.4. There is a surjective homomorphism π from N to the
affine Coxeter group W̃Φ defined in 2.18 such that

π
(
mΣ(u)

)
= sa,k

for each a ∈ Φ and for each u ∈ U∗
a , where k = −ψa(u).

Proof. Let V0 denote the set of special points of V (as defined in 2.26) and
let

X = {ψ + v | v ∈ V0}.

The group W̃Φ acts faithfully on V0. By 14.2, therefore, there is a surjective
homomorphism g �→ τg from N to W̃Φ such that

(ψ + v)g = ψ + vτg

for each v ∈ V0 and each g ∈ N and τmΣ(u) = sa,−ψa(u) for each a ∈ Φ and
each u ∈ U∗

a .2 �

Notation 14.5. Let H denote the kernel of the homomorphism π described
in 14.4.

2See footnote 12 in Chapter 3.
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Proposition 14.6. Let L = 〈Ua, U−a〉 and let m = mΣ(u) for some a ∈ Φ
and some u ∈ U∗

a . Then

L = UaMam ∪ UaMaU−a,

where Ma is as in 14.3.

Proof. Let Q = UaMam ∪ UaMaU−a. By 3.8, m ∈ U∗
−aU∗

aU∗
−a ⊂ L and

hence Q ⊂ L. It will thus suffice to show that QL ⊂ Q. Since the element
m−2 is contained in Ma and normalizes U−a, we have Qm−2 ⊂ Q. By 3.8
again, we have Um

a = U−a. Hence L = 〈U−a, m〉 and QU−a ⊂ Q. Since
Qm−2 ⊂ Q, it therefore suffices to show that Qm ⊂ Q. We claim that, in
fact,

(14.7) UaMaU∗
−am ⊂ UaMaU∗

−a,

from which Qm ⊂ Q then follows.
Choose v ∈ U∗

−a. By one more application of 3.8, there exist elements
w, w′ ∈ U∗

a such that mΣ(v) = (w′)−1vw−1. By 11.24 in [37], mΣ(U∗
−a) =

mΣ(U∗
a ) and thus mΣ(v)m ∈ Ma. Hence

UaMavm = UaMaw′mΣ(v)w · m

= UaMaw′ · mΣ(v)m · wm

⊂ UaMaU∗
−a

since Ma normalizes Ua (so UaMaw′ ⊂ UaMa) and Um
a = U−a (so wm ∈

U∗
−a). Thus 14.7 holds as claimed. �

Proposition 14.8. Let a ∈ Φ, let u ∈ U∗
a , let v ∈ U∗

−a and suppose that

ψa(u) + ψ−a(v) > 0.

Then there exist u1 ∈ U∗
a , v1 ∈ U∗

−a and h ∈ H such that vu = u1hv1,
ψa(u1) = ψa(u) and ψ−a(v1) = ψ−a(v) (where H is as in 14.5).

Proof. Let m = mΣ(u). Suppose first that vu ∈ UaMam. Then there
exists u′ ∈ Ua such that u′vu ∈ mMa. Thus u′vu interchanges a and −a.
This implies that u′ �= 1 (since otherwise (−a)u′vu = (−a)u �= a). By
3.8, it follows that u′vu = mΣ(v). By 3.25, however, this implies that
ψa(u) + ψ−a(v) = 0. We conclude that vu �∈ UaMam. By 14.6, therefore,
vu ∈ UaMaU−a. Hence there exist elements u1 ∈ Ua, v1 ∈ U−a and h ∈ Ma

such that

(14.9) vu = u1hv1.

Since u and v are both non-trivial, we have av �= a and (−a)u �= −a by
29.15.v. Thus the product vu fixes neither a nor −a. Since h ∈ Ma, the
element h acts trivially on Σ. It follows that u1 and v1 are both non-trivial.
Let

(14.10) m1 = mΣ(v1).

By 3.8, there exist u2, u3 ∈ U∗
a such that m1 = u−1

3 v1u
−1
2 . By 3.25 and 3.29,

(14.11) ψa(u2) = −ψ−a(v1).
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We have v = (u1hv1)u
−1 by 14.9, hence

v = u1h(u3m1u2)u
−1

= (u1(u3)
h−1

)hm1(u2u
−1)

and therefore

hm1 =
(
(u−1

3 )h−1

u−1
1

)
v(uu−1

2 ) ∈ UavUa.

Since no element of Uav or vUa interchanges a and −a, we conclude that the
products u−1

1 ((u−1
3 ))h−1

and uu−1
2 are both non-trivial. Hence

(14.12) hm1 = mΣ(v)

(by 3.8) and thus (by 3.25 again)

(14.13) ψa(uu−1
2 ) = −ψ−a(v).

Therefore

ψa(u) − ψa(uu−1
2 ) = ψa(u) + ψ−a(v) > 0

(by hypothesis) and hence

(14.14) ψa(u) > min{ψa(uu−1
2 ), ψa(u2)}.

By condition (V1) (in 3.21) and 3.29, ψa satisfies the conditions (a) and (b)
in 9.18. By 9.18.i and 14.14, we thus have

(14.15) ψa(uu−1
2 ) = ψa(u2).

Therefore

ψ−a(v) = −ψa(u2) by 14.13 and 14.15

= ψ−a(v1) by 14.11.(14.16)

Replacing u by u−1 and v by v−1 and interchanging a and −a in this argu-
ment, we conclude (using 3.29) also that

ψa(u) = ψa(u1).

By 14.10 and 14.12,

h = hm1 · m
−1
1 = mΣ(v)mΣ(v1)

−1,

and by 14.5 and 14.16,

mΣ(v)mΣ(v1)
−1 ∈ H.

Hence h ∈ H . �

Definition 14.17. Let

[a, k] = {v ∈ V | v · a ≥ −k}

for each pair (a, k) ∈ Φ̃ := Φ × Z, let

Ωa = {[a, k] | k ∈ Z}
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for each a ∈ Φ and let

Ω =
⋃
a∈Φ

Ωa.

We identify each of the sets [a, k] with the set of alcoves it contains (as
defined in 2.19). With this interpretation, the elements of Ω are precisely
the roots of the Coxeter chamber system Σ̃Φ (by 2.30 and 2.33), [−a,−k] is
the root of Σ̃Φ opposite [a, k], i.e.

−[a, k] = [−a,−k],

the affine reflection sa,−k interchanges the roots [a, k] and [−a,−k] for each

(a, k) ∈ Φ̃ and the subsets Ωa for a ∈ Φ are precisely the parallel classes of
roots (by 2.34). For each α = [a, k] ∈ Ω, we set

Uα = Ua,k,

where Ua,k is as defined in condition (V1) (in 3.21), i.e.

(14.18) Ua,k = {u ∈ Ua | ψa(u) ≥ k},

where ψa(1) := ∞. Note, too, that [a, k] ⊂ [a, k + 1] for all (a, k) ∈ Φ̃.

Proposition 14.19. Let α = [a, k] ∈ Ω, where Ω is as in 14.17, let g ∈ N
and let

β = απ(g),

where π is as in 14.4. Then Ug
α = Uβ.

Proof. It suffices to assume that g = mΣ(u) for some b ∈ Φ and some u ∈ U∗
b .

Let l = ψb(u). Then

β = sb,−l(α) by 14.4

= sb,−l

(
{v | v · a ≥ −k}

)
by 14.17

= {v | sb,−l(v) · a ≥ −k} since s2
b,−l = 1

= {v |
(
sb(v) − 2lb/(b · b)

)
· a ≥ −k} by 2.17

= {v | sb(v) · a − 2l(b · a)/(b · b) ≥ −k}

= {v | sb(v) · sb

(
sb(a)

)
≥ −

(
k − 2l(b · a)/(b · b)

)
}

= {v | v · sb(a) ≥ −
(
k − 2l(b · a)/(b · b)

)
}

=
[
sb(a), k − 2l(b · a)/(b · b)

]
by 14.17,

and therefore

Ug
α = {z ∈ Usb(a) | ψa(zg−1

) ≥ k} by 14.18

= {z ∈ Usb(a) | (ψg−1

)sb(a)(z) ≥ k} by 3.30

= {z ∈ Usb(a) | ψsb(a)(z) − 2l(b · sb(a))/(b · b) ≥ k} by 3.40

= {z ∈ Usb(a) | ψsb(a)(z) − 2l
(
sb(−b) · sb(a)

)
/(b · b) ≥ k}

= {z ∈ Usb(a) | ψsb(a)(z) + 2l(b · a)/(b · b) ≥ k}

= Usb(a),k−2l(b·a)/(b·b) = Uβ

since sb is an isometry. �
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Corollary 14.20. Let H be as in 14.5 and let Ω be as in 14.17. Then H
normalizes Uα for each α ∈ Ω.

Proof. This follows directly from 14.19. �

Proposition 14.21. Let

Lα = 〈Uα, U−α, H〉

for some α = [a, k] ∈ Ω, where H is as in 14.5, −α = [−a,−k] and the
groups Uα and U−α are as in 14.18. Let m = mΣ(z) for some z ∈ U∗

a such
that k = ψa(z), let β = [−a,−k + 1] and let Uβ be as in 14.18. Then

Lα = (UαHmUα) ∪ (UαHUβ).

Proof. Let X = X1 ∪ X2, where

X1 = UαHmUα and X2 = UαHUβ .

By 3.25, we have

m ∈ U∗
−αU∗

αU∗
−α.

Since

(14.22) Uβ ⊂ U−α,

it follows that X ⊂ Lα.
By 14.19,

(14.23) Um
−α = Uα.

Thus, in particular, Lα = 〈H, Uα, m〉. To show that Lα ⊂ X , it thus suffices
to show that X is closed under right multiplication by H , Ua, m and m−1.
By 14.5 and 14.20, H normalizes Uα and Uβ and is normalized by m ∈ N .
It follows that XH ⊂ X .

Let u ∈ U∗
α and v ∈ U∗

β . Then ψa(u) ≥ k and ψ−a(v) ≥ −k + 1. By 14.8,

therefore, vu ∈ X2. Hence X2Ua ⊂ X2 and thus XUa ⊂ X . Since m−2 ∈ H
(by 14.5), we also have Xm−2 ⊂ X . It therefore remains only to show that
Xm ⊂ X .

We have

X2m = UαHUβm ⊂ UαHU−αm by 14.22

⊂ UαHmUα = X1 by 14.23

and

X1m = UαHmUαm = UαHUm
α = UαHU−α

(since m2 ∈ H). It will thus suffice to show that

(14.24) UαHU−α ⊂ X.

Let u ∈ U−α. If u ∈ Uβ, then UαHu ⊂ X2. Suppose that u �∈ Uβ .
Thus ψ−a(u) = −k. By 3.8 and 3.25, there exist v, v′ ∈ U∗

a such that
ψa(v) = ψa(v′) = k (so v and v′ are both contained in the subgroup Uα)
and mΣ(u) = vuv′. By 14.4, π(mΣ(u)) = s−a,k = sa,−k = π(m). By 14.5, it
follows that vuv′m−1 = mΣ(u)m−1 ∈ H . Hence u ∈ v−1Hm · (v′)−1 ⊂ X1.
Therefore UαHu ⊂ X1. Thus 14.24 holds. �
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Notation 14.25. Let {a1, . . . , a�} be a basis of Φ (as defined in 2.5), let ã
be the highest weight with respect to this basis and let

x = {v ∈ V | v · ai > 0 for all i ∈ [1, �] and v · ã < 1}.

By 2.20.ii, x is an alcove in V . For each a ∈ Φ, let [a, ka] be the minimal
element of the parallel class Ωa defined in 14.17 containing x. Thus for each
a ∈ Φ, [−a, k−a] is the root that contains −[a, ka] = [−a,−ka] minimally.3

In other words,

(14.26) ka + k−a = 1.

Let Xa = Ua,ka
for all a ∈ Φ and let

U(x) = 〈Xa | a ∈ Φ〉.

For each chamber d of the apartment Σ, let Φ+
d be the set of roots of Σ

(which we have identified with Φ) containing d, let Φ−
d be the complement

of Φ+
d in Φ and let

U(x)ε
d = 〈Xa | a ∈ Φε

d〉

for ε = ±.

Proposition 14.27. Let a, b be roots of Φ such that b �= ±a. Then (with
the notation in 14.25)

[Xa, Xb] ⊂
∏

c∈(a,b)

Xc,

where (a, b) is as in 3.1.

Proof. We have Xa = Ua,ka
and Xb = Ub,kb

. Choose a point v in the alcove
x defined in 14.25 and let c ∈ (a, b). Then a · v ≥ −ka and b · v ≥ −kb by
14.17 and 14.25. By 3.19, there exist positive real numbers p and q such
that c = pa + qb. Thus

v · c = v · (pa + qb) ≥ −(kap + kbq).

Since v is arbitrary, it follows that x ∈ [c, kap+kbq] and hence kc ≤ kap+kbq.
Thus Uc,kap+kbq ⊂ Uc,kc

= Xc by 14.25. The claim holds, therefore, by
condition (V2) in 3.21. �

Proposition 14.28. Let d be a chamber of Σ, let a be a root of Σ containing
d and let X ′

a denote the group generated by Xb for all b ∈ Φ+
d distinct from

a, where Xa and Φ+
d are as in 14.25. Then Xa normalizes X ′

a.

Proof. Choose b ∈ Φ+
d distinct from a. Since a and b both contain d, they are

not opposite (by 29.9.i). By 3.2.i, all the roots in the interval (a, b) contain
d. By 14.27, therefore, [Xa, Xb] ⊂ X ′

a. �

3Here are the details: Let α = [a, ka] for some a ∈ Φ and let β be the root containing
−α minimally. Then −β is contained properly in α. Hence x ∈ α but x �∈ −β. Therefore
x ∈ β but x �∈ −α. Thus β = [−a, k−a].
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Proposition 14.29. Let a be a root of Σ containing a chamber d but not
some chamber d′ of Σ adjacent to d. Then Ua ∩ U(x)+d = Xa.

Proof. Let u ∈ Ua ∩ U(x)+d . By 14.27, we have U(x)+d = XaX ′
a, where X ′

a

is as in 14.28. Thus u = ww′, where w ∈ Xa and w′ ∈ X ′
a. Let P be the

unique panel of ∆ that contains d and d′. By 29.14.iii and 29.15.v, Ua acts
faithfully on P . By 29.6.i, a is the only root of Σ that contains d but not
d′. In other words, every root in Φ+

d \{a} contains both d and d′. By the
definition of a root group in 29.15, it follows that Ub acts trivially on P for
each b ∈ Φ+

d \{a}. Thus w′ acts trivially on P . Therefore w−1u is an element
of Ua acting trivially on P . Hence u = w ∈ Xa. �

Proposition 14.30. The product (H ∩ U(x))U(x)−d U(x)+d is independent
of the choice of the chamber d of Σ (although neither U(x)+d nor U(x)−d is
independent of d).

Proof. Let H(x) = H ∩ U(x) and let d, d′ be two chambers of Σ. Since Σ is
connected, it will suffice to show that

H(x)U(x)−d U(x)+d = H(x)U(x)−d′U(x)+d′

under the assumption that d and d′ are adjacent.
By 29.6.i, there is a unique root a in Φ containing d but not d′. Then

Φ+
d′ = {−a} ∪ Φ+

d \{a}

and

Φ−
d′ = {a} ∪ Φ−

d \{−a}.

Let X ′
a be the group generated by {Xb | b ∈ Φ+

d \{a} = Φ+
d′\{−a}} and let

X ′
−a be the group generated by {Xb | b ∈ Φ−

d \{−a} = Φ−
d′\{a}}. By 14.28,

U(x)+d = XaX ′
a and U(x)−d = X ′

−aX−a as well as U(x)+d′ = X−aX ′
a and

U(x)−d′ = X ′
−aXa. By 14.8 and 14.26,

X−aXa ⊂ XaH(x)X−a.

Thus by 14.20, we conclude that

H(x)U(x)−d U(x)+d = H(x)X ′
−aX−a · XaX ′

a

= H(x)X ′
−aXa · X−aX ′

a

= H(x)U(x)−d′U(x)+d′ .

�

Corollary 14.31. Let d be a chamber of Σ. Then the following hold:

(i) There is a unique chamber e of Σ opposite d.
(ii) Φε

e = Φ−ε
d and hence U ε

d = U−ε
e for e as in (i) and for ε = ±.

(iii) (H ∩ U(x))U(x)−d U(x)+d = (H ∩ U(x))U(x)+d U(x)−d .

Proof. By 29.9.i and 29.9.iv, (i) and (ii) hold; (iii) follows from (ii) and 14.30.
�
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Proposition 14.32. Let d be a chamber of Σ, let e be as in 14.31.i, let u+

be an element of U(x)+d fixing e and let u− be an element of U(x)−d fixing d.
Then u+ = u− = 1.

Proof. By 29.14.ii, Σ is the unique apartment of ∆ containing both d and
e. Thus u+ maps Σ to itself. Since elements of root groups are special
automorphisms of ∆, it follows by 29.4 that, in fact, u+ acts trivially on Σ.
Let P be a panel containing d and let d′ be the unique chamber in P ∩ Σ
distinct from d. By 29.6.i, there is a unique root a in Φ+

d that does not
contain d′. Thus for each b ∈ Φ+

d \{a}, the root b contains both d and d′

and hence (by the definition of a root group in 29.15) the root group Ub

acts trivially on P . By 29.14.iii and 29.15.v, Ua acts sharply transitively on
P\{d}. Since u+ fixes d′, we conclude that u+ acts trivially on P . Since
P is arbitrary, it follows by 29.14.iv that u+ = 1. Replacing d by e in this
argument, we conclude (by 14.31.ii) that u− = 1. �

Proposition 14.33. The following hold (with the notation of 14.25):

(i) U(x) = (H ∩ U(x))U(x)−d U(x)+d for each chamber d of Σ.
(ii) N ∩ U(x) ⊂ H.
(iii) Ua ∩ (HU(x)) = Xa for all a ∈ Φ.

Proof. Let d be a chamber of Σ, let H(x) = H ∩ U(x) and let W =
H(x)U(x)−d U(x)+d . Then W ⊂ U(x) and WU(x)+d ⊂ W . By 14.31.iii,
also WU(x)−d ⊂ W . Hence WU(x) ⊂ W . Thus (i) holds.

Let g ∈ N ∩ U(x). Then g ∈ W , so g = hu−u+, where uε ∈ U(x)ε
d

for ε = ± and h ∈ H(x). Let e be as in 14.31.i. By 14.31.ii, hu− fixes e.
Since u+ fixes d, it maps e to a chamber opposite d in ∆ (by 29.14.i). Since
g ∈ N , we have eg ⊂ Σg = Σ. Thus eg is a chamber of Σ opposite d. By
the uniqueness of e, we conclude that eu+

= eg = e. By 14.32, therefore,
u+ = 1. Therefore u− = h−1g ∈ N is an element of U(x)−d mapping Σ to
itself. Since U(x)−d fixes e and contains only special automorphisms of ∆,
the element u− must act trivially on Σ. Hence also u− = 1 by 14.32. We
conclude that g = h ∈ H(x). Thus (ii) holds.

Now let g ∈ Ua ∩ (HU(x)) for some a ∈ Φ. Choose adjacent chambers
d, d′ ∈ Φ so that d lies in a but d′ does not. By (i), we have g = hu−u+,
where uε ∈ U(x)ε

d for ε = ± and h ∈ H . Since the elements g, h and u+ all
fix d, so does the element u−. Thus u− = 1 by 14.32. Hence h ∈ U(x)+d .
By 14.32 again, it follows that h = 1 (since h acts trivially on Σ). Thus
g ∈ Ua ∩ U(x)+d . By 14.29, we conclude that g ∈ Xa. Thus (iii) holds. �

Notation 14.34. Let {a1, . . . , a�} and ã be as in 14.25. For each a ∈
{a1, . . . , a�,−ã}, choose u ∈ U∗

a such that ψa(u) = ka, where ka is as in
14.25, and let ma = mΣ(u). Let

S = {mai
| i ∈ [1, �]}

and

S̃ = S ∪ {m−ã}.
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Notation 14.35. Let R be the residue of Σ̃Φ whose center is the origin and
let x be the chamber of R defined in 14.25. Let d denote the sector σ(R, x)
interpreted as a Weyl chamber (i.e. as a chamber of ΣΦ). Since we have
identified the apartment Σ of ∆ with the Coxeter chamber system ΣΦ (in
14.1), we can also think of d as a chamber of Σ. Thus d is contained in a
root a of Σ if and only if the Weyl chamber σ(R, x) is contained in the root
[a, 0] of ΣΦ. By 4.11 and 4.12.ii, σ(R, x) ⊂ [a, 0] if and only if x ∈ [a, 0].

Proposition 14.36. Let π be as in 14.4, let x be as in 14.25, let S and S̃
be as in 14.34 and let d be as in 14.35. Then the following hold:

(i) The map ma �→ dπ(ma) is a bijection from S to the set of Weyl cham-
bers adjacent to d in ΣΦ.

(ii) The map ma �→ xπ(ma) is a bijection from S̃ to the set of alcoves
adjacent to x in Σ̃Φ.

Proof. We have kai
= 0 and k−ã = 1. By 14.4, therefore, π(mai

) = sai
for

each i ∈ [1, �] and π(m−ã) = s−a,−1 = sa,1. The claims holds, therefore, by
2.8 and 2.28. �

The following fundamental definition is taken from Chapter IV, Section
2.1, of [3].4

Definition 14.37. A Tits system (or BN-pair) is a quadruple (G, B, N, S),
where G is a group, B and N are subgroups of G and S is a subset of N ,
satisfying the following conditions:

(T1) G = 〈B, N〉 and B ∩ N is a normal subgroup of N .
(T2) N = 〈S, B ∩ N〉 and s2 ∈ B for all s ∈ S.
(T3) BwBsB ⊂ BwB ∪ BwsB for all s ∈ S and all w ∈ W .
(T4) sBs �⊂ B for all s ∈ S.

The group W := N/N ∩B is often called the Weyl group of the Tits system
(G, B, N, S). By Theorem 2 in Chapter IV, Section 2.4, of [3], (W, S) is a
Coxeter system as defined in 29.4. The corresponding Coxeter diagram Π
is called the type of the Tits system (G, B, N, S). Thus a Tits system (or
BN-pair) is spherical if its type is spherical and affine if its type is affine.

Here is the result we have been aiming at:

Theorem 14.38. Let G† := 〈Ua | a ∈ Φ〉, let B̃ = HU(x), where H is as
defined in 14.5 and U(x) is as defined in 14.25. Let N be as in 14.3 and let
S̃ be as in 14.34. Then (G†, B̃, N, S̃) is a Tits system as defined in 14.37,
H = B̃ ∩ N and N/H ∼= W̃Φ.

Proof. By 14.5, H is a normal subgroup of N and N/H ∼= W̃Φ. By 14.33.ii,
B̃ ∩ N = H . Let ka for each a ∈ Φ be as in 14.25. Choose a ∈ Φ and

4In fact, we have written BwBsB and BwsB in place of BsBwB and BswB in (T3)
since we are composing permutations from left to right in this book. Note that the map
x �→ x−1 interchanges these two versions of (T3) since s2 ∈ B by (T2).
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u ∈ U∗
a , let k = ψa(u) and let [a, k] be as in 14.17. Then either x ∈ [a, k] or

x ∈ −[a, k] = [−a,−k]; i.e. k ≥ ka or k < ka. In the first case,

u ∈ Ua,k ⊂ Ua,ka
= Xa ⊂ U(x) ⊂ B̃,

and in the second, −k ≥ −ka + 1 = k−a by 14.26 and hence

umΣ(u) ∈ U−a,−k ⊂ U−a,k−a
= X−a ⊂ U(x) ⊂ B̃

by 14.19. Since mΣ(u) ∈ N , it follows that Ua ∈ 〈B̃, N〉. Since a is arbitrary,
we conclude that G† = 〈B̃, N〉. Thus (T1) holds.

By 14.36.ii, N = 〈S̃, H〉. Since B̃ ∩ N = H , in fact N = 〈S̃, B̃ ∩ N〉. For
each a ∈ Φ and each u ∈ U∗

a , the element mΣ(u)2 lies in H (by 14.5). Thus,
in particular, s2 ∈ H ⊂ B̃ for all s ∈ S̃. Thus (T2) holds.

We turn now to (T3). Let s ∈ S̃. Then s = ma for some

a ∈ {a1, . . . , a�,−ã},

where ma, a1, . . . , a� and ã are as in 14.34. Let d be a chamber of Σ contained
in a, let

X ′
a = 〈Xb | b ∈ Φ+

d \{a}〉

as in 14.28 and let α = [a, ka], so Xa = Uα. By 14.19, H normalizes Ub for
all b ∈ Φ. Thus

B̃ = HU(x) = HU(x)−d U(x)+d by 14.33.i

= U(x)+d U(x)−d H by 14.31.iii

= XaX ′
aU(x)−d H by 14.28.(14.39)

By 14.36.ii, y := xπ(s) is adjacent to x. By 14.17 and 14.34, π(s) interchanges
α and −α. Thus α contains x but not y. By 29.6.i, therefore, α is the unique
root of Σ̃Φ that contains x but not y. For each b ∈ Φ\{a}, the root [b, kb]
is distinct from α = [a, ka] and contains x. Therefore, y ∈ [b, kb] and hence
x ∈ [b, kb]

π(s) for all b ∈ Φ\{a}. Thus Xs
b ⊂ U(x) for each b ∈ Φ\{a} by

14.19. Since s normalizes H , we conclude that
(
X ′

aU(x)−d H
)s

⊂ B̃.

By 14.39, we therefore have

(14.40) B̃s ⊂ XaX ′
aU(x)−d Hs ⊂ XasB̃ = UαsB̃.

Let Lα = 〈Uα, U−α, H〉. Then s ∈ U∗
−αU∗

αU∗
−α ⊂ Lα (by 3.8) and therefore

(14.41) siUαsB̃ ⊂ LαB̃

for both i = 0 and 1.
Now choose w ∈ N . We have xπ(w) ∈ α or −α. Replacing w by ws if

necessary, we can assume that xπ(w) ∈ α as long as we remember at the end
to verify that (T3) holds for both s and w as well as s and ws. By 14.19

and 14.25, it follows that Uw−1

α ⊂ U(x) ⊂ B̃ and hence

(14.42) wUα ⊂ B̃w.
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Now let β = [−a,−ka + 1]. Then

(14.43) B̃wLα = B̃wUαHsUα ∪ B̃wUαHUβ

by 14.21. We also have

(14.44) Uβ ⊂ U(x) ⊂ B̃

(since β = [−a, k−a] by 14.26) as well as sH = Hs, HUα ⊂ B̃ and HUβ ⊂ B̃.
By 14.42 and 14.44, it follows that

B̃wUαHsUα = B̃wUαsHUα

⊂ B̃wsHUα

⊂ B̃wsB̃

and

B̃wUαHUβ ⊂ B̃wB̃.

Thus

(14.45) B̃wLα ⊂ B̃wsB̃ ∪ B̃wB̃

by 14.43. Hence

B̃wsiB̃sB̃ ⊂ B̃wsiUαsB̃ by 14.40

⊂ B̃wLαB̃ by 14.41

⊂ B̃wsB̃ ∪ B̃wB̃ by 14.45

for i = 0 and 1. Thus (T3) holds.
By 14.19, Us

α = U−α, where α and s are as in the previous paragraph.
Hence sUαs = s2U−α. By 14.33.iii,

U−a ∩ B̃ = X−a.

By 14.26, U−α �⊂ X−a. Therefore U−α �⊂ B̃. Thus sUαs �⊂ B̃ since s2 ∈
H ⊂ B̃. Hence (T4) holds. �

Before turning to our main theorem, we recall that in addition to the affine
Tits system

(G†, B̃, N, S̃),

we also have the usual spherical Tits system associated with the group G†

and the spherical building ∆:

Proposition 14.46. Let d be as in 14.35, let Φ+
d be as in 14.25, let

U+ = 〈Ua | a ∈ Φ+
d 〉,

let M and N be as in 14.3, let S be as in 14.34 and let B = MU+. We
interpret d as a chamber of Σ and hence a chamber of ∆. Then the following
hold:

(i) The subgroup B is the stabilizer of the chamber d in G†.
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(ii) (G†, B, N, S) is a Tits system with M = B ∩ N and N/M ∼= WΦ.5

Proof. By 11.35 in [37], B is the stabilizer of d in G†. Thus (i) holds. By
29.15.iii, therefore, (ii) holds. �

We come finally to the main result of this chapter.

Theorem 14.47. Let X̃� be one of the Coxeter diagrams in Figure 1.1 with
� ≥ 2, let Φ be the root system X�, let ∆ be a building of type X� satisfying
the Moufang condition,6 let G† be the subgroup of Aut(∆) generated by all
the root groups of ∆, let Σ be an apartment of ∆, let ι be a root map of Σ
with target Φ as defined in 3.12 and let

ψ := {ψa | a ∈ Φ}

be a valuation of the root datum (G†, ξ) with respect to ι as defined in 3.21.
Then there exists a Bruhat-Tits pair (∆aff ,A) of type X̃� such that the fol-
lowing hold:

(i) The group G† is a strongly transitive 7 subgroup of Aut◦(∆aff),8 the
group N defined in 14.3 is the setwise stabilizer in G† of an apartment
A in A and the group B defined in 14.38 is the stabilizer in G† of a
chamber of A.

(ii) A∞ = Σ and ∆aff
A

∼= ∆.
(iii) ψ = φR for some gem R cut by A, where φR is as defined in 13.8, and

ι is as described in 13.13.

Proof. Let (G†, B̃, N, S̃) be as in 14.38. By 5.3 in [25] and 14.38, there is a
building ∆aff of type X̃� such that G† is a subgroup of Aut◦(∆), B̃ is the
stabilizer of a chamber x in G†, N is the setwise stabilizer of an apartment
A containing x, s �→ xs is a bijection from S̃ to the set of chambers of A
adjacent to x, H = B̃ ∩ N is the stabilizer of x in N and G† acts strongly
transitively on ∆aff . Thus, in particular, (i) holds.

By 2.29, we have A ∼= Σ̃Φ. Since s2 ∈ B̃ for each s ∈ S̃, the elements of
S̃ are precisely the reflections of A interchanging x with a chamber adjacent
to x. This means that we can identify A with the Coxeter chamber system
Σ̃Φ so that x is as in 14.25 and for each g ∈ N , the action of g on A is the
same as the action of π(g) on Σ̃Φ. The sets [a, k] for (a, k) ∈ Φ̃ (as defined
in 14.17) are the roots of A and the sets [a, 0] for a ∈ Φ are the roots of
ΣΦ. In 14.1, we identified Σ with ΣΦ and Ξ with Φ. If we undo this second
identification, then ι is the map that sends the root [a, 0] of ΣΦ to a for each
a ∈ Φ. In other words, ι is precisely the root map described in 13.13.

5In other words, the affine Tits system (G†, B̃, N, S̃) is a double Tits system as defined
in 5.1.1 of [6].

6Thus X� denotes both a root system and a Coxeter diagram in the statement of 14.47.
7This means (1) that for each w in the Coxeter group W

X̃�
, the group G† acts transi-

tively on the set of ordered pairs of chambers (x, y) of ∆aff such that δ(x, y) = w, where
δ is as in 29.11, and (2) that the stabilizer in G† of some apartment acts transitively on
that apartment.

8This is the group of special automorphisms of ∆aff as defined in 29.2.
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Let α = [a, k] be a root of A and let β = αg−1

for some g ∈ N . By 14.19,
Uα ⊂ B̃g if and only if Uβ ⊂ B̃. By 14.33.iii, Uβ ⊂ B̃ if and only if Uβ ⊂ Xb,

where b = ag−1

and Xb is as in 14.25. By 14.25, Uβ ⊂ Xb if and only if

x ∈ β. Since B̃g is the stabilizer of xg in G†, we conclude that Uα fixes the
chamber xg if and only if x ∈ β, i.e. if and only if xg ∈ α. It follows that
the chambers of A fixed by Uα are precisely the chambers contained in α.
If u ∈ U∗

α, then A ∩ Au is therefore a convex subset of A (by 29.13.iii) that
contains α. Thus for each u ∈ U∗

α,

(14.48) A ∩ Au = [a, l]

for some l ≥ k by 29.20 and

(14.49) u acts trivially on [a, k].

Suppose that P is a panel cutting A such that P ∩ A ⊂ [a, l] and u fixes
one of the two chambers in P ∩ A. Then u maps P to itself (since it is a
special automorphism). By 14.48, it follows that u fixes both chambers in
P ∩ A. Since [a, l] is connected, it follows (by 14.49) that, in fact,

(14.50) u acts trivially on [a, l].

Let R be the gem of ∆aff cutting A such that the center of R ∩ A is the
origin and let Sx = σA(R, x). Thus Sx is a sector of A. We can also interpret
Sx, however, as a Weyl chamber of ΣΦ, in which case it is the Weyl chamber
we called d in 14.35. Since we have identified Σ with ΣΦ, we can also think
of d as a chamber of Σ. Let Φ+

d be as in 14.25 (so a ∈ Φ+
d if and only if

Sx ⊂ [a, 0]) and let U+ be as in 14.46. As we observed in 14.35, a ∈ Φ+
d if

and only if x ∈ [a, 0]. Thus if a ∈ Φ+
d and u ∈ Ua, then u fixes a subsector

of Sx by 4.12.i and 14.49. By 4.8, therefore, every element of U+ fixes a
subsector of Sx.

Let u ∈ U∗
a for some a ∈ Φ and suppose that Su

x is parallel to Sx. By 8.2,
it follows that Sx∩Su

x contains a subsector S′
x of Sx. By 14.48, A∩Au = [a, l]

for some l ∈ Z. Hence the subsector S′
x is contained in [a, l]. By 4.12.ii, it

follows that x ∈ [a, 0], i.e. a ∈ Φ+
d .

Let

A = {Ag | g ∈ G†}

and let G†
0 be the stabilizer of S∞

x in G†, where S∞
x denotes the set of A-

sectors parallel to Sx. (We will show below that A is a system of apartments;
note, however, that we do not yet know this.) By the conclusions of the
previous two paragraphs,

(14.51) Ua ⊂ G†
0 if and only if a ∈ Φ+

d .

In particular, U+ ⊂ G†
0. Let M be as in 14.3. Then M ⊂ N , so M maps

A to itself. By 3.10, M normalizes Ua for each a ∈ Φ. Choose a ∈ Φ. By
condition (V3) in 3.21, for each h ∈ M , there exists a constant t such that
φa(xh) = φa(x) + t for all x ∈ U∗

a . It follows that M maps every root of A
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to a parallel root, i.e. that M induces only translations on A. By 4.6, we
conclude that

(14.52) MU+ ⊂ G†
0.

By 14.46.i, MU+ is the stabilizer in G† of a chamber d of ∆. By 11.16 in
[37] and 14.52, it follows that G†

0 is the stabilizer in G† of a residue T of ∆

containing d. If T �= {d}, then G†
0 would contain Ua for each root a cutting

T . By 14.51, we conclude that T = {d}. Thus G†
0 = MU+; i.e. MU+ equals

the stabilizer of S∞
x in G†. There is thus a unique well-defined injection ρ

from the chamber set of ∆ to the set of parallel classes of A-sectors such
that

(14.53) ρ(dg) = (S∞
x )g

for all g ∈ G†. Since G† acts transitively on A, the map ρ is, in fact, a
bijection.

Let e be a chamber of ∆. Then ρ(eg) = ρ(e)g for all g ∈ G† and e ∈ Σ if
and only if e = dg for some g ∈ N . If S0 is an A-sector, then S∞

0 ∈ A∞ if
and only if (S0)

∞ = (Sx)g for some g ∈ N . It follows from these observations
that the image of Σ under ρ is A∞.

Since G† acts strongly transitively on ∆, A satisfies 8.4.i. Let S1 and S2

be two A-sectors of ∆aff and let ei = ρ−1(S∞
i ) for i = 1 and 2. By 29.13.ii,

e1 and e2 are contained in an apartment of ∆. By 29.15.iii, therefore, there
exists g ∈ G† such that eg

i ∈ Σ for i = 1 and 2. Hence

(S∞
i )g = ρ(ei)

g = ρ(eg
i ) ∈ ρ(Σ) = A∞

for i = 1 and 2. Therefore A satisfies 8.4.ii. Thus A is a system of apartments
of ∆.

Let S be as in 14.34. By 14.36.i, the map s �→ ds is a bijection from
the set S to the set of chambers of Σ adjacent to d and s �→ (S∞

x )s is a
bijection from the set S to the set of chambers of A∞ adjacent to S∞

x in
∆∞

A . It follows that the restriction of ρ to Σ is an isomorphism from Σ to
A∞. Hence the restriction of ρ to Σg is an isomorphism from Σg to (A∞)g

for all g ∈ G†. Since every two chambers of ∆ are contained in Σg for some
g (by 29.13.ii and 29.15.iii), it follows that ρ is an isomorphism from ∆ to
∆∞

A . Thus (ii) holds.
Now let u ∈ U∗

a for some a ∈ Φ, let k = ψa(u), let α = [a, k] and let
v, v′ be the elements of U∗

−a such that mΣ(u) = vuv′. By 3.25, φ−a(v) =
φ−a(v′) = −k. Thus u ∈ U∗

α and v, v ∈ U∗
−α. By 14.19, mΣ(u) maps α to

−α. Since mΣ(u) maps A to itself, it follows that mΣ(u) also maps −α to α.
In particular, mΣ(u) does not fix any chambers in A. By 14.49 applied to
U−α, both v and v′ act trivially on −α. By 14.48 and 14.50, A ∩Au = [a, l]
for some l ≥ k and u acts trivially on [a, l]. Thus any chamber contained in
[a, l]\[a, k] would be fixed by mΣ(u) since it would be fixed by v, u and v′.
Since we know that mΣ(u) does not fix any chambers in A, it follows that
l = k and hence A ∩ Au = [a, k]. Thus ψ and φR (as defined in 13.8) agree
at a. Since a is arbitrary, it follows that ψ = φR. Thus (iii) holds. �

We can now summarize our results as follows:
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Theorem 14.54. Let X̂� be one of the Coxeter diagrams in Figure 1.1 and
let Φ be the root system X�. Then Bruhat-Tits pairs (∆,A) of type X̃� (as
defined in 13.1) are classified by pairs

(
(G†, ξ), [φ]

)
, where (G†, ξ) is the root

datum belonging to a Moufang building of type X�, φ is a valuation of this root
datum with respect to a root map ι with target Φ and [φ] is its equipollence
class.

Proof. This holds by 13.31, where the correspondence

(∆,A) �

(
(G†, ξ), [φ]

)

is described explicitly, and 14.47. �



Chapter Fifteen

Partial Valuations

In 14.54, we concluded that Bruhat-Tits buildings are classified by root data
with valuation. Our principal goal for the rest of this book is to determine
when the root datum of a spherical building has a valuation. In this chapter,
we show (in 15.21) that it suffices to consider this question “locally” in the
sense spelled out in 15.1 and 15.4.

We adopt all the notation in 3.4, 3.5 and 3.12. In particular, ∆ is a
building satisfying the Moufang property whose Coxeter diagram Π is one
of the spherical diagrams X� in Figure 1.3 with � ≥ 2, Σ is an apartment
of ∆, Ξ is the set of roots of Σ, (G†, ξ) is the root datum of ∆ based at Σ,
d is a chamber of Σ, Ξ◦

d is the set of roots of Σ containing d but not some
panel of Σ containing d, Ξd is the set of roots of Σ containing d but not some
irreducible residue of rank 2 of Σ containing d and ι is a root map of Σ with
target Φ. Let I be the vertex set of Π.

Definition 15.1. A partial valuation of the root datum (G†, ξ) (with respect
to ι) based at d is a collection φ of maps φa from U∗

a onto Z, one for each
a ∈ Ξd, such that the following hold:

(i) For each a ∈ Ξ◦
d,

Ua,k := {u ∈ Ua | φa(u) ≥ k}

is a subgroup of Ua for each k ∈ R, where we assign to φa(1) the value
∞, so that 1 ∈ Ua,k for all k.

(ii) For all pairs a, b of distinct roots in Ξ◦
d and all pairs a1, b1 of distinct

roots in the interval [a, b],

[Ua1,k, Ub1,l] ⊂
∏

c∈(a1,b1)

Uc,pck+qcl

for all k, l ∈ R, where for each c ∈ (a1, b1), pc and qc are the unique
real numbers (which are positive by 3.19) such that c = pca1 + qcb1.

Note that the expression pca1 + qcb1 in 15.1.ii only makes sense because we
have fixed a root map ι.

Proposition 15.2. If φ is a partial valuation of (G†, ξ) based at d and
a ∈ Ξ◦

d, then

φa(u) = φa(u−1)

for all u ∈ U∗
a .
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Proof. The proof of 3.29 applies verbatim. �

Notation 15.3. Suppose that φ = {φa | a ∈ Ξd} is a partial valuation of
(G†, ξ) based at a chamber d of Σ. Let

U◦
a = {u ∈ U∗

a | φa(u) = 0}

and

Ha = 〈mΣ(u)mΣ(v) | u, v ∈ U◦
a 〉

for each a ∈ Ξd. Let

N0 = 〈mΣ(U◦
a ) | a ∈ Ξ◦

d〉

and let

H0 = 〈Ha | a ∈ Ξ◦
d〉.

As in 14.3, we set

Ma = 〈mΣ(u)mΣ(v) | u, v ∈ U∗
a 〉

for all a ∈ Ξ and M = 〈Ma | a ∈ Ξ〉.

Definition 15.4. Let φ be a partial valuation of the root datum (G†, ξ)
based at d as defined in 15.1 and let U◦

a be as in 15.3 for all a ∈ Ξd. We will
say that φ is viable if the following hold:

(i) For each ordered pair (a, b) of roots in Ξ◦
d (distinct or not), there exists

an element mb ∈ mΣ(U◦
b ) such that for each u ∈ U∗

b , the quantity

φa(xmbmΣ(u)) − φa(x)

is independent of the choice of x ∈ U∗
a ; moreover, this quantity equals

2φa(u) if a = b and it equals zero if φb(u) = 0 (whether or not a = b).
(ii) For each ordered pair (a, b) of roots in Ξ◦

d such that |[a, b]| ≥ 3, there
exists an element g ∈ mΣ(U◦

a ) such that

φcg (xg) = φc(x)

for all c ∈ (a, b] and all x ∈ U∗
c .1

Proposition 15.5. If φ = {φa | a ∈ Ξ} is a valuation of (G†, ξ) based at d
(as defined in 3.21), then the restriction

φ|Ξd
:= {φa | a ∈ Ξd}

of φ to the set Ξd is a viable partial valuation.

Proof. By conditions (V1) and (V2) in 3.21, φ|Ξd
is a partial valuation as

defined in 15.1. Let (a, b) be an ordered pair of roots in Ξ◦
d (distinct or not),

let u ∈ U∗
b and let mb ∈ mΣ(U◦

b ). By 3.44, φ is invariant under the action of
N0. Thus 15.4.ii holds. By two applications of condition (V3), the quantities

φa

(
xmbmΣ(u)

)
− φsb(a)(x

mb)

1Note that by 3.11, g maps the half-open interval (a, b ] to itself.
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and

φsb(a)(x
mb) − φa(x)

are independent of x. Hence the quantity

φa

(
xmbmΣ(u)

)
− φa(x)

is also independent of x. By 3.44, this quantity equals zero if φb(u) = 0.
Suppose that a = b, let x ∈ U∗

a and let v, v′ be the unique elements of U∗
−a

such that mΣ(u) = vuv′. Then

φa(xmamΣ(u)) = φa(xmamΣ(v)) by 3.26

= φ−a(xma) − 2φ−a(v) by (V4)

= φ−a(xma) + 2φa(u) by 3.25

= φa(x) + 2φa(u) since ma ∈ N0.

Thus 15.4.i holds. �

In 15.21, we will show, conversely, that every viable partial valuation of
(G†, ξ) has a unique extension to a valuation of (G†, ξ). We begin the proof
of this result with a series of preliminary observations.

Proposition 15.6. Let φ be a partial valuation of the root datum (G†, ξ)
based at d and suppose that φ is viable as defined in 15.4. Let (a, b) be an
ordered pair of roots in Ξ◦

d such that |[a, b]| = 4 and let

[a, b] = (a1, a2, a3, a4).

Let Ui = Uai
and φi = φai

for all i ∈ [1, 4]. Then there exists g ∈ mΣ(U◦
3 )

such that φ1(x
g) = φ1(x) for all x ∈ U1.

Proof. By 15.4.ii, there exist elements u ∈ mΣ(U◦
1 ) and v ∈ mΣ(U◦

4 ) such
that

(15.7) φ3(x
u) = φ3(x)

and

(15.8) φ1(x
v) = φ3(x)

for all x ∈ U∗
3 as well as

φ3(x
v) = φ1(x)

for all x ∈ U∗
1 . Let g = uv. Then

φ3(g) = φ3(u
v) = φ1(u) = 0,

so g ∈ mΣ(U◦
3 ) (by 11.23 in [37]), and

φ1(x
g) = φ1(x

v−1uv) = φ3(x
v−1u) by 15.8

= φ3(x
v−1

) by 15.7

= φ1(x) by 15.8

for all x ∈ U∗
1 . �
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Proposition 15.9. Let φ be a viable partial valuation of (G†, ξ) based at
d ∈ Σ, let M and H0 be as in 15.3. Then the following hold:

(i) φa(xh) = φa(x) for all a ∈ Ξ◦
d, all h ∈ H0 and all x ∈ U∗

a .
(ii) For all a ∈ Ξ◦

d and all h ∈ M , the quantity

φa(xh) − φa(x)

is independent of the choice of x ∈ U∗
a .

Proof. Let (a, b) be an ordered pair of roots in Ξ◦
d (distinct or not), let Hb

be as in 15.3 and let mb be as in 15.4.i. By 15.2, we have

Hb = 〈mbmΣ(u) | u ∈ U◦
b 〉.

By 15.4.i,

φa(xmbmΣ(u)) = φa(x)

for all u ∈ U◦
b and all x ∈ U∗

a . Thus (i) holds.
Let

M# = {g ∈ M | φa(xg) − φa(x) is independent of the choice of x ∈ Ua}.

If g, h ∈ M#, then gh ∈ M# since the quantity

φa(xgh) − φa(x)

is the sum of φa(xgh) − φa(xg) and φa(xg) − φa(x), both of which are
independent of the choice of x ∈ U∗

a , and g−1 ∈ M# since the quantity

φa(xg−1

) − φa(x) equals

φa(xg−1

) − φa

(
(xg−1

)g
)
,

which is also independent of the choice of x ∈ U∗
a . By 11.35 of [37], we have

M = 〈Mb | b ∈ Ξ◦
d〉,

where Mb for b ∈ Ξ is as in 15.3. By 15.4.i, therefore, Mb ⊂ M# for all
b ∈ Ξ◦

d. Therefore M = M#. Thus (ii) holds. �

Corollary 15.10. Let φ be a viable partial valuation of (G†, ξ) based at d.
Then the following stronger version of 15.4.i holds: For each ordered pair
(a, b) of roots in Ξ◦

d (distinct or not), for each mb ∈ mΣ(U◦
b ) and for each

u ∈ U∗
b , the quantity

φa(xmbmΣ(u)) − φa(x)

is independent of the choice of x ∈ U∗
a ; moreover, this quantity equals 2φa(u)

if a = b and it equals zero if φb(u) = 0 (whether or not a = b).

Proof. Let (a, b) be an ordered pair of roots in Ξ◦
d, let mb be as in 15.4.i, let

m′
b be an arbitrary element of mΣ(U◦

b ) and let h = m′
bm

−1
b . Then h ∈ H .

By 15.9.i,

φa(xm′

bmΣ(u)) − φa(x) = φa

(
(xh)mbmΣ(u)

)
− φa(xh)

for all u ∈ U∗
b and all x ∈ U∗

a . By 15.4.i, the quantity

φa

(
(xh)mbmΣ(u)

)
− φa(xh)

is independent of the choice of x, equals 2φa(u) if a = b and equals zero if
φb(u) = 0. �
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Proposition 15.11. Let φ, H0, N0, etc. be as in 15.3. Then N0 induces
the Coxeter group WΠ on Σ and the kernel of this action is H0.

Proof. By 3.10, the group N0 induces the Coxeter group WΠ on Σ and the
subgroup H0 acts trivially on Σ. We thus need to show only that the kernel
of the action of N0 on Σ is contained in H0.

Choose a ∈ Ξ◦
d, u ∈ U◦

a and h ∈ H0 and let m = mΣ(u). Then h−1

normalizes Ua (since H0 acts trivially on Σ) and mh−1

= mΣ(uh−1

) (by

11.23 of [37]), so mh−1

∈ mΣ(U◦
a ) by 15.9.i. We also have m−1 = mΣ(u−1)

by 3.9 and hence m−1mh−1

∈ Ha by 15.2. Therefore

hm = m−1hmh−1 · h

= m−1mh−1

· h

∈ HaH0 ⊂ H0.

We conclude that H0 is a normal subgroup of N0.
By 15.3, the image of an element in mΣ(U◦

a ) in N0/H0 is of order 2 (for
all a ∈ Ξ◦

d). By 11.28.ii of [37], it follows that for all pairs of distinct roots
a and b in Ξ◦

d, the image of

(mamb)
|[a,b]|

in N0/H0 is trivial for all ma ∈ mΣ(U∗
a ) and all mb ∈ mΣ(U∗

b ). Therefore
the quotient group N0/H0 is generated by elements satisfying the defining
relations of the Coxeter group WΠ. Thus N0/H0 is a homomorphic image of
WΠ. Since N0 induces the Coxeter group WΠ on Σ and H0 acts trivially on
Σ, it follows that, in fact, N0/H0

∼= WΠ and H0 is the kernel of the action
of N0 on Σ. �

Proposition 15.12. Let E be a residue of rank 2 containing d, let a and b
be the two roots in Ξ◦

d that cut E and suppose that |[a, b]| = 3 (equivalently,
|E| = 6). Then there exists an element g ∈ N0 rotating E and mapping a to
b such that φa(u) = φb(u

g) for all u ∈ U∗
a .

Proof. By 15.4.ii, there exist elements v ∈ mΣ(U◦
a ) and u ∈ mΣ(U◦

b ) such
that the product g := uv has the desired properties. �

Proposition 15.13. Let φ be a viable partial valuation of (G†, ξ) based at
d ∈ Σ, let a, b ∈ Ξ◦

d and suppose that a and b are in the same G†-orbit. Then
there exists an element g ∈ N0 mapping a to b (but not necessarily fixing d)
such that

φa(u) = φb(u
g)

for all u ∈ U∗
a .

Proof. Let y, z be the vertices of Π such that a = ay and b = az (where ay

and az are as in 3.5). By 29.52, there is a path from y to z in Π passing only
through edges of Π with label 3. The claim holds, therefore, by 15.12. �
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Proposition 15.14. Let φ be a viable partial valuation of (G†, ξ) based at
d ∈ Σ and let a ∈ Ξ◦

d. Then φa(ug) = φa(u) for all u ∈ U∗
a and all g ∈ N0

that map a to itself.

Proof. Choose g ∈ N0 mapping a to itself. Let e be the unique chamber of
Σ adjacent to d that is not in the root a, let x = dg and let y = eg. Since
d ∈ a and e �∈ a, we have x ∈ a and y �∈ a.

Suppose that d �= x. By 29.23, there exist residues E1, . . . , Ek of rank 2
in Σ for some k ≥ 1 such that the following hold:

(i) Ei∩Ei+1 is a panel {ui, u
′
i} with ui ∈ a and u′

i �∈ a for each i ∈ [1, k−1].
(ii) {ui, u

′
i} is opposite {ui−1, u

′
i−1} in Ei for each i ∈ [2, k − 1].

(iii) Either k = 1 and {d, e} is the panel of E1 opposite {x, y} or k ≥ 2,
{d, e} is the panel of E1 opposite {u1, u

′
1} and {uk−1, u

′
k−1} is the

panel of Ek opposite {x, y}.

We call a sequence E1, . . . , Ek satisfying (i)–(iii) an a-path from d to x and
we call k its length. We define the a-distance from d to x to be the length
of a shortest a-path from d to x if d �= x and 0 if d = x. We proceed now by
induction with respect to the a-distance from d to x.

Suppose first that the a-distance from d to x is 0. Then d = x. Hence
g ∈ H0 by 15.11 (since WΠ acts sharply transitively on Σ) and thus the
claim holds by 15.9.i.

Suppose now that the a-distance k from d to x is positive, let E1, . . . , Ek

be an a-path of length k from d to x and let ui, u
′
i be as in (i). Let u0 = d,

u′
0 = e, uk = x and u′

k = y. Let ni = |Ei|/2 for all i ∈ [1, k] and let ji

be the type of the panel {ui, u
′
i} for all i ∈ [0, k]. (Thus j0, j1, . . . , jk are

vertices of the Coxeter diagram Π.) The group N0 ⊂ G† is type-preserving.
Since g ∈ N0 maps {d, e} to {x, y}, we have j0 = jk. For all i ∈ [1, k], the
following hold:

(a) ji−1 = ji if ni is even.
(b) If ni = 3, then ji−1 and ji are joined by an edge of Π having label 3.
(c) If i < k and ni = ni+1 = 3, then ji−1 �= ji+1.

By (b) and (c), it is impossible that ni = 3 for all i ∈ [1, k] (since j0 = jk

and the Coxeter diagram Π is a tree).
Suppose that ni = 2 for some i ∈ [1, k]. Then ui−1, u

′
i−1, ui, u

′
i are all the

chambers in Ei. Let c be the root of Σ containing ui−1 but not ui. By 15.11,
there exists g̃ ∈ N0 mapping ui−1 to d. Let c̃ = cg̃. Then c̃ ∈ Ξ◦

d. Choose

ĝ ∈ mΣ(U◦
c̃ )g̃−1

. Thus ĝ ∈ N0 and, by 11.23 of [37], ĝ ∈ mΣ(U∗
c ), so, in

particular, ĝ interchanges ui−1 and ui. By 11.28.iii of [37], [mΣ(U∗
c ), Ua] = 1.

Hence

(15.15) [ĝ, Ua] = 1.

Since ĝ induces the reflection on Ei that interchanges ui−1 and ui, it maps
a to itself. Therefore

E1, . . . , Ei−1, E
ĝ
i+1, . . . , E

ĝ
k
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is an a-path from d to xĝ = dgĝ of length k − 1. Thus φa(ugĝ) = φa(u)
for all u ∈ U∗

a by induction and ugĝ = ug for all u ∈ Ua by 15.15. Hence
φa(ug) = φa(u) for all u ∈ U∗

a . We can thus assume that

(15.16) ni �= 2 for all i ∈ [1, k].

Suppose next that ni = 4 for some i ∈ [1, k]. Thus Π = B� or F4. Let γ
be the unique non-stuttering gallery from d to x = uk that goes from d to
u1 in E1 ∩ a, from u1 to u2 in E2 ∩ a, etc. By (a)–(c) and 15.16, the type of
γ is a palindrome,

(j0, j1, . . . , jk) = (jk, jk−1, . . . , j1),

k is odd, i = (k+1)/2 and nm = 3 for all m ∈ [1, k] distinct from i. By 15.11,
there is an element g0 ∈ N0 that maps Ei to itself and interchanges u(k−1)/2

and u(k+1)/2. Since the elements of N0 are special, the element g0 must
interchange the gallery γ with its inverse γ−1. In particular, it interchanges
ui and uk−i for all i ∈ [1, k− 1]. Since the product gg−1

0 fixes d, it lies in H0

(by 15.11 again). By 15.9.i, it suffices to show that φa(ug0) = φa(u) for all
u ∈ U◦

a . We can thus assume that g0 = g. In particular,

(15.17) ug
1 = uk−1

if k > 1.
Now suppose that k > 1. Then n1 = 3. Let b be the unique root in Ξ◦

d\{a}
that cuts E1. By 15.12, there exists h ∈ N0 that maps u1 to d as well as a
and b such that

(15.18) φa(u) = φb(u
h)

for all u ∈ U∗
a . Let g1 = gh. Then g1 maps b to itself, g1 ∈ N0,

dg1 = dh−1gh = ugh
1 = uh

k−1

(by 15.17) and

Eh
2 , . . . , Eh

k−1

is a b-path from d = uh
1 to uh

k−1 of length k − 2. Thus φb(u
g1) = φb(u) for

all u ∈ U∗
b by induction. Therefore

φa(ug) = φb(u
gh) = φb(u

hg1) = φb(u
h) = φa(u)

for all u ∈ U∗
a by two applications of 15.18.

Next suppose that k = 1, so n1 = 4, and let

(x0, x1, x2, x3)

be the minimal gallery in E1 from x0 = d to x3 = x. Let c be the root in Ξd

containing x1 but not x2. Thus if b is (as above) the unique root in Ξ◦
d\{a}

that cuts E1 and

[a, b] = (a1, a2, a3, a4),

then a = a1 and c = a3. By 15.6, there thus exists h ∈ mΣ(U◦
c ) such that

(15.19) φa(uh) = φa(u)
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for all u ∈ U∗
a . The element h induces the reflection on E1 that interchanges

x1 and x2. Thus gh−1 fixes d and hence lies in H0. By 15.9.i and 15.19, it
follows that φa(ug) = φa(u) for all u ∈ U∗

a . We can thus assume that ni > 4
for all i ∈ [1, k].

Hence Π = G2, k = 1 and n1 = 6. Let

(x0, x1, . . . , x5)

be the minimal gallery in E1 from x0 = d to x5 = x and let c be the root in
Ξd containing x2 but not x3. Choose h ∈ mΣ(U◦

c ). By 16.8 in [36], the root
groups corresponding to two orthogonal roots commute elementwise. Thus,
in particular, [Ua, Uc] = [Ua, U−c] = 1, so

(15.20) [Ua, h] = 1

by 3.8. Thus φa(uh) = φa(u) for all u ∈ U∗
a . Since h induces the reflection

on E1 that interchanges x2 and x3, the product gh−1 fixes d and hence lies
in H0 (by 15.11). By 15.9.i and 15.20, it follows that φa(ug) = φa(u) for all
u ∈ U∗

a . �

We can now prove the main result of this chapter:

Theorem 15.21. Every viable partial valuation of (G†, ξ) (as defined in
15.1 and 15.4) extends to a unique valuation of (G†, ξ).

Proof. Let φ be a viable partial valuation of (G†, ξ) based at d. Let b be an
arbitrary root of Σ, let ∂b be the border of b as defined in 29.40 and choose
x ∈ ∂b. By 15.11, there exists g ∈ N0 mapping x to d. Let a = bg (so a ∈ Ξ◦

d)
and let ψb(u) = φa(ug) for all u ∈ U∗

b . We claim that ψb is independent of
the choice of x and g and that ψb = φb if b ∈ Ξd.

Suppose that g1 is another element of N0 mapping x to d (so bg1 = a since
g1 is special) and let h = g−1g1. By 15.11, h ∈ H0. By 15.9.i, therefore,
φa(ug1) = φa(ugh) = φa(ug) for all u ∈ U∗

b . Thus ψb is independent of the
choice of g.

We now show that ψb is independent of the choice of x. Suppose that y
is another chamber in ∂b. Let z = yg. By 15.11, there exists an element
g′ ∈ N0 mapping z to d. Let c = ag′

. Since gg′ maps y to d and b to c,
we have c ∈ Ξ◦

d. Thus a and c are two roots in Ξ◦
d such that Ua and Uc

are conjugate. By 15.13, there exists an element ĝ ∈ N0 mapping c to a
such that φc(u) = φa(uĝ) for all u ∈ U∗

c . By 15.14, φa(ug′ĝ) = φa(u) for all
u ∈ U∗

a . Therefore

φa(ug) = φa(ugg′ ĝ) = φc(u
gg′

)

for all u ∈ U∗
b . Thus ψb is independent of the choice of x.

Next suppose that b ∈ Ξd. If b ∈ Ξ◦
d, then we can choose x = d and

g = 1 to conclude that ψb = φb. Suppose that b �∈ Ξ◦
d. By 3.5, there is an

irreducible rank 2 residue E containing d and cut by b. By 15.4.ii, we can
choose a chamber x ∈ ∂b and an element g ∈ N0 that maps E to itself and
x to d such that φb(u) = φa(ug) for all u ∈ U∗

b , where a = bg. Thus ψb = φb
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also in this case. We conclude that ψ := {ψa | a ∈ Ξ} is an extension of φ.
Moreover, ψ is N0-invariant in the sense that ψb(u) = ψa(ug) for all a ∈ Ξ,
all g ∈ N0 and all u ∈ U∗

b , where b = ag.
We now show that ψ satisfies the conditions (V1)–(V4). Let a, b be two

roots of Σ that are not opposite each other. By 29.25, there exists a residue
E of rank 2 cut by both a and b. By 15.11, there exists g ∈ N0 mapping the
unique chamber in ∂a ∩ b ∩ E to d. Let a′ = ag and b′ = bg. Then a′ ∈ Ξ◦

d,
and by 3.5, there exists c′ ∈ Ξd such that b′ ∈ [a′, c′]. Since ψ extends φ
and is N0-invariant, it follows by 15.1 that ψ satisfies the conditions (V1)
and (V2) and that to check that conditions (V3) and (V4) hold, it suffices
to verify that they hold when a ∈ Ξ◦

d and b ∈ [a, c] for some c ∈ Ξ◦
d.

Let a, c ∈ Ξ◦
d and let b ∈ [a, c]. Let mb be as in 15.4.i if a = b; otherwise

let mb be an arbitrary element of mΣ(U◦
b ). Choose u ∈ U∗

b . By 15.9.ii,

(15.22) t := φa(xmbmΣ(u−1)) − φa(x)

is independent of the choice of x ∈ U∗
a , and by 15.2 and 15.4.i, t = 2φa(u) if

a = b. By 15.22, also

φa(x(mbmΣ(u−1))−1

) − φa(x) = −t

for all x ∈ U∗
a . By 3.9 and the N0-invariance of ψ, we thus have

ψsb(a)(x
mΣ(u)) = ψa(xmΣ(u)m−1

b )

= ψa(x) − t

for all x ∈ U∗
a . Thus conditions (V3) and (V4) hold. We conclude that ψ is

a valuation of (G†, ξ). Uniqueness holds by 3.18 and 3.41.ii. �

We conclude this chapter with one more observation about partial valua-
tions (in 15.25).

Definition 15.23. Let (x, y) be an edge of Π, let

[ax, ay] = (a1, a2, . . . , an)

(as defined in 3.1 and 3.5) and let Ui = Uai
for all i ∈ [1, n]. By 3.2.iii and

3.2.iv, every element in [U1, Un] can be written uniquely as an element in
U2 · · ·Un−1. If

[z1, zn] = z2 · · · zn−1

with zi ∈ Ui for all i ∈ [1, n], we call zi the ai-component of [z1, zn] and
denote it by

[z1, zn]ai
.

Thus [z1, zn]ai
is the same as [z1, zn]i as defined in 5.10 of [36].

Definition 15.24. Let φ be a partial valuation of (G†, ξ), let a = ax and
b = ay for some edge {x, y} of Π and let c ∈ (a, b). We will say that φ is



156 CHAPTER 15

exact at (a, b, c) if there exist positive real numbers e and f depending only
on the ordered triple (a, b, c) such that

φc([w, u]c) = eφa(w) + fφb(u)

for all w ∈ U∗
a and all u ∈ U∗

b , where [w, u]c is as in 15.23. We call the
ordered pair (e, f) the (a, b)-coefficient of φ at c. We call φ exact if it is
exact at (ax, ay, c) for all directed edges (x, y) of Π and all c ∈ (ax, ay).

It turns out that all viable partial valuations are, in fact, exact. We give an
explanation of this observation in 18.32.

The following result will be used in the verification that a given partial
valuation satisfies 15.4.i for a = b.2

Proposition 15.25. Let a = ax and b = ay for some directed edge (x, y)
of Π, let c ∈ (a, b), let mb ∈ mΣ(U◦

b ) and let φ be a partial valuation of
(G†, ξ) based at d. Suppose that φ is exact at (a, b, c) and let (e, f) be the
(a, b)-coefficient of φ at c (as defined in 15.24). Suppose, too, that for all
u ∈ U∗

b ,

(i) ψa(u) := φa(wmbmΣ(u))−φa(w) is independent of the choice of w ∈ U∗
a ,

(ii) ψc(u) := φc(w
mbmΣ(u))−φc(w) is independent of the choice of w ∈ U∗

c

and
(iii) ψc(u) = eψa(u) + 2fφb(u).

Then

φb(v
mbmΣ(u)) − φb(v) = 2φb(u)

for all u, v ∈ U∗
b .

Proof. Choose w ∈ U∗
a and u, v ∈ U∗

b and let h = mbmΣ(u) and y = [w, v]c.
Since h acts trivially on Σ, it normalizes all the root groups corresponding
to roots of Σ. Hence yh = [wh, vw]c. By 15.24, therefore,

(15.26) φc(y) = eφa(w) + fφb(v)

and

φc(y
h) = eφa(wh) + fφb(v

h).

By (i) and (ii), it follows from this last equation that

φc(y) + ψc(u) = e
(
φa(w) + ψa(u)

)
+ fφb(v

h).

Thus by 15.26,

fφb(v) + ψc(u) = eψa(u) + fφb(v
h)

2In fact, verification of 15.4.i for a = b can also be accomplished more directly using
formulas for the expression

xmbmΣ(u)

for x, u ∈ U∗
b

like the ones in 30.36 except when the root datum is the root datum of an
exceptional quadrangle of type E6, E7 or E8. In these exceptional cases, there are also
formulas for this expression, but they are complicated and do not seem to allow a direct
verification of 15.4.i, whereas this task is easily accomplished using 15.25.
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and hence

f
(
φb(v

h) − φb(v)
)

= ψc(u) − eψa(u).

By (iii), we conclude that

φb(v
h) − φb(v) = 2φb(u)

since f �= 0 by 15.24. �
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Chapter Sixteen

Bruhat-Tits Theory

We continue to adopt all the notation in 3.4 and 3.12. In particular, ∆ is
a building whose Coxeter diagram Π is one of the spherical diagrams X� in
Figure 1.3 with � ≥ 2, ∆ satisfies the Moufang property, Σ is an apartment
of ∆, (G†, ξ) is the root datum of ∆ based at Σ and ι is a root map of Σ
with target Φ.

From now on, we rely on the classification of Moufang spherical buildings
([32] and [36]). More precisely, we rely on the description of the root data
of Moufang spherical buildings as summarized in 30.14.1

In each case of 30.14, the letter K denotes a field or a skew field2 (or in
three exotic cases3 an octonion division algebra) over which the root datum
(G†, ξ) of ∆ is “defined.”4 In 16.4, we show that if the root datum (G†, ξ)
has a valuation φ, then for at least one root a of Σ, the root group Ua is
isomorphic to the additive group of K (except in a few cases in which this
statement must be suitably modified) and φa is given by a discrete valuation
of K (as defined in 9.17). By Bruhat-Tits theory, we mean the complex of
results that describe, conversely, the conditions under which a single such
φa determined by a discrete valuation ν of K extends to a valuation of the
root datum (G†, ξ).

In 16.14.i, we show that the answer is “always” if Π is simply laced5 and
in 16.14.ii, we reduce the problem for Π not simply laced to the rank 2
case, i.e. to the case that the root datum (G†, ξ) is the root datum of a
Moufang n-gon for n = 4 or 6. In Chapters 19–25 we give necessary and
sufficient conditions for the existence of an extension of φa for each of the
seven families of Moufang quadrangles and hexagons.

Conventions 16.1. The building ∆ is linked to one of the root group la-
belings ζ of Π described in 30.14. Without loss of generality, we can assume

1At this point the reader should read 30.1–30.15 and take a careful look at the notation
in 30.8 and 30.15. See also Figure 27.1.

2The cases of 30.14 in which K can be a skew field are (i), (iv), (v) and (vii); in cases
(iv), (v) and (vii), K must, in fact, be non-commutative unless (K, K0, σ) is a quadratic
involutory set of type (ii) or (iii) as defined in 30.21.

3The Moufang spherical buildings (of rank � ≥ 2) determined by an octonion division
algebra K are A2(K), CI

3 (K, F, σ) and F4(K, F ), where F denotes the center of K and σ
its standard involution, i.e. the standard involution of the composition algebra (K, F ) as
defined in 30.17. These are cases (ii) and (vi) and one part of case (xiii) in 30.14.

4See 30.15 and 30.29.
5This allows us (in 16.18) to complete the classification of Bruhat-Tits buildings whose

Coxeter diagram is simply laced.
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from now on that (∆, Σ, d) is, in fact, the canonical realization of the pair
(Π, ζ) as defined in 30.15. Thus, in particular,

∆ = X
∗
� (Λ)

for some parameter system Λ (as defined in 30.15), where Π = X�. Let K be
the defining field of ∆ as defined in 30.15 (so K is, in fact, a field or a skew
field or an octonion division algebra.)

Notation 16.2. Let (x, y) be a directed edge of Π with label n and let

Ωxy = (U
(e)
+ , Ua1 , Ua2 , . . . , Uan

)

be as in 30.1. By 16.1, Ωxy is as in one of the cases (i)–(viii) of 30.8. In the
corresponding case 16.1–16.8 of [36] there is a parameter group Λi and an
isomorphism xi from Λi to Ui = Uai

. For each a ∈ [ax, ay], we set Λa = Λi

and xa = xi, where i is the index in [1, n] such that a = ai. Since (x, y)
is arbitrary, the group Λa and the isomorphism xa are thus defined for all
a ∈ Ξd; note that by 30.13.ii, Λa and xa are independent of the choice of
(x, y) if a ∈ Ξ◦

d.
6

Thus Λa = K (i.e. the additive group of K) for all a ∈ Ξd if Π is simply laced.
Suppose, as an example, that ∆ = B

Q
2 (Λ) for some anisotropic quadratic

space Λ = (K, L, q) (as defined in 30.15). Let (u, v) be the directed edge of
Π defined in 30.11 and let [au, av] = (a1, a2, a3, a4). Then Λai

= K for i = 1
and 3 and Λai

= L for i = 2 and 4 (by 16.3 in [36]) and Λa = K for all
a ∈ Ξd not in the interval [au, av].

Notation 16.3. If Π is simply laced, let x be an arbitrary vertex of Π. If Π
is not simply laced, let (u, v) be as in 30.11 and then let x = v in case (xiv)
of 30.14 and let x = u in every other case. We set a = ax (as defined in 3.5)
and let Λa and xa be as defined in 16.2. Thus either Λa = K or � = 2 and
one of the following holds:

(i) Λ = (K, L, q) is a quadratic space of type E6, E7 or E8 (as defined in
12.31 of [36]), Λa is the group S defined in 16.6 of [36] and X

∗
� = B

E
2 .

(ii) Λ = (K, L, q) is a quadratic space of type F4 (as defined in 14.1 of
[36]), Λa is the group W0 ⊕ K defined in 16.7 of [36] and X∗

� = BF
2 .

(iii) Λ = (K, K0, L0) is an indifferent set (as defined in 10.1 of [36]), Λa is
the group K0 and X∗

� = BD
2 .

In the next result, we show that every valuation of the root datum (G†, ξ)
is an extension, in some sense, of a valuation of the defining field K.

Theorem 16.4. Let ψ be a valuation of the root datum (G†, ξ) and let a,
xa and Λa be as in 16.3. Then there exists a valuation ν of K, a valuation
φ of (G†, ξ) equipollent to ψ and, in cases (i)–(iii) of 16.3, a positive integer
δ such that one of the following holds:

6Notice that now x is a vertex of Π, xa denotes an isomorphism from the group Λa

to Ua, ax denotes a root of Σ (defined in 3.5) and au for u ∈ U∗
a denotes a certain root

of an affine apartment (defined in 13.2). We hope that this notation is not causing any
unnecessary confusion.
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(i) φa(xa(0, t)) = δν(t) for all t ∈ K∗ in cases 16.3.i and 16.3.ii.7

(ii) φa(xa(t)) = ν(t)/δ for all t ∈ K∗
0 and δ = 1 or 2 in case 16.3.iii.

(iii) φa(xa(t)) = ν(t) for all t ∈ K∗ in all other cases.

Proof. Let φ be a valuation equipollent to ψ such that

(16.5) φa(xa(1)) = 0

(where we replace xa(1) by xa(0, 1) if 16.3.i or 16.3.ii holds). Let

ha(t) := mΣ(xa(1))mΣ(xa(t))

and

ν#(t) = φa(xa(t))

for all t ∈ K∗ (where we replace xa(1) by xa(0, 1) and xa(t) by xa(0, t) if
16.3.i or 16.3.ii holds and we replace “for all t ∈ K∗” by “for all t ∈ K∗

0” if
16.4.iii holds). By condition (V1), ν# satisfies 9.17.ii. By 15.5 and 15.10,

(16.6) φa(wha(t)) − φa(w) = 2ν#(t)

for all w ∈ U∗
a and all t ∈ K∗ and hence

(16.7) φa(wha(s)ha(t)) − φa(w) = 2
(
ν#(s) + ν#(t)

)

for all w ∈ U∗
a and all s, t ∈ K∗.

Suppose that ∆ = B
Q
2 (Λ) for some anisotropic quadratic space

Λ = (K, L, q).

By 30.37.i,

ha(s)ha(t) = ha(st)

for all s, t ∈ K∗. By 16.6 and 16.7, it follows that

ν#(st) = ν#(s) + ν#(t)

for all s, t ∈ K∗, i.e. ν# satisfies 9.17.i. Since ν#(K∗) = Z (by 3.21), we
conclude that ν# is a discrete valuation of K. Thus (iii) holds with ν = ν#

in this case.
Now suppose that 16.3.i or 16.3.ii holds. Thus

ha(t) = mΣ(xa(0, 1))mΣ(xa(0, t))

for each t ∈ K∗. By 30.37.iii, we have

ha(s)ha(t) = ha(st)

for all s, t ∈ K∗. Therefore

ν#(st) = ν#(s) + ν#(t)

by 16.6 and 16.7 (exactly as in the previous paragraph) and therefore for all
s, t ∈ K∗. Hence ν#(K∗) = δZ for some positive integer δ and ν#/δ is a
valuation of K. Thus (i) holds with ν = ν#/δ.

7In 21.27 and 22.16 we show that δ = 1 or 2 in these two cases.
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Next suppose that 16.4.iii holds. By 10.2 in [36], K2 ⊂ K0. We have

ha(t) = mΣ(xa(1))mΣ(xa(t))

for all t ∈ K∗
0 this time. By 30.37.ii,

(16.8) ha(s)ha(t) = ha(st)

for all s, t ∈ (K∗)2 ⊂ K∗
0 and

(16.9) ha(s)2 = ha(s2)

for all s ∈ K∗
0 . By 16.6, 16.7 and 16.8, we have

(16.10) ν#(st) = ν#(s) + ν#(t)

for all s, t ∈ (K∗)2. As observed above, ν# satisfies 9.17.ii. The restriction of
ν# to K2 thus satisfies both 9.17.i and 9.17.ii. It follows that the restriction
of ν# to K2 equals δ0ν0 for some valuation ν0 of K2 and some positive
integer δ0. Let

ν(s) = ν0(s
2)

for all s ∈ K∗. Then ν is a valuation of K. By 16.6, 16.7 and 16.9, we have

ν#(s2) = 2ν#(s)

for all s ∈ K∗
0 . Therefore

2ν#(s) = ν#(s2) = δ0ν0(s
2) = δ0ν(s)

for all s ∈ K∗
0 . By 3.21, ν#(p) = 1 and thus ν(p) = 2/δ0 for some p ∈ K∗

0 .
Hence δ0 divides 2 and thus (ii) holds with δ = 2/δ0.

Now suppose that we are in one of the remaining cases. Let m be the wall
of the root a and let X be the set of roots of ∆ having wall m. By 14.47, there
exists a Bruhat-Tits pair (∆aff ,A) whose building at infinity is ∆. Thus m
is a parallel class of A-walls of ∆. Let (Tm,Am) be the corresponding wall
tree and let ωm be its canonical valuation. We identify the set of Am-ends
of Tm with the set X via the bijection ξm defined in 10.38. Let b be the root
of Σ opposite a. By 13.9, we have

(16.11) ωm(a, b, bxa(1), bxa(t)) = φa(xa(t))

for all t ∈ K∗ distinct from 1. Since Ua acts sharply transitively on X\{a}
(by 29.15.v and 29.48), we can identify K with X\{a} via the map t �→ bxa(t).
If we also set ∞ = a, then

ν#(t) = ωm(∞, 0, 1, t)

for all t ∈ K∗ distinct from 1 by 16.11. By (i), (ii), (v) and (viii) of 30.36,
the stabilizer G†

m of the wall m in G† induces a permutation group on X
that contains the elements

s �→ us + t

for all u ∈ K∗ and all t ∈ K. By 12.31, ωm is G†
m-invariant. By 9.24,

therefore, we conclude again that ν# is a discrete valuation of K. Thus (iii)
holds with ν = ν#. �
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Notation 16.12. Suppose that Π is not simply laced (so that Φ has roots
of two different lengths by 2.14.iv) and let a be as in 16.3. We will call a
root map ι of Σ long if ι(a) is a long root of Φ, respectively, short if ι(a) is
a short root of Φ. By 3.14, if ι is long, respectively, short, then so is every
root map equivalent to ι.

We come now to our main problem: Suppose that for the root a chosen in
16.3 the map φa from U∗

a to Z defined in (i)–(iii) of 16.4 is given. When does
there exist a valuation ψ of the root datum (G, ξ) with respect to the root
map ι that extends φa (i.e. such that ψa = φa)? We will begin to answer
this question in 16.14 below.

Notation 16.13. Let d be the chamber of Σ fixed in 16.1, let J be a subset
of the vertex set I of Π, let D be the J-residue of ∆ containing d, let ΠJ

be the subdiagram of Π spanned by J and let ΦJ be the intersection of the
root system Φ with the subspace of V spanned by the vectors {ax | x ∈ J}.
Suppose that |J | ≥ 2 and that ΠJ is connected. By 29.10.iii, D is a building

of type ΠJ . Let ΞJ be the set of roots in Ξ that cut D and let G†
J denote

the group induced by

〈Ub | b ∈ ΞJ〉

on D. By 29.13.iv, Σ∩D is an apartment of D and the restriction ιD of ι to
Σ ∩ D is a root map of this apartment with target ΦJ . By 29.19, the map
b �→ b∩D is a bijection from ΞJ to the set of roots of the apartment Σ∩D.
Let b ∈ ΞJ , let P be a panel in the wall of b that is contained in D and let x be
the unique chamber in P∩b. Then the root group Ub acts sharply transitively
on P\{x} (by 29.14.iii and 29.15.v). In particular, Ub acts faithfully on P .

Hence we can identify Ub with its image in G†
J . This image is contained in

the root group Ub∩D of D. By 29.14.iii applied to D, therefore, Ub∩D acts
transitively on the set of apartments of D containing b ∩ D. Since b is an
arbitrary element of ΞJ , it follows that D is Moufang. Hence by 29.15.v
applied to D, the root group Ub∩D also acts sharply transitively on P\{x}.
We conclude that Ub = Ub∩D. Thus if we identify ΞJ with the set of roots
of Σ∩D via the bijection b �→ b∩D and let ξJ be the restriction of the map
ξ (defined in 3.4) to ΞJ , then (G†

J , ξJ ) is the root datum of D based at the
apartment Σ ∩ D.

Theorem 16.14. Suppose that either Π = A2 or � ≥ 3. Let x, a and xa

be as in 16.3, let ν be a valuation of K as defined in 9.17 and let φa be the
map from U∗

a to Z given by

(16.15) φa(xa(t)) = ν(t)

for all t ∈ K∗. If Π �= F4, let J be the unique maximal subset of the vertex
set I of Π such that the subdiagram ΠJ is connected and simply laced. If
Π = F4, let z be the unique vertex of Π such that {x, z} is an edge of Π with
label 3 and let J = {x, z}. Then the following hold:
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(i) The map φa extends to a valuation φ of the root datum (G†
J , ξJ) with

respect to the root map ιJ (as defined in 16.13) such that

(16.16) φb(xb(t)) = ν(t)

for all b ∈ ΞJ ∩ Ξd and for all t ∈ K, where xb is the isomorphism
from the additive group of K to Ub defined in 16.2. If Π is simply laced
(so J = I and ΞJ = Ξ), then φ is an extension of φa to a valuation of
(G†, ξ) with respect to ι that is independent of the choice of a in 16.3,
and every extension of φa to a valuation of (G†, ξ) with respect to ι is
equipollent to φ.

(ii) Suppose that Π is not simply laced and let y be the unique vertex of Π
such that E := {x, y} is the unique edge of Π with label greater than 3.
Then the valuation φa extends to a valuation of the root datum (G†, ξ)
(with respect to ι) if and only if it extends to a valuation of the root

datum (G†
E , ξE) with respect to the root map ιE. If an extension exists,

it is unique up to equipollence.

Proof. Let

φb(xb(t)) = ν(t)

for all b ∈ ΞJ ∩ Ξd and all t ∈ K∗, where xb is as in (i). (This is, of course,
consistent with 16.15.) Let φ denote the collection of all such maps φb.

By 9.17.ii and 9.23.i, φ satisfies 15.1.i, and by 9.17.i (as well as 16.1 of
[36]), φ satisfies 15.1.ii. Thus φ is a partial valuation of the root datum

(G†
J , ξJ ) based at d. In order to prove (i), it will suffice, by 15.21, to show

that φ is viable as defined in 15.4.
Let (u, v) be an arbitrary undirected edge of Π with label 3, let b = au and

c = av and let e be the unique root in the open interval (a, b). By 30.36.i,

φb

(
xb(u)mΣ(xc(1))mΣ(xc(t))

)
− φb(xb(u)) = −ν(t)

and

φe

(
xe(u)mΣ(xc(1))mΣ(xc(t))

)
− φe(xe(u)) = ν(t)

for all t, u ∈ K∗. By 16.1 of [36] and 15.24, φ is exact at (b, c, e) and the
(b, c)-coefficient of φ at e is (1, 1). By 15.25, it follows that

φc

(
xc(u)mΣ(xc(1))mΣ(xc(t))

)
− φc(xc(u)) = 2φc(xc(t))

for all t ∈ K∗. Thus φ satisfies 15.4.i. By 30.38, it satisfies 15.4.ii. Hence φ
is viable. Thus (i) holds.

Suppose now that Π is not simply laced and that φa extends to a valuation
φ of (G†

E , ξE), where E = {x, y} is as in (ii). Suppose, too, that Π �= F4. By
15.5, the restriction of this valuation to the set of roots in ΞE ∩Ξd = [ax, ay]

is a viable partial valuation of (G†
E , ξE) based at d. By (i), this partial

valuation extends to a viable partial valuation of (G†, ξ) based at d.
Suppose that Π = F4, let b = ay and let z be the unique vertex of Π such

that J1 := {y, z} is the unique edge containing y with label 3. Let (K, F ),
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σ and ζ be as in 30.14.xiii and let q be the norm of the composition algebra
(K, F ) as defined in 30.17. Then (F, K, q) is an anisotropic quadratic space
and

ζ(x, y) = QQ(F, K, q),

where QQ(F, K, q) is as in 30.8.iii. Applying 16.4, we conclude that after

replacing φ by an equipollent valuation of (G†
E , ξE) if necessary, there is a

valuation ν# of F such that

φb(xb(t)) = ν#(t)

for all t ∈ F .8 By two applications of (i), there is an extension of ψa to a

viable partial valuation of (G†
J , ξJ ) based at d and an extension of φb to a

viable partial valuation of (G†
J1

, ξJ1) based at d. We conclude also in this

case that φa extends to a viable partial valuation of (G†, ξ) based at d. Thus
(ii) holds (by 3.41.iii and 15.21) whether or not Π = F4. �

Notation 16.17. Let ∆ be as in (i), (ii), (xi) or (xii) of 30.14, so ∆ = X�(K)
in the notation of 30.15, where X� = A�, D� or E� for � = 6, 7 or 8, let ν be
a valuation of K and let φ be the valuation of (G†, ξ) determined by ν in
16.16. We denote by X̃�(K, ν) the pair (∆aff ,A) obtained by applying 14.47
to these data.

We observe explicitly that the pair X̃�(K, ν) defined in 16.17 exists for every
discrete valuation ν of K.

Theorem 16.18. Every Bruhat-Tits pair whose Coxeter diagram is X̃� for
X = A, D or E (i.e. whose Coxeter diagram is simply laced) is of the form
X̃�(K, ν) for some field or, but only if X = A, skew field or, but only if
X� = A2, octonion division algebra K and some discrete valuation ν of K.

Proof. This holds by 16.4, 16.14 and 16.17. �

* * *

Continuing with all the notation in 16.1 and 16.2, we suppose now that
the Coxeter diagram Π of ∆ is either B2 or G2 and let (x, y) be one of the
two directed edges of Π. Thus Ωxy = X(Λ) or X(Λ)op, where X is one of
the operators

(16.19) QQ, QD, QE , QF , QI , QP , H

in 30.8 different from the operator T and Λ is a parameter system of suitable
type. Let a and xa be as in 16.3, let ν be a valuation of the defining field K
of ∆ (as defined in 30.15) and let the map φa from the root group Ua of ∆
to Z ∪ {∞} be as follows:

(i) φa(xa(0, t)) = δν(t) for some positive integer δ and for all t ∈ K∗ if
X = QE or QF ;

8We also have ζ(x, y) = QI(K, F, σ). By 23.3.ii, therefore, ν# is the restriction of ν to
F divided by δ, where δ = 1 or 2. We do not, however, need to know this here.
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(ii) φa(xa(t)) = ν(t)/δ for δ = 1 or 2 and for all t ∈ K∗
0 if X = D and

Λ = (K, K0, L0); and
(iii) φa(xa(t)) = ν(t) for all t ∈ K∗ in the other four cases.

By 16.4 and 16.14, the main challenge remaining is to determine necessary
and sufficient conditions for the map φa to extend to a valuation of (G†, ξ)
with respect to some root map ι. We will do this for each of the seven
operators in 16.19 in seven chapters, from Chapter 19 to Chapter 25.



Chapter Seventeen

Completions

Before we begin to study the problem described at the conclusion of Chap-
ter 16, we would like to consider an important issue. In 14.54, we saw
that Bruhat-Tits pairs (∆,A) are classified by root data with valuation (up
to equipollence). Suppose, however, that we are interested in classifying
Bruhat-Tits buildings (as defined in 13.1) rather than Bruhat-Tits pairs. To
investigate the question when two root data with valuation correspond to
the same Bruhat-Tits building ∆, but not necessarily the same Bruhat-Tits
pair (∆,A), we need to introduce completions.

Definition 17.1. Let (∆,A) be a Bruhat-Tits pair as defined in 13.1 and
let Â be the complete system of apartments of ∆ (as defined in 8.5). We
call the pair (∆, Â) the completion of (∆,A) (or of ∆) and we will say that
(∆,A) (or ∆) is completely Bruhat-Tits if the pair (∆, Â) is a Bruhat-Tits
pair, i.e. if the building at infinity ∆∞

Â
is Moufang. We say that (∆,A) is

complete if A = Â.

By 8.26 and 29.15.i, every Bruhat-Tits building is completely Bruhat-Tits
if the rank � of ∆∞

A is greater than 2. In 17.11, 19.27, 20.8, 21.34, 22.33,
23.13, 24.46 and 25.27, we show that this is also true when � = 2.

Definition 17.2. Let
(
(G†, ξ), φ

)
be a root datum with valuation, let (∆,A)

be the corresponding Bruhat-Tits pair and suppose that (∆,A) is completely
Bruhat-Tits as defined in 17.1. The complete form of ((G†, ξ), φ) is the root
datum with valuation (up to equipollence) that corresponds to the comple-
tion (∆, Â). We say that

(
(G†, ξ), φ

)
is complete if it is its own complete

form.

Since every Bruhat-Tits building is completely Bruhat-Tits, the root da-
tum with valuation corresponding to an arbitrary Bruhat-Tits pair always
has a complete form. Thus two root data with valuation correspond to the
same affine building if and only if their complete forms are the same (up to
equipollence). To answer the question when two root data with valuation
correspond to the same Bruhat-Tits building (rather than Bruhat-Tits pair),
it will therefore suffice to show how to identify the complete form of a given
root datum with valuation.1

1Our proof that every Bruhat-Tits pair is completely Bruhat-Tits follows from these
case-by-case calculations. See 17.10 and 27.4.
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We do this in the case that the Coxeter diagram Π of the building ∆ is
simply laced in 17.11. The other cases will be treated in Chapters 19–25.

Proposition 17.3. Let ∆ be a Moufang spherical building, let Σ be an
apartment of ∆, let (G†, ξ) be the root datum of ∆ based at Σ, let φ be a
valuation of (G†, ξ) and let a be a root of Σ. For all u, v in the root group
Ua, let

∂a(u, v) =

⎧⎨
⎩

2−φa(u−v) if u �= v and

0 if u = v,

where we are using additive notation for the root group Ua even though it
might not be abelian. Then ∂a is a metric on Ua.

Proof. By condition (V1) in 3.21 (and 3.29), conditions (a) and (b) in 9.18
hold with φa in place of ν. The claim holds, therefore, by 9.18.ii. �

The following result says roughly that if one root datum with valuation is
“dense” in another, then the corresponding Bruhat-Tits buildings (but not
necessarily the corresponding Bruhat-Tits pairs) are the same.

Theorem 17.4. Let ∆̂ be a spherical building satisfying the Moufang con-
dition, let ∆ be a subbuilding whose rank equals the rank of ∆̂, let Σ be an
apartment of ∆ (which is then also an apartment of ∆̂) and let Ξ be the set
of roots of Σ. Then the following hold:

(i) ∆ is Moufang.
(ii) For each root a ∈ Ξ, the root group Ua of ∆ can be identified canoni-

cally with a subgroup of the root group Ûa of ∆̂.

Let (G†, ξ) and (Ĝ†, ξ̂) be the root data of ∆ and ∆̂ based at Σ and suppose

that φ and φ̂ are valuations of (G†, ξ) and (Ĝ†, ξ̂) with respect to the same
root map ι of Σ such that for each root a ∈ Ξ, the following hold:

(a) φa is the restriction of φ̂a to the subgroup Ua and

(b) Ua is dense in Ûa with respect to the metric ∂̂a on Ûa given by the

formula in 17.3 (with φ̂a in place of φa).

Let

(∆aff ,A) �

(
(G†, ξ), [φ]

)

and

(∆̂aff , Â) �

(
(Ĝ†, ξ̂), [φ̂]

)

be as in 14.54. Then, up to isomorphism,

(iii) ∆aff = ∆̂aff and A ⊂ Â.
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Proof. Assertions (i) and (ii) hold by 29.61. By 14.54, we can identify the
building at infinity of the pair (∆̂aff , Â) with the building ∆̂. Since Σ is an
apartment of ∆̂, there is a unique apartment A in Â such that A∞ = Σ.
In particular, S∞ is a chamber of Σ ⊂ ∆ for each sector S contained in A
(since Σ is also an apartment of the subbuilding ∆). Let

(17.5) A0 = {Ag | g ∈ G†} ⊂ Â

and let X denote the set of chambers of ∆̂ contained in A∞
0 for some A0 ∈ A0,

i.e.

X =
⋃

A0∈A0

A∞
0 .

By 29.15.iii, X is the chamber set of ∆ and

A∞
0 := {A∞

0 | A0 ∈ A0}

is the set of apartments of ∆.
Suppose that A1 and A2 are two apartments in A0. Let S1 be a sector

in A1 and let S2 be a sector in A2. Then S∞
1 and S∞

2 are chambers of ∆.
By 29.13.ii, there exists A0 ∈ A0 such that A∞

0 contains both S∞
1 and S∞

2 .
Thus A0 contains subsectors of both S1 and S2. We conclude that the set
A0 satisfies 8.4.ii.

Now suppose that A0 also satisfies 8.4.i. This means that A0 is a system
of apartments. Thus the pair (∆̂aff ,A0) has a building at infinity ∆̂aff

A0
. This

building at infinity is a subbuilding of ∆̂ and its chamber set is also X .
Therefore ∆̂aff

A0
= ∆. Hence (G†, ξ) is the root datum of ∆̂aff

A0
based at Σ.

By 14.47 (and 14.54), φ̂ = φR̂ for some gem R̂ of ∆̂ cutting A (as defined in

13.8). Since φa is the restriction of φ̂a to Ua for each a ∈ Ξ, it follows that
φ = φR, where R = R̂ ∩ ∆. In other words,

(∆̂aff ,A0) �

(
(G†, ξ), [φ]

)
.

By 13.34, it follows that there is an isomorphism from ∆aff to ∆̂aff mapping
A to A0. To prove (iii), it thus suffices to show that A0 satisfies 8.4.i.

Let P be a panel of ∆̂aff containing a chamber u in A and let α be the
unique root of A containing u but not the other chamber in P ∩A. Let v be
this other chamber and let a = α∞. There exists a k ∈ Z such that Ûa,l acts
trivially on P ∩A for every l ≥ k (by 1.35 and 13.17). Let w be an arbitrary
chamber of P distinct from u. By 13.5, there exists an element ĝ ∈ Ûa that
fixes u and maps v to w. Since Ua is dense in Ûa, there exists an element
g ∈ Ua such that ĝg−1 ∈ Ûa,k. Therefore ĝg−1 acts trivially on P . Hence
also g fixes u and maps v to w. We conclude that

(17.6) the stabilizer of u in the root group Ua acts transitively on P\{u}.

By 13.2, the elements of G† are special automorphisms of ∆̂aff . It follows
from 17.5 and 17.6, therefore, that for each panel P containing a chamber u
in an apartment in A0, the stabilizer of u in G† acts transitively on P\{u}.
Thus if a panel P contains one chamber that is contained in an apartment
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in A0, then every chamber in P is contained in some apartment in A0 and
the stabilizer of P in G† acts transitively (in fact, 2-transitively) on P . Since
∆̂aff is connected, it follows that G† acts transitively on the set of chambers
of ∆̂aff .

We claim that for every minimal gallery γ of ∆̂aff , there exists an element
of G† mapping γ to a gallery contained in A. Let

γ = (x0, x1, . . . , xk)

be a minimal gallery of ∆̂aff . We proceed by induction with respect to k.
By the conclusion of the previous paragraph, the claim holds for k = 0. We
can thus assume that x0 ∈ A and k ≥ 1. Let

γ′ = (x0, x
′
1, . . . , x

′
k)

be the unique gallery of A starting at x0 that has the same type as γ. By
17.6, there exists an element in G† mapping γ to γ′ if k = 1. Suppose
that k > 1. By induction, we can suppose that there is an element g1 in
G† mapping (x0, x1, . . . , xk−1) to (x0, x

′
1, . . . , x

′
k−1). Let α be the root of A

containing x′
k−1 but not x′

k and let a = α∞. By 17.6 again, the stabilizer
of x′

k−1 in Ua contains an element g mapping g1(xk) to x′
k. By 13.2, the

element g acts trivially on the root α. By 29.10.i, γ′ is minimal. By 29.6.i, α
contains every chamber of A that is nearer to x′

k−1 than to x′
k. Thus x′

i ∈ α
for all i ∈ [1, k − 1]. Hence g maps g1(γ) to γ′. This proves the claim. It
follows that A0 satisfies 8.4.i. Thus (iii) holds. �

Proposition 17.7. Let (∆,A) be a Bruhat-Tits pair. Then (∆,A) is com-
plete (as defined in 17.1) if and only if for each wall m of ∆∞

A , the system
of apartments Am of the tree Tm (as defined in 10.19) is complete.

Proof. Suppose that A is complete, let m be a wall of ∆∞
A and let D be an

arbitrary apartment in the tree Tm. Thus m is a parallel class of A-walls of
∆ and these A-walls are the vertices of Tm. Let M0 be a vertex of D and let

(M0, M1, M2, . . .)

and

(M ′
0, M

′
1, M

′
2, . . .)

be the two rays in D that start at M ′
0 := M0 and go off in different directions.

By 10.11 and 10.30, for each i ≥ 0, there exists an apartment Ai ∈ A
containing roots βi, β

′
i such that Mi = µ(βi), M ′

i = µ(β′
i), βi is a translate

in Ai of −β′
i, βi ∩ β′

i �= ∅ and a wall is in

{Mj | j ∈ [0, i]} ∪ {M ′
j | j ∈ [0, i]}

if and only it is the wall of a root α of Ai such that

−β′
i ⊂ α ⊂ βi.

By 10.6.iii,

(17.8) βi−1 ∩ β′
i−1 ⊂ βi ∩ β′

i
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for all i > 0.
Let i �→ αi be the bijection from Z to the set of roots of the apartment

A1 parallel to β1 such that α1 = β1 and αi ⊂ αi+1 for all i. Similarly, let
i �→ α′

i be the bijection from Z to the set of roots of A1 parallel to β′
1 such

that α′
1 = β′

1 and α′
i ⊂ α′

i+1 for all i. For each i ≥ 1, let κi be the unique
isomorphism from A1 to the apartment Ai whose restriction to α1∩α′

1 is the
identity. By 17.8, the maps κi−1 and κi agree on the set αi−1∩α′

i−1 for each
i ≥ 2. By 1.41, there thus exists a unique special isomorphism κ from A1 to
∆ (as defined in 29.2) that coincides with κi on αi ∩ α′

i for each i ≥ 1. The
image of κ is an apartment A of ∆ containing Mi and M ′

i for all i ≥ 0 (by
29.13). Since A is complete, it contain A. Since D is the unique apartment
of Tm containing Mi and M ′

i for all i ≥ 0, we conclude that D = Am (where
Am is as defined in 10.19). Hence D ∈ Am. Thus Am is the complete system
of apartments of Tm.

Suppose, conversely, that Am is the complete system of apartments of
the tree Tm for each wall m of ∆∞

A and let Â denote the complete set of
apartments of ∆. Let F be a panel of ∆∞

A and let m be a wall of ∆∞
A

containing F . By 11.1, there is an A-face f of ∆ and an A-wall M of ∆
containing f such that m = M∞ and F = f∞. Let m̂ be the wall of ∆∞

Â
containing m (i.e. such that each panel in m is contained in a panel in m̂), let
F̂ be the unique panel of ∆∞

Â
containing F and let (T̂m̂, Âm̂) and (T̂F̂ , ÂF̂ )

be the corresponding wall tree and panel tree of the pair (∆, Â). If we
interpret m̂ as a parallel class of Â-walls as in 11.1, then by 10.32, m̂ is the
same as m. In other words, Tm = T̂m̂. Since the pair (Tm,Am) is complete,
we have, in fact,

(Tm,Am) = (T̂m̂, Âm̂).

By 11.16, it follows that the pair (TF ,AF ) is also complete and

(TF ,AF ) = (T̂F̂ , ÂF̂ ).

In particular, F and F̂ are the same if we interpret them as parallel classes of
faces in ∆. We claim that they are also the same as subsets of the chamber
set of ∆∞

Â
.2 Let x ∈ F̂ . Then x = S∞, where S is an Â-sector having a face

parallel to f . Let SF̂ = SF be the corresponding F̂ -ray (equivalently, F -rays)

of the tree T̂F̂ = TF as defined in 11.20. Since (TF ,AF ) is complete, there

2There is a subtle point here: Suppose that ∆ is an arbitrary thick irreducible affine
building and that A is a system of apartments of ∆. Let Â be the complete system of
apartments of ∆, let f be an arbitrary A-face of ∆ and let M be an A-wall of ∆ containing
f . Let F be the panel of ∆∞

A that corresponds to the parallel class of A-faces containing f

and let F̂ be the panel of ∆∞

Â
that corresponds to the parallel class of Â-faces containing

f (in both cases, via the bijection described in 8.36.i). By 10.32, every Â-wall parallel to

M is, in fact, an A-wall. By 11.16, therefore, TF = T̂
F̂

, i.e. every Â-face of ∆ parallel to

f is, in fact, an A-face. Thus both F and F̂ correspond to the same parallel class of faces
of ∆ via the map in 8.36.i even though F is, in general, a proper subset of F̂ as sets of
chambers of ∆

Â
. This is one place where one might doubt whether it is a good idea to

identify panels at infinity with parallel classes of faces as we have done in 11.1.
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exists an A-apartment A′ containing a sector S′ having a face parallel to f
such that S′

F is a subray of SF . By 11.22, S∞ = (S′)∞. Hence x ∈ F . We

conclude the panels F and F̂ are the same as claimed. Since F is arbitrary
and ∆∞

Â
is connected, it follows that

∆∞
A = ∆∞

Â
.

Therefore A = Â (by 8.27). �

Theorem 17.9. Let (∆,A) be a Bruhat-Tits building, let (G†, ξ), Σ and φ
be as in 13.30, let d be a chamber of Σ and let Ξ◦

d be as in 3.5. For each root
a of Σ, let Ua be the root group of ∆∞

A corresponding to a and let ∂a be the
metric on Ua defined in 17.3. Then the system of apartments A is complete
(as defined in 8.5) if and only if for each a ∈ Ξ◦

d, Ua is complete with respect
to the metric ∂a.

Proof. For each root a of Σ, let ma be the wall of a and let (Tma
,Ama

) be the
corresponding wall tree. Choose a root a of Σ. By 10.38 there is a canonical
correspondence between the Ama

-ends of Tma
and the set of roots of ∆∞

A

having wall ma. By 29.15.v, the root group Ua acts sharply transitively on
the set of roots of ∆∞

A having wall ma that are distinct from a. By 9.30.ii
and 12.31, it follows that the root group Ua is complete with respect to ∂a

if and only if the pair (Ama
, Tma

) is complete.
By 29.15.iii, every root of ∆∞

A can be mapped by an element of G† to a
root in Ξ◦

d. For each wall m of ∆∞
A , there thus exists an element g ∈ G† and

a root a ∈ Ξ◦
d such that g maps the wall m to the wall ma and hence the

pair (Tm,Am) to the pair (Tma
,Ama

). Thus the pair (Tm,Am) is complete
for all walls m of ∆∞

A if and only if the pair (Tma
,Ama

) is complete for all
a ∈ Ξ◦

d. By 17.7 and the conclusion of the previous paragraph, it follows
that Ua is complete with respect to ∂a for all a ∈ Ξ◦

d if and only if the system
of apartments A of ∆ is complete. �

Remark 17.10. Let ∆ be an arbitrary building. The length of a minimal
gallery between two chambers is a metric on the chamber set of ∆. The
automorphism group of ∆ can thus be given the topology of uniform con-
vergence on bounded subsets. A sequence (gi)i≥1 of automorphisms of ∆
converges to an automorphism g in this topology if and only if there exists a
chamber x such that for each m ∈ N, the automorphisms g and gi agree on
the set of chambers at a distance of at most m from x for all i sufficiently
large. Now suppose that (∆,A) is a Bruhat-Tits pair, let A ∈ A, let φ = φR

be as in 13.8 for some gem R of ∆ cutting A, let Σ = A∞ and let a be a root
of Σ. By 12.31, we can think of the root group Ua as a subgroup of Aut(∆).
For each u ∈ U∗

a , let au denote the root A ∩ Au of A (as in 13.2) and for
each chamber x ∈ au, let Mu,x be the distance from x to the chamber set
of the wall µ(au). It can be deduced from Proposition 7.4.33 in [6] (see also
Section 2.1 in [33]) that there exists a constant C (depending only on ∆)
such that for each u ∈ U∗

a and each x ∈ au, u fixes every chamber of ∆ at
a distance of at most CMu,x from x. This implies that the topology on Ua
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induced by the metric defined in 17.3 is the same as the topology of uniform
convergence on bounded sets. From this observation, it ought to be possible
to devise a proof that every Bruhat-Tits pair is completely Bruhat-Tits that
does not involve looking at each case separately. We have not tried to carry
this out, however, since in any event we want to show how to determine
the complete form of an arbitrary root datum with valuation. This requires
case-by-case analysis and yields the conclusion that every Bruhat-Tits pair
is completely Bruhat-Tits as a corollary.

Here is the first application of our results:

Theorem 17.11. Let (∆,A) = X̃�(K, ν) for X = A, D or E and let K̂ be the
completion of K with respect to ν (as defined in 9.20). Then ∆ is completely
Bruhat-Tits and its completion is X̃�(K̂, ν).

Proof. By 30.16, X�(K) is a subbuilding of X�(K̂). The claim holds, there-
fore, by 17.4 and 17.9. �

We close this chapter with three classical results. These results will be
needed when we prove analogs to 17.11 for the various families of Bruhat-
Tits pairs whose Coxeter diagram is not simply laced.

Proposition 17.12. If f is a uniformly continuous function from a sub-
set A of a metric space M into a complete metric space N , then f has a
unique extension to a continuous map from the closure Ā of A to N and this
extension is, in fact, uniformly continuous.

Proof. This is Theorem 2-83 in [16]. �

Proposition 17.13. Let V be a finite-dimensional vector space over a field
K, let ν be a valuation of K, let Q be a map from V to K, let ω(u) = ν(Q(u))
for all u ∈ V and let ∂ω be the map from V × V to K defined in 9.19 with
V in place of U and ω in place of ν. Let B = {v1, . . . , vn} be a basis of V
over K and let

∂B

( n∑
i=1

tivi,

n∑
i=1

sivi

)
=

⎧⎨
⎩

max{2−ν(ti−si) | i ∈ [1, n]} if x �= y and

0 if x = y

for all t1, . . . , tn, s1, . . . , sn ∈ K. Suppose that the following hold:

(a) Q is anisotropic (i.e. Q(u) = 0 if and only if u = 0).
(b) For some m ≥ 1, Q(tu) = tmQ(u) for all t ∈ K and all u ∈ V .
(c) ω(u + v)) ≥ min{ω(u), ω(v)} for all u, v ∈ V .

Then the following hold:

(i) ∂ω and ∂B are metrics on V .
(ii) If K is complete with respect to ν, then the metrics ∂ω and ∂B are

equivalent and V is complete with respect to both metrics.
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Proof. By (a), ω(V ∗) ⊂ Z. By (b), ω(−u) = ω(u) for all u ∈ V . By (c) and
9.18.ii, therefore, ∂ω is a metric on V . By 9.17, ∂B is a metric on V . Thus
(i) holds. The assertion (ii) holds by the Lemma in Chapter II, Section 8,
of [11]. �

Proposition 17.14. Let K be a field, let E/K be a finite separable extension
of degree n with norm N , let ν be a discrete valuation of K and suppose that
K is complete with respect ν. Then the following hold:

(i) ν(N(E∗)) = fZ for some positive integer f and the map ω : E∗ → Z

given by

ω(u) = ν(N(u))/f

for all u ∈ E∗ is the unique valuation of E.
(ii) E is complete with respect to ω.
(iii) f is the degree of the extension Ē/K̄, where Ē is the residue field of

E with respect to ω.

Proof. By the Theorem in Chapter II, Section 10, of [11], (i) holds, (ii)
follows by 17.13.ii and (iii) holds by Proposition 3 in Chapter I, Section 5,
of [11]. �



Chapter Eighteen

Automorphisms and Residues

With this chapter we again postpone attacking the problem described at the
conclusion of Chapter 16, this time in order to examine more closely the
structure of the residues of a Bruhat-Tits building. In particular, we prove
various results about the automorphism group of a Bruhat-Tits pair (see
18.4–18.8), use them to show (in 18.18 and 18.19) that the proper irreducible
residues of rank at least 2 of a Bruhat-Tits building satisfy the Moufang
condition and produce a general method for determining the structure of
the gems of a Bruhat-Tits building in 18.25.

In 18.30 and 18.31, we apply these results to determine the structure of the
proper irreducible residues in the case that the Coxeter diagram is simply
laced. The remaining cases will be examined in Chapters 19–25.

The main results about automorphisms in this chapter are 18.6 and 18.15.
See also 26.39.

Throughout this chapter, we adopt the following hypotheses and notation:

Notation 18.1. Let (∆,A) be a Bruhat-Tits pair of type X̃� (so X̃� is one
of the Coxeter diagrams in Figure 1.1 with � > 2). Let A ∈ A, let Σ = A∞,
let Ξ denote the set of roots of Σ, let Φ be the root system X� and let A be
identified with Σ̃Φ as in 13.13. Let (G†, ξ) be the root datum of ∆∞

A based
at Σ. Let R0 denote the gem cut by A such that the center of R0 ∩A is the
origin and let φ = φR0 be as in 13.8. Thus by 13.30.i, φ is a valuation of
(G†, ξ). Let H denote the pointwise stabilizer of Σ in Aut(∆∞

A ). By 37.8 of
[36],

(18.2) Aut◦(∆∞
A ) = H · G†,

where Aut◦(∆∞
A ) denotes the group of type-preserving (or “special”) au-

tomorphisms of ∆∞
A (as defined in 29.2).1 Let G denote the subgroup

Aut(∆,A) of Aut(∆) defined in 12.30 and let κ be the injective homomor-
phism from G to Aut(∆∞

A ) that maps each element of G to the automorphism
of ∆∞

A it induces. (This is the map ρ �→ ρ∗ in 12.30.) By 12.31, G† ⊂ κ(G);
we continue, in fact, to identify G† with its pre-image under κ (as we have
been doing since Chapter 8). The group H , on the other hand, is not always
contained in κ(G). We set

GA = {g ∈ G | κ(g) ∈ H}

and

G◦ = GA · G†.

1By 11.36 in [37], the subgroup G† is normal in Aut(∆∞
A ).
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By 8.27, GA consists of those elements of G that map A to itself and act
trivially on Σ = A∞. By 18.2, G◦ is the pre-image of Aut◦(∆∞

A ) in G.
Thus the subgroup G◦ consists of those elements of G that induce type-
preserving automorphisms of ∆∞

A . The elements of G◦ are not necessarily
type-preserving automorphisms of ∆, however, as we will see, for example,
in 18.15.

We begin this chapter with a number of results about the group GA and
its image in H .

Proposition 18.3. Let TA be the group of all translations of A and let
WA be the group induced on A by all the affine reflections of A. Then the
following hold:

(i) The group GA induces a subgroup of TA on A.
(ii) The stabilizer of A in G† induces a group containing WA on A.

Proof. The elements of GA act trivially on the set of parallel classes of roots
of A (by 8.30.ii). By 1.8, therefore, (i) holds. By 13.5 and 13.28, every affine
reflection of A is induced by some element of the form mΣ(u). Thus (ii)
holds. �

Proposition 18.4. The elements of G† are type-preserving automorphisms
of ∆ and the group G† acts transitively on the set

{(A, d) | A ∈ A and d ∈ A}.

Proof. By 13.2, the elements of G† are type-preserving automorphisms of ∆.
By 29.15.iii, G† acts transitively on the set of apartments of ∆∞

A . Then 8.27
implies that G† acts transitively on A. By 18.3.ii, the stabilizer of A in G†

acts transitively on the set of chambers in A. �

Corollary 18.5. The group G† acts transitively on the set of gems of a
given type. In particular, G† acts transitively on the set of all gems if the
Coxeter diagram of ∆ has only one special vertex.

Proof. By 18.4, the group G† acts transitively on the set of chambers of ∆
and preserves types. For each chamber d and each subset J of the vertex set
of the Coxeter diagram of ∆, there is a unique J-residue containing d. �

By 18.1, H is the pointwise stabilizer of the apartment Σ. Thus, in par-
ticular, the group H maps every root of Σ to itself and hence normalizes the
root group Ua for all a ∈ Ξ.

The following result gives a necessary and sufficient condition for an ele-
ment of H to extend to an element of GA. We will use this result in 26.29–
26.37 (when the classification of Bruhat-Tits pairs has been completed) to
show that most elements of H (in a suitable sense) are, in fact, induced by
elements of GA.

Theorem 18.6. Let τ ∈ H. Then the following are equivalent:

(i) There exists an element in GA that induces τ on ∆∞
A .
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(ii) For some a ∈ Ξ, the quantity φa(uτ ) − φa(u) is independent of the
choice of the element u ∈ U∗

a .
(iii) For all a ∈ Ξ, the quantity φa(uτ )−φa(u) is independent of the choice

of the element u ∈ U∗
a .

Proof. Let ψb(u) = φb(u
τ ) for all b ∈ Ξ and all u ∈ U∗

b and let

ψ = {ψb | b ∈ Ξ}.

By 13.31.i, ψ is a valuation of (G†, ξ), and by 13.31.ii, ψ is equipollent to
φ if and only if there exists an element in GA that induces τ on ∆∞

A . If
ψ is equipollent to φ, then for all a ∈ Ξ, the quantity φa(uτ ) − φa(u) is
independent of the choice of the element u ∈ U∗

a (by 3.22). By 3.45, on the
other hand, ψ is equipollent to φ if for some a ∈ Ξ, the quantity

φa(uτ ) − φa(u)

is independent of the choice of the element u ∈ U∗
a . �

Proposition 18.7. Let ρ ∈ GA and let τ be the element of H induced by ρ.
Then

dist(α, αρ) = φa(uτ ) − φa(u)

for each root α of A and each u ∈ U∗
a , where a = α∞.

Proof. Let ψb(u) = φb(u
τ ) for all b ∈ Ξ and all u ∈ U∗

b and let

ψ = {ψb | b ∈ Ξ}.

By 13.31.i, ψ is a valuation of (G†, ξ). Let α be a root of A, let α0 be the
unique root of A parallel to α that cuts the gem R0 (where R0 is as in 18.1)
and let a = α∞. By 13.5, we can choose u ∈ U∗

a such that au = α, where au

is as in 13.2. Let v = uτ . By 13.2, av = aρ
u = αρ. By 13.8,

φa(u) = dist(α0, au)

and

φa(v) = dist(α0, av).

Thus

dist(α, αρ) = dist(au, av)

= dist(α0, av) − dist(α0, au)

= φa(v) − φa(u)

= ψa(u) − φa(u).

By 13.31.ii, ψ and φ are equipollent. By 3.23, therefore,

ψa(u) − φa(u) = ψa(w) − φa(w)

for all w ∈ U∗
a . Hence

dist(α, αρ) = φa(uτ ) − φa(u)

for all u ∈ U∗
a . �
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Proposition 18.8. Let d be a chamber of Σ and let Ξ◦
d be as in 3.5. Let φ

and R0 be as in 18.1, let S be the unique sector of A with terminus R0 such
that S∞ = d and let x ∈ R0 be the apex of S, so the map

α �→ α∞

is a bijection from the set [R0, x]A (as defined in 7.5) to the set Ξ◦
d. Let

a ∈ Ξ◦
d, let ρ be an element of GA inducing an element τ of H on ∆∞

A , let
α be the unique root of A cutting R0 such that a = α∞ and let

m := φa(uτ ) − φa(u)

for some u ∈ U∗
a . Suppose that

φb(u
τ ) = φb(u)

for all b ∈ Ξ◦
d different from a and all u ∈ U∗

b . Then ρ induces on the
apartment A the m-th power of a generator of the subgroup TR0,x,α

∼= Z of
TA defined in 1.24.

Proof. This holds by 18.7. �

Remark 18.9. To apply these results, we will want to be able to produce
elements in H . Since ∆∞

A is Moufang, it is isomorphic to one of the buildings
X�(Λ) defined in 30.15. In other words, we can assume that for some chamber
d of Σ, the triple (∆∞

A , Σ, d) is the canonical realization of the corresponding
pair (Π, ζ) described in 30.14, where Π = X�. Suppose, too, that for each
edge e = {x, y} of Π, πe is an automorphism of the root group sequence
ζ(x, y) (as defined in 30.3) such that whenever two edges e = {x, y} and
f = {x, z} have a vertex x in common, in which case the first terms of
ζ(x, y) and ζ(x, z) are the same (by 30.12.iii), the restrictions of πe and πf

to this first term agree. Then by 3.6 with ∆∞
A in place of both ∆ and ∆̂, Σ

in place of Σ̂ and σ = 1, there exists a unique element τ in H that induces
πe on ζ(x, y) for each edge e = {x, y} of Π.

Before moving on to consider residues, we apply our results about the
subgroups H and GA in the simply-laced case. For this purpose, we first
need a result about octonion division algebras with valuation:

Proposition 18.10. Let K be an octonion division algebra with center F
and norm N , let ν be a valuation of K, let X be the group defined in 37.9 of
[36] 2 and let w ∈ K∗. Then there exists an F -linear element λ of X such
that the following hold:

(i) λ(1) = w and N(λ(u)) = N(u)N(w) for all u ∈ K.
(ii) ν(λ(u)) = ν(u) + ν(w) for all u ∈ K∗.

2Thus X is the set of additive automorphisms ψ of K that are linear or semi-linear
over F such that

ψ(uv) = ψ(u)ψ(1)−1 · ψ(v)

for all u, v ∈ K. It is shown in 37.17 of [36] that this set is, in fact, a group with
multiplication given by composition of functions.
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Proof. Let ψ be the map called φ in 20.24 of [36] (which depends on w).
Thus ψ is an automorphism of K fixing the identity 1 which is linear over
F such that

(18.11) ψ(uv) =
(
ψ(u) · ψ(v)w

)
w−1

and

(18.12) N(ψ(u)) = N(u)

for all u, v ∈ K. By 18.12 and Corollary 4 in [22], ν(ψ(u)) = ν(u) for all
u ∈ K∗. Let λ(u) = ψ(u)w for all u ∈ K. Then (i) and (ii) hold. It remains
only to show that λ ∈ X .

By 9.1.i in [36], uw · w−1 = u and uw−1 · w = u for all u ∈ K. By 18.11,
therefore,

λ(uv) = ψ(uv)w

= ψ(u) · ψ(v)w

= λ(u)w−1 · λ(v)

for all u, v ∈ K. Thus λ ∈ X . �

Proposition 18.13. Suppose that for X = A, D or E, for some field K and
for some discrete valuation ν of K,

(∆,A) ∼= X̃�(K, ν)

and φ are as in 16.17. Let a ∈ Ξ◦
d, where Ξ◦

d is as in 3.5. Then there exists
an element τ ∈ H such that

φa(xa(t)τ ) = φa(xa(t)) + 1

for all t ∈ K∗ and

φb(xb(t)
τ ) = φb(xb(t))

for all b ∈ Ξ◦
d different from a and for all t ∈ K.

Proof. Let π ∈ K be a uniformizer (as defined in 9.17). Suppose first that K
is an octonion division algebra, in which case X� = A2 by 30.14. Let T (K)
be as in 30.8.i. For each u ∈ K∗ and for each λ ∈ X , where X is as in 18.10,
there exists (by 37.12 in [36]) an automorphism σ of the root group sequence
T (K) such that

x1(t)
σ = x1(u · λ(t)λ(1)−1)

and

x4(t)
σ = x4(λ(t)u)

for all t ∈ K. Now either let u = 1 and let λ be as in 18.10 with π in place
of w or let u = π and let λ be as in 18.10 with π−1 in place of w. By 18.9
and 18.10.ii, we conclude that there exists τ ∈ H such that for all t ∈ K∗,

φa(xa(t)τ ) = φa(xa(t)) + 1
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and

φb(xb(t)
τ ) = φb(xb(t)),

where b is the other root in Ξ◦
d.

Suppose next that K is associative (i.e. a field or a skew field). If K is
commutative, then by 18.9, there is an element τ in H that centralizes Ub

for all b ∈ Ξ◦
d distinct from a such that

xa(t)τ = xa(tπ)

for all t ∈ K.3 Suppose, instead, that K is non-commutative. This means
that we are in case 30.14.i. We say that a vertex y of X� is to the right
of a vertex x if there is a sequence of positively oriented directed edges (as
defined in 30.11) going from x to y. Let λ be the inverse of the bijection
x �→ ax from the vertex set of X� to Ξ◦

d described in 3.5. We say that a root
c ∈ Ξ◦

d is to the right of a root b ∈ Ξd if λ(c) is to the right of λ(b). Again
by 18.9, there is an element τ in H such that for all t ∈ K and all b ∈ Ξ◦

d,

xb(t)
τ = xb(t)

if b is to the left of a,

xb(t)
τ = xb(π

−1tπ)

if b is to the right of a and

xa(t)τ = xa(tπ).4

Thus (by 9.17.i) the claim holds whether or not K is commutative. �

Theorem 18.14. If X̃� is simply laced, then the group induced by GA on A
is precisely the group TA of all translations on A.

Proof. Let X be the group induced by GA on A. By 18.3.i, X ⊂ TA. If τ is
as in 18.13, then by 18.6, there is an element ρ ∈ GA that induces τ on ∆∞

A .
Thus TA ⊂ X by 1.24 and 18.8. �

Corollary 18.15. If X̃� is simply laced, then the subgroup G◦ of G defined
in 18.1 acts transitively on the set of gems of ∆.

Proof. By 18.4, G† acts transitively on A. The claim holds, therefore, by
1.9 and 18.14. �

3Here are the details. Let T (K) = (U+, U1, U2, U3) be as in 30.8.i. Then the maps
xi(t) �→ x1(πt) for i = 1 and 2 and x3(t) �→ x3(t) extend to an automorphism of U+ as
do the maps x1(t) �→ x1(t) and xi(t) �→ xi(tπ) for i = 2 and 3 (by 30.4). Furthermore,
tπ = πt for all t ∈ K. The automorphism τ exists, therefore, by 18.9 and the relevant
case of 30.14.

4Here are the details. Let T (K) = (U+, U1, U2, U3) be as in 30.8.i. Then the maps
x1(t) �→ x1(t) and xi(t) �→ xi(tπ) for i = 2 and 3 extend to an automorphism of U+

as do the maps xi(t) �→ xi(tπ) for i = 1 and 2 and x3(t) �→ x3(π−1tπ) (by 30.4). The
automorphism τ exists, therefore, by 18.9 and the relevant case of 30.14.
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Remark 18.16. Let Π = X̃�. There are canonical homomorphisms from
Aut(∆) to Aut(Π) and from Aut(A) to Aut(Π) that both send an arbitrary
σ-automorphism (as defined in 29.2) to σ. Suppose that Π is simply laced,
let M be the image of GA under the first of these homomorphisms and let N
be the image of TA under the second. By 18.14, M = N . By 1.28, therefore,
M acts sharply transitively on the set of special vertices of Π, and by 1.29,
the group M is, in fact, cyclic except when Π = D̃� for � even.

We now turn to an examination of the structure of the residues of ∆. By
1.7 and 29.10.iii, we know that every proper residue is a spherical building.

To begin, we focus on the gems of ∆. The gems are (like the building at
infinity ∆∞

A ) buildings of type X�.

Proposition 18.17. Let R be a gem cut by A, let α be a root of A cutting
R, let a = α∞ and let β = α∩R. Let Ua,R be as in 13.3 and let Ūa,R be the
subgroup of Aut(R) induced by Ua,R. Then the following hold:

(i) The intersection A ∩ R is an apartment of R and β is a root of this
apartment.

(ii) The group Ua,R acts transitively on the set of apartments of R con-
taining the root β.

(iii) The group Ūa,R is the root group of β in Aut(R).

Proof. The assertions in (i) hold by 29.13.iv. Let Uβ be the root group in
Aut(R) corresponding to the root β of R (as defined in 29.15). We claim that
Ūa,R ⊂ Uβ. Let g ∈ Ua,R. Let P be a panel contained in R that contains
two chambers x and y of β and let z be a third chamber in P . Let α1 be
the unique root of A that contains y but not x. By 10.28, there exists an
apartment A′ ∈ A containing α1 and z. Let S1 = σA(R, x), S2 = σA(R, y)
and S3 = σA′(R, z). These three sectors share the face µA(R, P ) (as defined
in 8.1). Thus S∞

1 , S∞
2 and S∞

3 are three chambers of ∆∞
A contained in a

single panel F . By 4.14, α contains both S1 and S2. Thus F is a panel
containing two chambers S∞

1 and S∞
2 in a = α∞. Hence the root group Ua

acts trivially on F . Therefore g maps S∞
3 to itself. Since g maps R to itself,

the sector Sg
3 has terminus R. By 10.17, however, S3 is the unique sector of

∆ with terminus R that is parallel to S3. Therefore Sg
3 = S3. Hence g fixes

the apex of S3, i.e. g fixes z. Thus g acts trivially on P . We conclude that
Ua,R acts trivially on every panel of R containing two chambers of β. Hence
Ūa,R ⊂ Uβ as claimed.

By 13.5 and 29.14.iii, the group Ua,R acts transitively on the set of roots of
R containing β. Therefore (ii) holds and, by the conclusion of the previous
paragraph, R is Moufang. By 29.15.v, therefore, the root group Uβ acts
sharply transitively on the set of apartments of R containing β. Thus (iii)
holds. �

Theorem 18.18. The gems of ∆ satisfy the Moufang condition (as defined
in 29.15).
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Proof. This holds by 18.17. �

Corollary 18.19. The proper irreducible residues of rank at least 2 of ∆ all
satisfy the Moufang condition.

Proof. Suppose that X̃� �= G̃2. Inspecting Figure 1.1, we see that every
proper connected subdiagram of X̃� that contains every special vertex is
contained in a proper connected subdiagram with at least three vertices.
Thus every proper irreducible residue is contained in a gem or in a proper
irreducible residue of rank at least 3 or in both. By 18.18 and 29.15.i,
gems and proper irreducible residues of rank at least 3 are Moufang. The
claim holds, therefore, by 29.15.ii. The assertion will be proved for the case
X̃� = G̃2 in 25.33. �

If X̃� contains proper connected subdiagrams that contain every special ver-
tex, then X̃� is B̃ � (for � ≥ 3), Ẽk for k = 7 or 8, F̃4 or G̃2. We will determine
the structure of the maximal proper irreducible residues that are not con-
tained in a gem (but which are nevertheless Moufang by 18.19) in 18.31 when
X̃� = Ẽ7 or Ẽ8, in 24.67 when X̃� = B̃� for � ≥ 3, in 25.33 when X̃� = G̃2 and
in 26.17 when X̃� = F̃4.

Proposition 18.20. Let a ∈ Σ, let α0 be the unique root of A cutting
R0 ∩ A such that α∞

0 = a (i.e. the root of A called aR0 in 13.8), let k ∈ Z,
let α be the unique root of A parallel to α0 such that dist(α0, α) = k and
let X be the set of gems cut by α. Then X �= ∅ and for each gem R in X,
Ua,R = Ua,k (where Ua,k is as in 3.21), the integer k is uniquely determined
by this equation, the subgroup Ua,k+1 is normal in Ua,k and the group Ūa,R

defined in 18.17 is isomorphic to the quotient Ua,k/Ua,k+1.

Proof. By 1.16, X �= ∅. Let R ∈ X . By 3.21 and 13.8, we have

U∗
a,k = {u ∈ U∗

a | φa(u) ≥ k}

= {u ∈ U∗
a | dist(α0, au) ≥ k}

= {u ∈ U∗
a | α ⊂ au},

where au is as in 13.2. By 1.13, β ∩R = ∅ for all roots β properly contained
in α and R ∩ A ⊂ β for all roots β that contain α properly. Therefore
Ua,k = Ua,R by 13.4 and u ∈ Ua,k acts trivially on R ∩ A if and only if
u ∈ Ua,k+1 by 13.2. By 18.17.iii and 29.15.v, an element of Ua,k acts trivially
on R ∩ A if and only if it acts trivially on R. Thus Ua,k+1 is the kernel of
the action of Ua,k on R. �

Notation 18.21. For each a ∈ Ξ and each k ∈ Z, let Ūa,k denote the
quotient group Ua,k/Ua,k+1.

Proposition 18.22. Let R be a gem cut by A, let v be the center of the
residue R∩A of A as defined in 2.41 and let a ∈ Ξ. Then the following hold:

(i) Ua,R = Ua,−v·a.
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(ii) Ūa,R = Ūa,−v·a, where Ūa,R is as defined in 18.17 and Ūa,−v·a is as
defined in 18.21.

Proof. Let u ∈ U∗
a . By 13.4, u ∈ U∗

a,R if and only if v is contained in the
closure of au (as a subset of the Euclidean space A). By 13.18.ii, au =
Ka,−φa(u) and thus u ∈ U∗

a,R if and only if v · a ≥ −φa(u). Thus (i) holds.
By 18.20, therefore, (ii) holds. �

Proposition 18.23. Let R be a gem cut by A and let ā = R ∩ aR for each
a ∈ Ξ, where aR is as in 13.8. Then the following hold:

(i) The map a �→ ā is a bijection from Ξ to the set of roots of the apartment
A ∩ R of R that preserves intervals.

(ii) If a, b are roots in Ξ such that a �= ±b, then

[Ūa,R, Ūb,R] ⊂
∏

c∈(a,b)

Ūc,R.

Proof. By 18.17.i, A∩R is an apartment of R and ā is a root of this apartment
for each a ∈ Ξ. Let π be the isomorphism from Σ to A ∩ R that maps
σA(R, d)∞ to d for all d ∈ A ∩ R. Then π(a) = ā for all a ∈ Ξ (by 4.12).
Since X ⊂ Y ⊂ Σ if and only if π(X) ⊂ π(Y ) ⊂ A ∩ R, it follows (by 3.2.i)
that (i) holds. In other words,

c ∈ [a, b] if and only if c̄ ∈ [ā, b̄]

for all a, b, c ∈ Ξ. By 3.2.iii and 18.17.iii, therefore, (ii) holds. �

Remark 18.24. Let o be a special vertex of the Coxeter diagram Π := X̃�,
let R be an o-special gem of ∆ cut by A, let Πo be as in 8.21, let d be a
chamber of Σ, let S be the unique sector in A whose terminus is R such
that S∞ = d and let u be the apex of S. By 8.12, we can assume without
loss of generality that o is the special vertex used to construct ∆∞

A in 8.9.
By 8.25, Πo is then the Coxeter diagram of ∆∞

A .5 Now let x be a vertex of
Πo and, as usual, let ax be the unique root of Σ containing d but not the
unique chamber of Σ that is x-adjacent to d. Then the map a �→ ā defined in
18.23 maps ax to the unique root of A ∩ R containing u but not the unique
chamber of A ∩ R that is x-adjacent to u.

Theorem 18.25. Let o be a special vertex of the Coxeter diagram Π := X̃�,
let R be an o-special gem of ∆ cut by A, let the subdiagram Πo (as defined in
8.21) be identified with the Coxeter diagram of ∆∞

A as explained in 18.24, let
v be the center of the gem A∩R of A as defined in 2.41, let d be a chamber
of Σ and let Ξd and the map x �→ ax be as in 3.5. Then R is uniquely
determined by the groups Ūa,−a·v for all a ∈ Ξd and the commutator relations

(18.26) [Ūa,−a·v, Ūb,−b·v] ⊂
∏

c∈(a,b)

Ūc,−c·v

5In other words, for every special vertex o of Π, the subdiagram Πo of Π can be
identified with the Coxeter diagram of ∆∞

A simply by adjusting the coloring of the panels
of ∆∞

A .
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for all distinct a, b ∈ Ξd contained in [ax, ay] for some edge {x, y} of Πo. The
“name” of the isomorphism type of R can be obtained by comparing these
data with 30.14 and 30.15.

Proof. Let u be as in 18.24, let (x, y) be a directed edge of Πo and let Ωxy

be the root group sequence defined in 30.1 with R in place of ∆, A ∩ R
in place of Σ and u in place of d. (This makes sense since Πo is also the
Coxeter diagram of R.) By 30.4, every root group sequence (U+, U1, . . . , Un)
is uniquely determined by the ordered set of groups U1, . . . , Un and all the
“commutator relations” expressing an element [u, v] such that u ∈ Ui and
v ∈ Uj for some i, j ∈ [1, n] such that 1 ≤ i < j ≤ n as an element of
U[i+1,j−1], where U[i+1,j−1] is the subgroup defined in 5.1 in [36]. By 18.22.ii,
18.23 and 18.24, therefore, Ωxy is uniquely determined by the commutator
relations in 18.26. Thus the claim holds by 3.6. �

Corollary 18.27. Let R0 be the gem introduced in 18.1, let d be a chamber
of Σ, let Ξd and the map x �→ ax be as in 3.5, let o be the unique special
vertex of Π = X̃� such that R0 is o-special and let the subdiagram Πo be
identified with the Coxeter diagram of ∆∞

A as explained in 18.24. Then the
gem R0 is uniquely determined by the groups Ūa,0 for all a ∈ Ξd and the
commutator relations

[Ūa,0, Ūb,0] ⊂
∏

c∈(a,b)

Ūc,0

for all distinct a, b ∈ Ξd contained in [ax, ay] for some edge {x, y} of Πo.

Proof. This is simply a special case of 18.25. �

Proposition 18.28. Suppose that X = B or C. Let d be a chamber of Σ
and let Ξ◦

d be as in 3.5. Let b be the unique long root in Ξ◦
d if X = C or � = 2

(which exists by 2.14.iv and 2.14.v). If X = B and � ≥ 3, let b = ax, where
x is the vertex at the left end of the Coxeter diagram B� as it is drawn in
Figure 1.3 and ax is as in 3.5. Then the following hold:

(i) There exists a unique gem R1 cut by A such that Ub,R1 = Ub,1 and
Ua,R1 = Ua,0 for all a ∈ Ξ◦

d different from b.
(ii) The type of R1 is different from the type of R0.

Proof. Let v be the unique special point in V (as defined in 2.26) such that
v · b = −1 and v · a = 0 for all a ∈ Ξ◦

d other than b and let R1 be the unique
gem of ∆ such that v is the center of R1 ∩ A. Assertion (i) holds by 18.22.i
and assertion (ii) holds by 2.49. �

Remark 18.29. Suppose that X = B or C and let R1 be as in 18.28.ii. Then
the Coxeter diagram X̃� has exactly two special vertices. By 18.5, therefore,
there are at most two G◦-orbits of gems in ∆ (where G◦ is as in 18.1). By
18.28.iii, it follows that every gem of ∆ is in the same G◦-orbit as R0 or R1

(or possibly both). It will turn out that there is only one G◦-orbit of gems
when X = B and � ≥ 3; see 26.39.
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We now apply our results to Bruhat-Tits buildings that are simply laced.

Theorem 18.30. Suppose that X̃� is simply laced, so that

(∆,A) ∼= X̃�(K, ν)

for some K and some ν as described in 16.18. Let K̄ be the residue field of
K with respect to ν (as defined in 9.22). Then every gem of ∆ is isomorphic
to the spherical building X�(K̄) (in the notation of 30.15).

Proof. By 18.15, every gem is isomorphic to R0. By 18.27, we have R0
∼=

X�(K̄). �

Proposition 18.31. Let

(∆,A) ∼= Ẽ�(K, ν)

for � = 7 or 8, for some field K and some valuation ν of K and let R be
a maximal proper irreducible residue of ∆ that is not contained in a gem.
Then either R ∼= A�(K̄) or � = 8 and R ∼= D8(K̄).

Proof. The only maximal connected proper subdiagrams of Ẽ� that contain
all special vertices of Ẽ� are (up to isomorphism) A� and, when � = 8, D8.
By 30.14, it follows that R ∼= A�(F ) or D8(F ) for some field or skew field
F (and, in fact, if R ∼= D8(F ), then F must be commutative). Therefore
every irreducible rank 2 residue of R is isomorphic to A2(F ). By 18.30, on
the other hand, every irreducible rank 2 residue of a gem is isomorphic to
A2(K̄). Since R has irreducible rank 2 residues that are also residues of
gems, it follows by 35.6 in [36] that F ∼= K̄. �

Remark 18.32. Suppose that a and b are distinct elements of Ξ◦
d such that

n := |[a, b]| ≥ 3 and let R be a gem cut by A. Then R is Moufang (by 18.18)
and thus Ūa,R and Ūb,R are the first and last terms U1 and Un of a root
group sequence

Ω = (U+, U1, . . . , Un)

as defined in 8.16 of [36]. Now suppose that Ω is an arbitrary root group
sequence, let u1 and un be non-trivial elements of the first term U1 and the
last term Un of Ω and let ui = [u1, un]i for all i ∈ [2, n − 1] be as defined
in 15.23 (or 5.10 of [36]). Then ui �= 1 for all i ∈ [2, n − 1] by repeated
application of 6.4 of [36]. These observations explain why every valuation of
a root datum restricts only to partial valuations that are exact as defined in
15.24.

Remark 18.33. The residues of a Bruhat-Tits building do not depend on
any particular system of apartments. To study residues, it is sometimes
useful to assume that the system of apartments is, in fact, complete. It
turns out that if (∆,A) is complete, then the defining field K of ∆∞

A is also

complete. (So far, we have shown this, in 17.11, only for X̃� simply laced.)
This will allow us to apply, for example, the following result.6

6The proof of 18.34 is based on the proof of Theorem 13.3 in [24]; see also [30].
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Proposition 18.34. Let K be a field that is complete with respect to a
valuation ν, let K̄ be the residue field of K and let L be a vector space over
K of finite dimension. Suppose that Q is an anisotropic form on L of degree
m for some positive integer m, i.e. that

(18.35) Q(tu) = tmQ(u)

for all u ∈ L and Q(u) = 0 if and only if u = 0. Suppose as well that

(18.36) ν(Q(u + v)) ≥ min{ν(Q(u)), ν(Q(v))}

for all u, v ∈ L. Let

Le = {u ∈ L | ν(Q(u)) ≥ e}

for all e ∈ Z. Then the following hold for all e ∈ Z:

(i) Le is an additive subgroup of L.
(ii) The map t̄v̄ = tv is a well-defined scalar multiplication on the quo-

tient Le/Le+m, where t �→ t̄ is the natural homomorphism from the
ring of integers OK to the quotient field K̄ and v �→ v̄ is the natural
homomorphism from Le to Le/Le+m.

(iii) dimK L = dimK̄ Le/Le+m.

Proof. Let ω(u) = ν(Q(u)) for all u ∈ L∗. By 9.23.i and 18.35, we have
ν(Q(−u)) = ν(Q(u)) for all u ∈ L. By 9.18 and 18.36, therefore, (i) holds
and the map ∂ω from L × L to K defined in 9.19 (with L in place of U and
ω in place of ν) is a metric on L. Assertion (ii) follows from 18.35.

Choose e ∈ Z and let V = Le/Le+m. Let

B := {ai | i ∈ M}

for some index set M be a set of elements of Le such that {āi | i ∈ M} is
a basis of V . To prove (iii), it will suffice to show that B is a basis of L
over K. The set B is linearly independent over K since otherwise we could
choose scalars ti not all zero such that∑

i∈M

tiai = 0

and min{ν(ti) | i ∈ [1, n]} = 0, i.e. such that the images t̄i in K̄ are not all
zero. Since L is finite-dimensional, it follows that |B| is finite. We can thus
assume that M = [1, n] for some n, i.e. that B = {a1, . . . , an}. It will suffice
now to show that the set B spans L.

Choose u ∈ L∗ and let p be an element in K∗ such that ν(p) = 1. Thus

(18.37) ω(u) − k1m ∈ [e, e + m − 1]

for some integer k1. Let v = p−k1u. By 18.35 and 18.37, v ∈ Le. There thus

exist scalars t
(1)
i ∈ OK for all i ∈ [1, n] such that

v̄ = t̄
(1)
1 ā1 + · · · + t̄(1)n ān.

In other words,

ω
(
v −

∑
i∈[1,n]

t
(1)
i ai

)
≥ e + m.
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Thus if

u1 = u −
∑

i∈[1,n]

pk1t
(1)
i ai,

then ω(u1) ≥ k1m + (e + m) > ω(u) (by 18.37). If u1 = 0, then u is in the
span of B. We can thus assume that u1 �= 0.

By induction and the conclusion of the previous paragraph, we can assume
that there exist elements k1, k2, k3, . . . of Z, elements u1, u2, u3, . . . of L∗ and
elements

t
(1)
i , t

(2)
i , t

(3)
i , . . .

of OK for all i ∈ [1, n] such that

(18.38) u − us =
∑

i∈[1,n]

(
pk1t

(1)
i + pk2t

(2)
i + · · · + pkst

(s)
i

)
ai

as well as

(18.39) ω(u) < ω(u1) < ω(u2) < · · · < ω(us)

and

(18.40) ω(us−1) − mks ∈ [e, e + m − 1]

for all s ≥ 1 (where u0 = u). By 18.39 and 18.40,

(18.41) k1 ≤ k2 ≤ k2 ≤ · · ·

and no value is repeated more than m−1 times in the sequence 18.41. Hence

(18.42) lim
s→∞

ks = ∞.

By 18.39, we also have

(18.43) lim
s→∞

(u − us) = u

with respect to the metric ∂ω. For each i ∈ [1, n] and each s ≥ 1, let

r
(s)
i denote the coefficient of ai on the right-hand side of 18.38. By 18.42,

(r
(s)
i )s≥1 is a Cauchy sequence (for each i ∈ [1, n]) and hence has a limit in

K (since K is complete) which we denote by fi. Thus

lim
s→∞

r
(s)
i ai = fiai

for each i ∈ [1, n] by 18.35 and hence

lim
s→∞

( ∑
i∈[1,n]

(
pk1t

(1)
i + pk2t

(2)
i + · · · + pkst

(s)
i

)
ai

)
= f1a1 + · · · + fnan

by 18.36. Therefore

u = f1a1 + · · · + fnan

by 18.38 and 18.43. �

The result 18.34 will be applied in 19.36 with m = 2 and in 25.30 with
m = 3; see also 24.59.
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Chapter Nineteen

Quadrangles of Quadratic Form Type

In this chapter, we consider the case X = QQ of the problem framed at the
end of Chapter 16. Our main result is 19.18. We then use this result to
complete the classification of Bruhat-Tits pairs whose building at infinity is
B
Q
� (Λ) for some anisotropic quadratic space Λ in 19.23. See 12.2 and 12.4

in [36] for the definition of an anisotropic quadratic space and 30.15 for the
definition of the building B

Q
� (Λ).

In this and the next seven chapters, we also investigate the completions
and residues of each family of Bruhat-Tits pairs under consideration using
17.4 and 17.9 (for completions) and 18.25 (for residues). The main results
about completions and residues for the case considered in this chapter are
19.27, 19.28 and 19.35.1

Proposition 19.1. Let (K, L, q) be a quadratic space (as defined in 12.2 of
[36]), let f be the associated bilinear form and let E be a field containing K.
Let LE = L ⊗K E. Let fE denote the unique bilinear (over E) map from
LE × LE to E such that

(19.2) fE(u ⊗ s, v ⊗ t) = f(u, v)st

for all u, v ∈ L and all s, t ∈ E. Then there exists a unique map qE from
LE to E such that

(19.3) qE(

d∑
i=1

vi ⊗ ti) =

d∑
i=1

t2i q(vi) +
∑
i<j

titjf(vi, vj)

for all v1, . . . , vd ∈ L, for all t1, . . . , td ∈ E and for all d. Moreover,

ΛE := (E, LE , qE)

is a quadratic space and fE is the associated bilinear form.2

Proof. Choose a basis B of L over K and define qE using 19.3 for all finite
subsets {v1, . . . , vd} of B. Since f(v, v) = 2q(v) for all v ∈ L, it follows (by

1Although the details vary from case to case, each of the next seven chapters follows
the general pattern set out in this one. Furthermore, the case considered in this chapter is
in many ways the most typical. We have made the assumption, therefore, that the reader
more interested in one of the later chapters will nevertheless first have read this one.
Consequently, we have tried to include every step of every calculation in this chapter but
allowed ourselves to be a bit more brief in subsequent chapters where similar calculations
are required.

2We will sometimes call qE and fE the natural extension of q and f to LE .



190 CHAPTER 19

a bit of calculation) that ΛE is a quadratic space and fE is the associated
bilinear form. The identity 19.3 then holds in general by induction with
respect to d. �

The following result is a special case of Theorem 10.1.15 of [6] (as is 24.9
below). Antecedents can be found in the paper [30] of T. A. Springer .

Proposition 19.4. Let (K, L, q) be an anisotropic 3 quadratic space, let f
be the associated bilinear form on L, let ν be a valuation of K,4 let K̂ be the
completion of K with respect to ν, let LK̂ = L ⊗K K̂, let fK̂ and qK̂ be as
in 19.1 and let

L⊥
K̂

= {û ∈ LK̂ | fK̂(û, L) = 0}.

Then the following assertions are equivalent:

(i) ν(f(u, v)) ≥ min{ν(q(u)), ν(q(v))} for all u, v ∈ L∗.
(ii) ν(q(u + v)) ≥ min{ν(q(u)), ν(q(v))} for all u, v ∈ L∗.
(iii) ν(f(u, v)) ≥

(
ν(q(u)) + ν(q(v))

)
/2 for all u, v ∈ L∗.

(iv) {û ∈ LK̂ | qK̂(û) = 0} ⊂ L⊥
K̂

.

Proof. We have

q(u + v) = q(u) + q(v) + f(u, v)

for all u, v ∈ L. By 9.17.ii, therefore, (i) and (ii) are equivalent. Since the
average of two numbers is at least as large as their minimum, (iii) implies (i).

Suppose now that (iii) does not hold. There thus exist u, v ∈ L such that

(19.5) η := ν(q(u)) + ν(q(v)) − 2ν(f(u, v)) > 0.

In particular, f(u, v) �= 0. Let v0 = v and let

(19.6) λ1 = −f(u, v)−1q(v).

We have f(u, u) = 2q(u), hence ν(f(u, u)) ≥ ν(q(u)) and thus

ν(f(λ1u, u)) ≥ ν(λ1) + ν(q(u))

= −ν(f(u, v)) + ν(q(v)) + ν(q(u))

= η + ν(f(u, v))

since ν(f(u, v)−1) = −ν(f(u, v)) by 9.17.i. Hence ν(f(λ1u, u)) > ν(f(u, v))
since η > 0. By 9.23.ii, therefore,

(19.7) ν(f(u, λ1u + v)) = ν(f(u, v)).

By 19.6, we have f(λ1u, v) = −q(v). Hence

ν(q(λ1u + v)) = ν
(
λ2

1q(u) + q(v) + f(λ1u, v)
)

= ν(λ2
1q(u))

= −2ν(f(u, v)) + 2ν(q(v)) + ν(q(u))

3A quadratic space (K, L, q) is anisotropic if q(u) = 0 for some u ∈ L if and only if
u = 0.

4We observe that the statement and proof of 19.4 require only that ν be real-valued
(rather than discrete). The same remark applies also to 24.9 and 25.5.



QUADRANGLES OF QUADRATIC FORM TYPE 191

and thus

(19.8) ν(q(λ1u + v)) = η + ν(q(v)).

Next we define inductively

(19.9) λk = −f(u, vk−1)
−1q(vk−1)

for all k ≥ 2 and

(19.10) vk = λku + vk−1

for all k ≥ 1. To show that λk is well defined, we need to show that f(u, vk) �=
0 for each k ≥ 1. We will show by induction on k that, in fact,

(19.11) ν(f(u, vk)) = ν(f(u, v)),

so indeed f(u, vk) �= 0, as well as

(19.12) ν(λk) = (2k−1 − 1)η + ν(q(v)) − ν(f(u, v))

and

(19.13) ν(q(vk)) = (2k − 1)η + ν(q(v))

for all k ≥ 1. These claims hold for k = 1 by 19.6–19.8. Let k > 1 and
assume that all three claims hold for smaller values of k. Then

ν(λk) = −ν(f(u, vk−1)) + ν(q(vk−1))

= −ν(f(u, v)) + (2k−1 − 1)η + ν(q(v)),(19.14)

hence

ν(f(λku, u)) ≥ ν(λk) + ν(q(u))

= −ν(f(u, v)) + (2k−1 − 1)η + ν(q(v)) + ν(q(u))

= ν(f(u, v)) + 2k−1η > ν(f(u, v)),

and so

ν(f(u, vk)) = ν
(
f(λku, u) + f(u, v)

)

= ν(f(u, v)).

We then have

q(vk) = q(λku + vk−1) = λ2
kq(u)

since q(vk−1) = −f(λku, vk−1) by 19.9 and thus

ν(q(vk)) = 2ν(λk) + ν(q(u))

= −2ν(f(u, v)) + 2
(
(2k−1 − 1)η + ν(q(v))

)
+ ν(q(u))

= η + 2(2k−1 − 1)η + ν(q(v)) = (2k − 1)η + ν(q(v))

by 19.14. Thus all three claims 19.11–19.13 hold for all k ≥ 1.
By 19.11 and 19.13, we can choose N such that ν(f(u, vN )) = ν(f(u, v)),

ν(q(vN )) > ν(f(u, v)) and ν(q(vN )) ≥ ν(q(v)). Thus

ν(q(u)) + ν(q(vN )) − 2ν(f(u, vN )) ≥ η > 0.
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Replacing u by vN and v by u in the previous paragraph, we conclude that
there exists an element uM in the subspace of L spanned by u and v such
that

ν(f(uM , vN )) = ν(f(u, vN )) = ν(f(u, v))

and

ν(q(uM )) > ν(f(u, v)).

Thus ν(f(uM , vN )) < min{ν(q(uM )), ν(q(vN ))}. Therefore (ii) implies (iii).
We continue to assume that 19.5 holds and keep the previous notation.

By 19.10,

vk = (λk + λk−1 + · · · + λ1)u + v

for all k ≥ 1. By 19.12, there exists ξ ∈ K̂ such that

lim
k→∞

ξk = ξ,

where

ξk = λk + λk−1 + · · · + λ1

for each k ≥ 1. Let ẑ = ξu + v. Then

lim
k→∞

fK̂(u, vk − ẑ) = lim
k→∞

(ξk − ξ)f(u, u) = 0.

By 19.11, therefore, fK̂(u, ẑ) �= 0 and hence ẑ �∈ L⊥
K̂

. We also have

qK̂(ẑ) − q(vk) = (ξ2 − ξ2
k)q(u) + (ξ − ξk)f(u, v).

Therefore

lim
k→∞

q(vk) = qK̂(ẑ)

in K̂. By 19.13, on the other hand, we have

lim
k→∞

q(vk) = 0.

Thus qK̂(ẑ) = 0. We conclude that also (iv) implies (iii).
It remains only to show that (iii) implies (iv). Suppose that there exists

a vector û ∈ L∗
K̂

such that qK̂(û) = 0 but fK̂(û, LK̂) �= 0. By 19.2, there

exists w ∈ L such that fK̂(û, w) �= 0. Let B := (v1, v2, . . . , vd) be an ordered
finite subset of a basis of L such that both û and w lie in the subspace of
LK̂ spanned by the vectors in B. Let t̂1, . . . , t̂d be the coordinates of û with
respect to B. Choose sequences (ti,k)k≥1 of elements in K such that

lim
k→∞

ti,k = t̂i

for all i ∈ [1, d] and let

uk = t1,kv1 + · · · + td,kvd

for all k ≥ 1. By 19.3, we have

lim
k→∞

q(uk) = qK̂(û) = 0
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and hence

lim
k→∞

ν(q(uk)) = ∞.

From 19.2 it follows similarly that

lim
k→∞

f(uk, w) = fK̂(û, w) �= 0.

By 9.18.iii, therefore, ν(f(uk, w)) is a constant for all k sufficiently large.
Therefore

ν(f(uk, w)) <
(
ν(q(uk)) + ν(q(w))

)
/2

for all k sufficiently large. Thus (iii) implies (iv). �

Lemma 19.15. Let Λ = (K, L, q) be an anisotropic quadratic space, let s ∈
K∗ and let Λs = (K, L, sq). Then the maps x1(t) �→ x1(t), x3(t) �→ x3(st)
and xi(u) �→ xi(u) for i = 2 and 4 extend to an isomorphism from the root
group sequence QQ(Λ) to the root group sequence QQ(Λs) (by 30.4).

Proof. This holds by the definition of the operator QQ in 16.3 of [36]. �

Definition 19.16. A quadratic space (K, L, q) is unitary if 1 ∈ q(L).

By 19.15, we can assume (without loss of generality) that the quadratic space
(K, L, q) in 30.14.iii is unitary.

Definition 19.17. Let Λ = (K, L, q) be an anisotropic quadratic space
that is unitary as defined in 19.16. Then (K∗)2 ⊂ q(L∗). Let ν be a discrete
valuation of K. Note that if ν(q(u)) is odd for some u ∈ L∗, then every odd
number is of the form ν(q(tu)) for some t ∈ K; thus ν(q(L∗)) is either 2Z or
Z. Let

δ = |Z/ν(q(L∗))|.

We will call δ the ν-index of (K, L, q). We will say that (K, L, q) is ramified
(respectively, unramified) at ν if δ = 1 (respectively, δ = 2).5 We will say
that (K, L, q) is ν-compatible if the four equivalent conditions in 19.4 hold.

Theorem 19.18. Let

Λ = (K, L, q)

be a unitary anisotropic quadratic space, let ν be a discrete valuation of K,
let

QQ(Λ) = (U+, U1, . . . , U4)

and x1, . . . , x4 be as in 30.8.iii, let (∆, Σ, d) be the canonical realization of
QQ(Λ) as defined in 30.6 and let (G†, ξ) be the root datum of ∆ based at Σ.
Let δ be the ν-index of Λ as defined in 19.17 and let

(19.19) φ1(x1(t)) = ν(t)

for all t ∈ K∗. Then the following hold:

5These notions coincide with the usual notions of a (totally) ramified and unramified
extension (as defined, for example, in Chapter 3, Section 5, of [28]) in the special case
that L/K is a separable quadratic extension, q is its norm, K is complete with respect to
ν and L̄/K̄ is separable (where L̄ is defined with respect to the valuation ω obtained by
setting L = E in 17.14).



194 CHAPTER 19

(i) The map φ1 extends to a valuation of (G†, ξ) if and only if (K, L0, q)
is ν-compatible as defined in 19.17.

(ii) Suppose that φ1 extends to a valuation φ of (G†, ξ) and let ι be the
associated root map of Σ (with target B2 = C2).

6 Then ι is long (as
defined in 16.12) if and only if δ = 2; and after replacing φ by an
equipollent valuation if necessary,

(19.20) φ4(x4(u)) = ν(q(u))/δ

for all u ∈ L∗.

Proof. Let Ξd and Ξ◦
d be as in 3.5. The four roots a1, . . . , a4 in Ξd can be

ordered so that Ui = Uai
for all i ∈ [1, 4]. We then have Ξ◦

d = {a1, a4} and
[a1, a4] = (a1, a2, a3, a4), where [a1, a4] is as defined in 3.1.

Suppose first that (K, L, q) is ν-compatible. Let φ3(x3(t)) = ν(t) for all
t ∈ K∗ and let

φi(xi(u)) = ν(q(u))/δ

for i = 2 and 4 and all u ∈ L∗. Then φi(U
∗
i ) = Z for all i ∈ [1, 4]. Let

φ = {φ1, φ2, φ3, φ4}.

By 19.4.ii, φ satisfies 15.1.i. Let ι be a root map of Σ (with target B2)
that is long if δ = 2 and short if δ = 1 (as defined in 16.12). Thus U1 is a
long root group (i.e. the root a1 is long) if and only if ι is long. By 16.3 of
[36] and 19.4.iii, φ satisfies 15.1.ii with respect to ι and is, in fact, exact as
defined in 15.24.7 By 15.25 and 30.36.iii, φ satisfies 15.4.i.8 By 30.38.iii, φ

6See the comments following 3.21.
7Here are the details. Choose t ∈ K∗ and u, v ∈ L∗. By 16.3 in [36], [x2(u), x4(v)−1] =

x3(f(u, v)), where f is the bilinear form associated with q, and [x1(t), x4(v)−1] =
x2(tv)x3(tq(v)). Suppose first that ι is long. This means that a1 is a long root of the
root system B2 and that φi(xi(w)) = ν(q(w))/2 for i = 2 and 4 and for all w ∈ L∗. Thus
a2 = a1 + a4 and a3 = a1 + 2a4 = a2 + a4 as well as

φ3
`
x3(f(u, v))

´
≥ φ2(x2(u)) + φ4(x4(v))

(by 19.4.iii),
φ2(x2(tv)) = q(tv)/2 = φ1(x1(t)) + φ4(x4(v))

and
φ3

`
x3(tq(v))

´
= φ1(x1(t)) + 2φ4(x4(v)).

Thus φ satisfies 15.1.ii and is exact. Now suppose that ι is short. This means that a1 is
a short root in the root system B2 and that φi(xi(w)) = ν(q(w)) for i = 2 and 4 and for
all w ∈ L∗. Thus a2 = 2a1 + a4 and a3 = a1 + a4 = (a2 + a4)/2 as well as

φ3
`
x3(f(u, v))

´
≥

`
φ2(x2(u)) + φ4(x4(v))

´
/2

(by 19.4.iii),
φ2(x2(tv)) = q(tv) = 2φ1(x1(t)) + φ4(x4(v))

and
φ3

`
x3(tq(v))

´
= φ1(x1(t)) + φ4(x4(v)).

Thus φ satisfies 15.1.ii and is exact also in this case.
8Here are the details. Choose t ∈ K∗ and u ∈ L∗. Then

φ3([x1(t), x4(u)−1]3) = φ3
`
x3(tq(u))

´
= φ1

`
x1(t)

´
+ δφ4

`
x4(u)

´
,
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satisfies 15.4.ii. Thus φ is a viable partial valuation. By 15.21, φ extends to
a valuation of (G†, ξ).

Suppose, conversely, that φ is a valuation of (G†, ξ) with respect to a root
map ι of Σ (with target B2) that extends the map φ1 (so φa1 = φ1). Let
φi = φai

for all i ∈ [2, 4]. By 2.50.i and 3.41.i with a = a1 and b = a4, we
have

φ4(x4(u)) = −
(
φ1

(
x3(1)mΣ(x4(u))

)
− φ3(x3(1))

)
/δ0

for all u ∈ L∗, where

δ0 =

⎧⎨
⎩

2 if ι is long and

1 if ι is short.

By 32.7 in [36],

x3(1)mΣ(x4(u)) = x1(1/q(u))

for all u ∈ L∗. Thus

φ4(x4(u)) =
(
ν(q(u)) + φ3(x3(1))

)
/δ0

for all u ∈ L∗. By 3.21, φi(U
∗
i ) = Z for each i ∈ [1, 4]. By 19.17, ν(q(L∗)) =

δZ. It follows that δ0 = δ and φ3(x3(1))/δ ∈ Z. By 3.43, therefore, we can
assume that 19.20 holds. Since φ satisfies condition (V1), 19.4.ii holds. Thus
(K, L, q) is ν-compatible. This completes the proof of (i) and (ii). �

Theorem 19.21. Let (∆, Σ, d) be a canonical realization of type 30.14.iii
(as defined in 30.15). Thus

∆ = B
Q
� (Λ) = C

Q
� (Λ)

where the subscript 3 on the left-hand side is as in 15.23. Thus the (a1, a4)-coefficient of
φ at a3 (as defined in 15.24) is (1, δ) and the (a4, a1)-coefficient of φ at a3 is (δ, 1). By
30.36.iii (where h1(s) and h4(u) are defined), we have

φ1
`
x1(s)h4(u)

´
− φ1

`
x1(s)

´
= −δφ4

`
x4(u)

´

and
φ4

`
x4(u)h1(s)

´
− φ4

`
x4(u)

´
= −2φ1

`
x1(s)

´
/δ.

Thus 15.4.i holds if a �= b. Now let a = a1, b = a4 and c = a3 and let ψa and ψc be as in
15.25. Then ψa

`
x4(u)

´
= −δφ4

`
x4(u)

´
and (again by 30.36.iii)

ψc

`
x4(u)

´
= φ3

`
x3(s)h4(u)

´
− φ3(x3(s)) = δφ4

`
x4(u)

´
.

Thus
ψc

`
x4(u)

´
= ψa

`
x4(u)

´
+ 2δφ4

`
x4(u)

´

and hence 15.25.iii holds. By 15.25, therefore, 15.4.i holds when a = b = a4. Now let
a = a4, b = a1 and c = a3 and again let ψa and ψc be as in 15.25. Then ψa

`
x1(s)

´
=

−φ1

`
x1(s)

´
/δ and (again by 30.36.iii)

ψc

`
x1(s)

´
= φ3(x3(s)h1(s)

´
− φ3(x3(s)) = 0.

Thus
ψc

`
x1(s)

´
= δψa

`
x1(s)

´
+ φ1

`
x1(s)

´

and hence 15.25.iii holds again. By 15.25, therefore, 15.4.i holds when a = b = a1.
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for some anisotropic quadratic space Λ = (K, L, q) and some � ≥ 2 in the
notation of 30.15. Suppose, too, that Λ is unitary as defined in 19.16.9 Let
(G†, ξ) be the root datum of ∆ based at Σ and let ν be a valuation of K. Let
ιB be a long root map of Σ and let ιC be a short root map of Σ as defined in
16.12.10 Let a and xa be as in 16.2 and 16.3 and let φa be given by

φa(xa(t)) = ν(t)

for all t ∈ K∗. Then the following hold:

(i) If Λ is not ν-compatible, then φa does not extend to a valuation of
(G†, ξ).

(ii) If Λ is ν-compatible and Λ is unramified at ν, then φa extends to a
valuation φ of (G†, ξ) with respect to ιB (but not with respect to ιC).

(iii) If Λ is ν-compatible and Λ is ramified at ν, then φa extends to a
valuation φ of (G†, ξ) with respect to ιC (but not with respect to ιB).

In cases (ii) and (iii), the extension φ is unique up to equipollence.

Proof. This holds by 16.14.ii, 19.17 and 19.18. �

Notation 19.22. Let ∆, Λ, ν, etc., be as in 19.21, suppose that Λ is ν-
compatible and let φ be as in (ii) or (iii) of 19.21. We denote the pair
(∆aff ,A) obtained by applying 14.47 to this data by X̃

Q
� (Λ, ν), where X = B

in case (ii) and X = C in case (iii).

Thus the pair X̃
Q
� (Λ, ν) for X = B or C defined in 19.22 exists precisely when

the quadratic space Λ is ν-compatible.

Theorem 19.23. Every Bruhat-Tits pair whose building at infinity is

B
Q
� (Λ) = C

Q
� (Λ)

for some unitary anisotropic quadratic space Λ = (K, L, q) and some � ≥ 2
is of the form B̃

Q
� (Λ, ν) (if Λ is unramified at ν) or C̃

Q
� (Λ, ν) (if Λ is ramified

at ν) for some valuation ν of K such that Λ is ν-compatible.

Proof. This holds by 16.4, 19.21 and 19.22. �

We turn our attention next to completions.

Proposition 19.24. Let Λ = (K, L, q) be an anisotropic quadratic space,
let ν be a discrete valuation of K and suppose that Λ is ν-compatible (as
defined in 19.17). For all u, v ∈ L, let

∂ν(u, v) =

⎧⎨
⎩

2−ω(u−v) if u �= v and

0 if u = v,

where

ω(w) = ν(q(w))

for all w ∈ L. Then the following hold:

9By 19.15, this is no real restriction.
10Thus by 2.14.v, ιX has target X� for X = B and C.
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(i) ∂ν is a metric on L;
(ii) The completion L̂ of L with respect to ∂ν is a vector space over K̂ in

which

(19.25) t̂û = lim
k→∞

(tkuk)

for all t̂ ∈ K̂, all û ∈ L̂, all sequences (tk)k≥1 of elements of K that
converge to t̂ and all sequences (uk)k≥1 of elements of L that converge
to û (with respect to ∂ν).

(iii) Λ̂ := (K̂, L̂, q̂) is an anisotropic quadratic space,11 where q̂ is the ex-
tension of q to L̂ by continuity, i.e.

(19.26) q̂(û) := lim
k→∞

q(uk)

whenever (uk)k≥1 is a sequence of elements uk of L that converges to

an element û of L̂.
(iv) Λ̂ is ν-compatible.12

Proof. Let ∆, Σ and (G†, ξ) be as in 19.18 and let φ be the valuation of
the root datum (G†, ξ) obtained by applying 19.18 to ν. By 17.3 and 19.20
applied to φ, we conclude that ∂ν is a metric. Thus (i) holds.

There is a unique extension (by 17.12) of the addition on L by continuity
that makes L̂ into an abelian group. Let t̂ ∈ K̂, let (tk)k≥1 be a sequence of

elements of K that converges to t̂, let û ∈ L̂ and let (uk)k≥1 be a sequence
of elements of L that converges to û (with respect to ∂ν). Then

tkuk − tlul = tk(uk − ul) + (tk − tl)ul

and

ω(tk(uk − ul)) = 2ν(tk) + ω(uk − ul)

as well as

ω((tk − tl)ul) = 2ν(tk − tl) + ω(ul)

for all k, l ≥ 0. Furthermore, the sequences (ν(tk))k≥1 and (ω(uk))k≥1 are
bounded below (by 9.18.iii and 19.4.ii). It follows that (tkuk)k≥1 is a Cauchy
sequence with respect to ω. Any two sequences converging to t̂ can be
interleaved to make a “larger” sequence converging to t̂. Since the same
remark holds for û, it follows that

lim
k→∞

tkuk

depends only on t̂ and û and not on the sequences (tk)k≥1 and (uk)k≥1. Thus

19.25 yields a well-defined map from K̂ × L̂ to L̂ that gives L̂ the structure
of a vector space over K̂. Thus (ii) holds.

11The quadratic space Λ̂ is not always the same as the quadratic space (K̂, L
K̂

, q
K̂

) as
defined in 19.1; see 19.29–19.32 below.

12We are using the usual convention here (see 9.20) that the unique extension of ν to

a valuation of the completion K̂ of K is denoted by the same letter ν.
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Again let (uk)k≥1 be a sequence of elements of L that converges to an

element û in L̂ and let f be the bilinear form associated with q. By 9.18.iii
and 19.4.ii again, the sequence (ω(uk))k≥1 is bounded below. Let N > 0 be
arbitrary. Since

ν(q(uk − ul)) = ω(uk − ul) > N

for all k, l sufficiently large, it follows that

ν(f(uk − ul, ul)) > N

for all k, l sufficiently large by 19.4.iii. Since

q(uk) − q(ul) = q(uk − ul) + f(uk − ul, ul)

for all k, l ≥ 1, we conclude that ν
(
q(uk)− q(ul)

)
> N for all k, l sufficiently

large. Thus (q(uk))k≥1 is a Cauchy sequence in K whose limit t̂ ∈ K̂ depends
only on û and not on the sequence (uk)k≥1. Hence 19.26 yields a well-defined

map q̂ from L̂ to K̂ which (again by 9.18.iii and 19.4.ii) maps non-zero
elements of L̂ to non-zero elements of K̂. Let

f̂(û, v̂) := q̂(û + v̂) − q̂(û) − q̂(v̂)

for all û, v̂ ∈ L̂. By 19.25 and 19.26, it follows that f̂ is bilinear and that

q̂(t̂û) = t̂2q̂(û)

for all t̂ ∈ K̂ and all û ∈ L̂. Hence (K̂, L̂, q̂) is an anisotropic quadratic
space. Thus (iii) holds. Since K̂ is complete, Λ̂ satisfies 19.4.iv. Hence Λ̂ is
ν-compatible. Thus (iv) holds. �

Theorem 19.27. Let Λ = (K, L, q) be a unitary anisotropic quadratic space,
let ν be a discrete valuation of K and suppose that Λ is ν-compatible (as
defined in 19.17). Let Λ̂ be as in 19.24.iii and let (∆,A) = X̃

Q
� (Λ, ν) be

as in 19.22, where X = B or C. Then Λ̂ is ν-compatible, ∆ is completely
Bruhat-Tits and its completion is X̃

Q
� (Λ̂, ν).

Proof. By 30.16, X
Q
� (Λ) is a subbuilding of X

Q
� (Λ̂). By 19.24.iv, Λ̂ is ν-

compatible. By 9.18.iii and 19.17, Λ is ramified at ν if and only if Λ̂ is. The
claim holds, therefore, by 17.4, 17.9 and 19.24. �

Corollary 19.28. Let Λ = (K, L, q) be an anisotropic quadratic space, let ν
be a valuation of K and suppose that Λ is ν-compatible. Then the following
hold:

(i) The Bruhat-Tits pair X̃
Q
� (Λ, ν) is complete if and only if K is complete

with respect to ν and L is complete with respect to the metric ∂ν defined
in 19.24.

(ii) If dimKL is finite, then X̃
Q
� (Λ, ν) is complete if and only if K is com-

plete with respect to ν.

Proof. This holds by 17.13 and 19.27. �

In the following result, we compare the quadratic spaces ΛK̂ in 19.4 and

Λ̂ in 19.24.iii.
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Proposition 19.29. Let Λ = (K, L, q) be an anisotropic quadratic space,
let f be the bilinear form belonging to q and let ν be a discrete valuation of
K. Suppose that Λ is ν-compatible as defined in 19.17. Let (K̂, LK̂ , qK̂) be

as in 19.4 and let (K̂, L̂, q̂) be as in 19.24. Let ρ be the unique K̂-linear map
from LK̂ to L̂ that sends v ⊗ t̂ to vt̂ for all elements v ∈ L and t̂ ∈ K̂. Then
the following hold:

(i) q̂(ρ(û)) = qK̂(û) for all û ∈ LK̂ .
(ii) The map ρ is injective if qK̂ is anisotropic.
(iii) If f is non-degenerate, then qK̂ is anisotropic.
(iv) The map ρ is surjective if dimK L is finite.
(v) If qK̂ is anisotropic and dimK L is finite, then ρ is an isomorphism of

quadratic spaces from (K̂, LK̂ , qK̂) to (K̂, L̂, q̂).

Proof. Let û ∈ LK̂ . There exists a finite linearly independent set v1, . . . , vd

such that û = v1 ⊗ t̂1 + · · · vd ⊗ t̂d for some t̂1, . . . , t̂d in K̂. Let (ti,k)k≥1 be
a sequence of elements of K that converges to ti for each i ∈ [1, d] and let

uk = v1 ⊗ t1,k + · · · + vd ⊗ td,k

for each k ≥ 1. Thus

q̂(ρ(uk)) = q(uk) = qK̂(uk)

for all k ≥ 1, and by 19.3 and 19.4.ii,

qK̂(û) = lim
k→∞

q(uk).

By 19.26, it follows that

(19.30) q̂(ρ(û)) = qK̂(û).

Thus (i) holds. The assertion (ii) follows from (i) since q̂ is anisotropic (by
19.24.iii). Assertion (iii) holds by 19.4.iv.

Suppose that dimK L is finite and suppose that v1, . . . , vd is a basis of L
over K. If (uk)k≥1 is a Cauchy sequence in ρ(L), then (by the Lemma in
Chapter II, Section 8, of [11]), there exist Cauchy sequences (ti,k)k≥1 for all
i ∈ [1, d] such that

uk = v1t1,k + · · · + vdtd,k

for each k. It follows that ρ(LK̂) is a closed subset of L̂ containing L. Thus
(iv) holds. Assertion (v) is a consequence of (i), (ii) and (iv). �

Example 19.31. Let k be a field of characteristic 2, let t be a transcendental
over k, let α be an element in k((t)) that is transcendental over k(t), let
K = k(t, α2), let L = k(t, α), let q(x) = x2 for all x ∈ L and let ν be the
restriction to K of the unique discrete valuation k((t)). Then L̄ = K̄ = k but
dimK̂ L ⊗ K̂ = dimK L = 2, so the map ρ defined in 19.29 is not injective
(and the quadratic form qK̂ is not anisotropic). Thus the hypothesis in
19.29.ii is necessary.
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Example 19.32. Suppose that (K, L, q) is an anisotropic quadratic space
of infinite dimension such that the bilinear form f belonging to q is non-
degenerate and suppose that ν is a discrete valuation of K such that (K, L, q)
is ν-compatible.13 Let ω be as in 19.24 and let ρ be as in 19.29. Since f is
non-degenerate, we can choose a countable subset

{vk | k ≥ 1}

of L∗ that is orthogonal if char(K) �= 2 and “symplectically orthogonal” if
char(K) = 2, by which we mean that f(vk, vl) is non-zero if k is odd and
l = k + 1 and f(vk, vl) = 0 for all other pairs k, l with k < l. Adjusting by
scalars, we can assume that ω(vk) ≥ 0 for all k ≥ 1. Choose a uniformizer
π ∈ K∗ (as defined in 9.17) and let

ud =

d∑
k=1

πkvk

for all d ≥ 1. Then (ud)d≥1 is a Cauchy sequence in L (with respect to ω);

let u∗ ∈ L̂ be its limit. For each k ≥ 1, f(vk, ud) is a non-zero constant for

all d > k. Thus f̂(vk, u∗) �= 0 for all k ≥ 1. It follows that u∗ �∈ ρ(LK̂). This
shows that the hypothesis in 19.29.iv is necessary.

We turn now to gems.

Definition 19.33. Let

Λ = (K, L, q)

be a ν-compatible anisotropic quadratic space, let K̄ and OK be the residue
field and the ring of integers of K with respect to ν (as defined in 9.22), let
π be a uniformizer in K (as defined in 9.17) and let t �→ t̄ be the natural
homomorphism from OK to K̄. For each i ∈ Z, let

Li = {v ∈ L | ν(q(v)) ≥ i}.

By 19.4.ii, Li is an additive subgroup of L for each i ∈ Z. Let L̄i = Li/Li+1

for each i ∈ Z. Choose i ∈ Z. Let ā denote the image of a under the natural
homomorphism from Li to L̄i. Let

t̄ · ā = ta

for all t ∈ OK and all a ∈ Li. This map is well defined and gives L̄i the
structure of a vector space over K̄. By 19.4.iii, the maps f̄i : L̄i × L̄i → K̄
and qi : L̄i → K̄ given by

f̄i(ā, b̄) = f(a, b)/πi

and

q̄i(ā) = q(a)/πi

13For example, we can set E = C((t)) and K = R((t)) and let L be the orthogonal sum
of arbitrarily many copies of the quadratic space (K, E, N), where N is the norm of the
extension E/K.
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for all a, b ∈ Li are well defined. Moreover, q̄i is an anisotropic quadratic
form on L̄i and f̄i is the corresponding bilinear form. More precisely, either
L̄i = 0 or

Λ̄i := (K̄, L̄i, q̄i)

is an anisotropic quadratic space. Note that if Λ is unitary as defined in
19.16, then L̄0 �= 0. Note, too, that the quadratic space Λ̄i depends on the
choice of π if i �= 0, but it is nevertheless unique up to similarity (as defined
in 12.8 in [36]) and hence also the building C

Q
� (Λ̄i) is independent of the

choice of π (by 3.6, 19.15 and 30.14.iii). We call the quadratic space Λ̄i the
i-th residue of Λ (with respect to ν).

Remark 19.34. We continue with all the notation in 19.33. Let ρ be the
linear automorphism of L given by ρ(v) = πv for all v ∈ L. Then ρ induces
an isomorphism from Λ̄i to Λ̄i+2 for all i. Thus the quadratic spaces Λ̄i and
Λ̄j are isomorphic whenever i and j have the same parity. Suppose that Λ
is unitary. Then Λ̄0 �= 0, and δ = 2 if and only if Λ̄1 = 0. If δ = 1, then
L̄i is non-zero for all i, but Λ̄0 and Λ̄1 need not be isomorphic (or even of
the same dimension). For more about this, see the article by T. A. Springer
[30], where the quadratic spaces Λ̄i were, we believe, first introduced. See
also 19.36.

Theorem 19.35. Let

(∆,A) = X̃
Q
� (Λ, ν)

for some unitary anisotropic quadratic space Λ = (K, L, q) and for some
valuation ν of K such that Λ is ν-compatible, where X = B if Λ is unramified
at ν and X = C if Λ is ramified at ν. Let Λ̄i for all i be as in 19.33, let the
apartment A, the gem R0 and the group G◦ be as in 18.1 and let the gem
R1 be as in 18.28. Then the following hold:

(i) If X = B, then R0
∼= B

Q
� (Λ̄0) and all gems are in the same G◦-orbit as

R0.
(ii) If X = C, then R0

∼= C
Q
� (Λ̄0), R1

∼= C
Q
� (Λ̄1) and every gem is in the

same G◦-orbit as R0 or R1 (or both).
(iii) Suppose that X = C. If there exists a linear similitude ψ of Λ such that

ν(q(ψ(u))) = ν(q(u))+ 1 for all u ∈ L∗, then all gems are in the same
G◦-orbit as R0.

14

Proof. Let Σ = A∞, let d be a chamber of Σ, let (G†, ξ) be the root datum
of ∆∞

A based at Σ and let φ = φR0 be the valuation of (G†, ξ) described in
13.8. Let c be the unique root in Ξd that is long (with respect to the root
map ιC) if X = C and short (with respect to the root map ιB) if X = B. By
19.22, we can assume that (∆∞

A , Σ, d) is the canonical realization of one of

14Suppose that (L, K) is a composition algebra with norm q as defined in 30.17 and
that the anisotropic quadratic space (K, L, q) is ramified, so there exists w ∈ L∗ such that
ν(q(w)) = 1. Let ψ(u) = uw for all u ∈ L. Then ν(q(ψ(u))) = ν(q(uw)) = ν(q(u)) + 1 for
all u ∈ L∗ since q is multiplicative.
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the root group labelings described in 30.14.iii, that φa(xa(t)) = ν(t) for all
a ∈ Ξ◦

d\{c} and all t ∈ K∗ and that φc(xc(u)) = ν(q(u))/δ for all u ∈ L∗,
where δ is the ν-index of Λ as defined in 19.17. By 18.27,

R0
∼= X

Q
� (Λ̄0).

Let b ∈ Ξ◦
d be as in 18.28. Since b is long, we have b = c if X = C. Let H be

as in 18.1 and let π ∈ K be a uniformizer.
Suppose that X = B. By 18.9, there exists an element τ ∈ H centralizing

Ua for all a ∈ Ξ◦
d\{b} such that xb(t)

τ = xb(πt) for all t ∈ K.15 Hence

φb(xb(t)
τ ) = φb(xb(t)) + 1

for all t ∈ K and φa is τ -invariant for all a ∈ Ξ◦
d\{b}. By 18.6, there is an

element ρ ∈ GA inducing τ on ∆∞
A . By 18.28.i, it follows that ρ maps R0 to

R1. Thus (i) holds by 18.29.
Suppose now that X = C, so that δ = 1. By 18.28.i and 19.33, we have

R1
∼= C�(Λ̄1).

16 By 18.29, therefore, (ii) holds.
Suppose, finally, that there exists ψ as in (iii). By 18.9, there is an element

τ ′ ∈ H centralizing Ua for all a ∈ Ξ◦
d\{b} such that xb(u)τ ′

= xb(ψ(u)) and
hence

φb(xb(u)τ ′

) = φb(xb(u)) + 1

for all u ∈ L.17 By 18.6, there is an element ρ′ ∈ GA inducing τ ′ on ∆∞
A .

By 18.28.i, the elements ρ′ map R1 to R0. By 18.29, therefore, (iii) holds. �

15Here are the details. If

QQ(Λ) = (U+, U1, U2, U3, U4)

is the root group sequence in 30.8.iii, then (by 30.4) there is an automorphism of U+

extending the maps xi(t) �→ xi(πt) for i = 1 and 3, x2(u) �→ x2(πu) and x4(u) �→ x4(u).
Thus the automorphism τ exists by 18.9 if � = 2 (in which case Ub = U1). Suppose that
� ≥ 3 and let

T (K) = (U+, U1, U2, U3)

be the root group sequence in 30.8.i. Then there exists an automorphism of U+ extending
the maps xi(t) �→ xi(πt) for i = 1 and 2 and x3(t) �→ x3(t) (again by 30.4). Thus the
automorphism τ exists by 18.9 and 30.14.iii.

16Here are the details. Let (u, v) be the directed edge of the Coxeter diagram C� defined
in 30.11. Thus a = au and b = av, where au and av are as in 3.5 and a is the root in Ξ◦

d
chosen in 16.3. Furthermore

Ωuv = QQ(Λ) = (U+, U1, U2, U3, U4),

where Ωuv is the root group sequence defined in 30.1 and QQ(Λ) is as in 30.8.iii. Thus,
in particular, Ui = Uai

for all i ∈ [1, 4], where [a, b] = (a1, a2, a3, a4), so U1 = Ua and
U4 = Ub. By 19.22, a1 is short, so a2 = 2a1 + a4 and a3 = a1 + a4. By 18.22 and
18.28.i, therefore, Uc,R = Uc,0 for all roots c in Ξ◦

d
\{b} including a and Uai,R = Uai,1 for

i ∈ [2, 4]. By 3.6, 18.23, 19.33 and 30.4, it follows that R1
∼= CQ

�
(Λ̄1).

17Here are the details. Since ψ is a similitude of q, there exists γ ∈ K∗ such that
q(ψ(u)) = γq(u) for all u ∈ L. If

QQ(Λ) = (U+, U1, U2, U3, U4)

is as in 30.8.iii, then there is an automorphism of U+ extending the maps x1(t) �→ x1(t),
xi(u) �→ xi(ψ(u)) for i = 2 and 4 and x3(t) �→ x3(γt) (by 30.4). Thus τ ′ exists by 18.9
and 30.14.iii.
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In light of 18.33 and 19.27, the following result about quadratic forms is
really a result about the gems of the building ∆ in 19.35 in the special case
that the vector space L is finite-dimensional (which includes the special case
that ∆ is algebraic as defined in 30.31).

Proposition 19.36. Let

Λ = (K, L, q)

be an anisotropic quadratic space of finite dimension, let ν be a discrete
valuation of K and suppose that K is complete with respect to ν. Then

dimK L = dimK̄ L̄0 + dimK̄ L̄1,

where L̄0 and L̄1 are as in 19.33.

Proof. By 19.4, q satisfies 18.36. The claim holds, therefore, by 18.34 (with
Q = q and m = 2). �

Remark 19.37. As we observed in 19.34, both L̄1 and L̄2 are non-zero if
the quadratic space Λ in 19.36 is ramified at ν (i.e. if its index δ at ν is 1),
but if Λ is unramified at ν, then, in fact,

dimK L = dimK̄ L̄0

by 19.36 since in this case L̄1 = 0.

The result 19.36 (including 19.37) will play an important role in Chap-
ter 28.

Suppose that Λ = (K, L, q) is a finite-dimensional anisotropic quadratic
space. Suppose, too, that the field K is complete with respect to a discrete
valuation ν and that its residue field K̄ is perfect if its characteristic is 2.
T. A. Springer [30] showed that under these hypotheses, the quadratic space
Λ is uniquely determined by the field K and the quadratic spaces Λ̄0 and Λ̄1

defined in 19.33. Similar results for hexagonal systems (but with a negative
conclusion in one case) were proved by H. P. Petersson in Theorems 2, 3
and 6 in [19]. By Theorem 2 in Chapter II, Section 4, of [28] (and the
remark that follows it), a field K that is complete with respect to a discrete
valuation is uniquely determined by its residue field K̄ if it has the same
characteristic as K̄. These results (combined with 19.35) indicate that there
are many interesting questions regarding the extent to which a Bruhat-Tits
building is determined by its residues.18 We will not, however, pursue these
issues in this book.

18In Theorem 4.1.2 of [32] (restated in 29.15.i), Tits showed that irreducible spherical

buildings are, in contrast, always uniquely determined by their residues of rank 2.
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Chapter Twenty

Quadrangles of Indifferent Type

In this chapter, we consider the case X = QD of the problem framed at the
end of Chapter 16. Our main results are 20.2 and 20.6 in which we give
the classification of Bruhat-Tits pairs whose building at infinity is BD

2 (Λ) for
some indifferent set Λ. See 10.1 in [36] for the definition of an indifferent set
and 30.15 for the definition of the building BD

2 (Λ).

Definition 20.1. Let (K, K0, L0) be an indifferent set and let ν be a discrete
valuation of K. By 10.1 and 10.2 in [36], 1 ∈ L0 ⊂ K0, K2L0 ⊂ L0 and
K2K0 ⊂ K0. By 9.17.i, it follows that ν(K∗

0 ) = Z or 2Z, ν(L∗
0) = Z or

2Z and ν(L∗
0) ⊂ ν(K∗

0 ). Let δL = |Z/ν(L∗
0)| and δK = |Z/ν(K∗

0 )|. Then
δK ≤ δL ≤ 2, so, in particular, δL/δK = 1 or 2. We will call the pair (δK , δL)
the ν-index of (K, K0, L0).

Theorem 20.2. Let

Λ = (K, K0, L0)

be an indifferent set, let ν be a discrete valuation of K, let

QD(Λ) = (U+, U1, . . . , U4)

and x1, . . . , x4 be as in 30.8.iv, let (∆, Σ, d) be the canonical realization of
QD(Λ) as defined in 30.6 and let (G†, ξ) be the root datum of ∆ based at Σ.
Let (δK , δL) be the ν-index of (K, K0, L0) as defined in 20.1 and let

(20.3) φ1(x1(t)) = ν(t)/δK

for all t ∈ K∗
0 . Then the following hold:

(i) The map φ1 extends to a valuation φ of (G†, ξ).
(ii) Let ι be the root map of Σ (with target B2) associated to φ. Then ι is

long if and only if δL/δK = 2; and, after replacing φ by an equipollent
valuation if necessary,

(20.4) φ4(x4(t)) = ν(t)/δL

for all t ∈ L∗
0.

Proof. Let Ξd and Ξ◦
d be as in 3.5. The four roots a1, . . . , a4 in Ξd can be

ordered so that Ui = Uai
for all i ∈ [1, 4]. We then have Ξ◦

d = {a1, a4} and
[a1, a4] = (a1, a2, a3, a4), where [a1, a4] is as defined in 3.1. Let

φ3(x3(t)) = ν(t)/δK
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for all t ∈ K∗
0 , let

φi(xi(t)) = ν(t)/δL

for i = 2 and 4 and for all t ∈ L∗
0 and let

φ = {φ1, φ2, φ3, φ4}.

By 20.1, φi(U
∗
i ) = Z for all i ∈ [1, 4]. By 9.17.ii, φ satisfies 15.1.i. Let ι be a

root map of Σ (with target B2) that is long (as defined in 16.12) if δL/δK = 2
and short if δL/δK = 1. Thus U1 is a long root group (i.e. the root a1 is
long) if and only if ι is long. By 16.4 of [36] and 9.17.i, φ satisfies 15.1.ii
with respect to ι, φ is exact as defined in 15.24, the (a1, a4)-coefficient of φ
at a2 (as defined in 15.24) is (2δK/δL, 1) and the (a4, a1)-coefficient of φ at
a3 is (δL/δK , 1). By 15.25 and 30.36.iv, it follows that φ satisfies 15.4.i. By
30.38.iv, φ satisfies 15.4.ii. Thus φ is a viable partial valuation of (G†, ξ).
By 15.21, φ extends to a valuation of (G†, ξ). Hence (i) holds.

Now suppose, conversely, that φ is a valuation of (G†, ξ) with respect to
a root map ι of Σ (with target B2) that extends the map φ1 (so φa1 = φ1).
Let φi = φai

for all i ∈ [2, 4]. By 2.50.i and 3.41.i with a = a1 and b = a4,
we have

φ4(x4(u)) = −
(
φ1

(
x3(1)mΣ(x4(u))

)
− φ3(x3(1))

)
/δ0

for all u ∈ L0, where

δ0 =

⎧⎨
⎩

2 if ι is long and

1 if ι is short.

By 32.8 in [36],

x3(1)mΣ(x4(u)) = x1(1/u)

for u ∈ L∗
0. Thus

φ4(x4(u)) = −
(
φ1(x1(1/u)) − φ3(x3(1))

)
/δ0

=
(
ν(u) + δKφ3(x3(1))

)
/δKδ0

for u ∈ L∗
0. By 3.21, φ4(U

∗
4 ) = Z, and by 20.1, ν(L∗) = δLZ. It follows that

δKδ0 = δL and φ3(x3(1))/δ0 ∈ Z. Therefore we can assume that 20.4 holds
(by 3.43) and δL/δK = 2 if and only if δ0 = 2 if and only if ι is long. Thus
(ii) holds. �

Notation 20.5. Let ∆, Λ, ν, etc. be as in 20.2 and let φ be the unique
valuation of (G†, ξ) satisfying 20.3 and 20.4. We denote by

B̃
D
2 (Λ, ν) or C̃

D
2 (Λ, ν)

the pair (∆aff ,A) obtained by applying 14.47 to these data.

Thus the pair B̃D
2 (Λ, ν) exists for every discrete valuation ν of K. Note that

we do not distinguish between BD
2 (Λ, ν) and CD

2 (Λ, ν); this is in contrast to
the analogous situation in 19.22.
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Theorem 20.6. Every Bruhat-Tits pair whose building at infinity is

B
D
2 (Λ) = C

D
2 (Λ)

for some indifferent set Λ = (K, K0, L0) is of the form B̃
D
2 (Λ, ν) = C̃

D
2 (Λ, ν)

for some valuation ν of K.

Proof. This holds by 3.41.ii, 16.4, 20.2 and 20.5. �

We now take a quick look at completions and gems.

Proposition 20.7. Let (K, K0, L0) be an indifferent set, let ν be a discrete
valuation of K, let K̂ be the completion of K with respect to ν, let K̂0 be the
closure of K0 in K̂ and let L̂0 be the closure of L0 in K̂. Then (K̂, K̂0, L̂0)
is an indifferent set.

Proof. This follows directly from the definition of an indifferent set in 10.1
in [36]. �

Theorem 20.8. Let Λ = (K, K0, L0) be an indifferent set, let ν be a discrete
valuation of K, let Λ̂ = (K̂, K̂0, L̂0) be as in 20.7 and let

(∆,A) := X̃
D
� (Λ, ν)

be as in 20.5 for X = B or C. Then ∆ is completely Bruhat-Tits and

X̃
D
� (Λ̂, ν)

is its completion.

Proof. By 30.16, XD
2 (Λ) is a subbuilding of XD

2 (Λ̂). The claim holds, there-
fore, by 17.4 and 17.9. �

Definition 20.9. Let Λ = (K, K0, L0) be an indifferent set, let ν be a
valuation of K and let K̄ be the residue field of K with respect to ν. Let
K̄0 be the image of K0 ∩ OK in K̄ (where OK is the ring of integers with
respect to ν), let L̄0 be the image of L0 ∩ OK in K̄ and let

Λ̄ = (K̄, K̄0, L̄0).

Then Λ̄ is an indifferent set which we call the residue of Λ with respect to ν.

By 18.5, we know that the group G◦ defined in 18.1 has at most two orbits
in the set of gems of ∆.

Theorem 20.10. Let

(∆,A) = X̃
D
2 (Λ, ν)

for some indifferent set Λ = (K, K0, L0) and some valuation ν of K (as
defined in 20.5), where X = B or C. Let (δK , δL) be the ν-index of Λ (as
defined in 20.1). Let p be an element of K0 such that ν(p) = δK and let
q be an element of L0 such that ν(q) = δL. Let ΛK = (K, pK0, L0) and
ΛL = (K, K0, qL0) (so ΛK and ΛL are both indifferent sets by 10.6 of [36]1)
let Λ̄, ΛK and ΛL be the residues of Λ, ΛK and ΛL as defined in 20.9. Then
the following hold:

1The indifferent sets ΛK and ΛL are, in fact, translates of Λ as defined in 10.6 of [36].
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(i) If δK �= δL, then every gem of ∆ is isomorphic to BD
2 (Λ̄) = CD

2 (Λ̄) or
B
D
2 (ΛK) = C

D
2 (ΛK).

(ii) If δK = δL, then every gem of ∆ is isomorphic to BD
2 (Λ̄) = CD

2 (Λ̄) or
BD

2 (ΛL) = CD
2 (ΛL).

Proof. Let A ∈ A, let R0 be as in 18.1 and let R1 be the gem of ∆ described
in 18.28. Let Σ = A∞, let d be a chamber of Σ, let (G†, ξ) be the root datum
of ∆∞

A based at Σ and let φ = φR0 be the valuation of (G†, ξ) described in
13.8. By 20.5, we can assume that (∆∞

A , Σ, d) is the canonical realization of

QD(Λ) = (U+, U1, U2, U3, U4)

as defined in 30.6, that φ1(x1(t)) = ν(t)/δK for all t ∈ K∗
0 and that

φ4(x4(u)) = ν(q(u))/δL for all u ∈ L∗
0. By 18.27, R0

∼= B
D
2 (Λ̄).

Suppose that δK �= δL. By 20.1, we have δK = 1 and δL = 2. By 20.2,
U1 is long root group. By 10.2 in [36], p2L0 = L0. By 18.9, 18.28.i and
30.4, therefore, the maps xi(s) �→ xi(ps) for i = 1 and 3, x2(t) �→ x2(p

2t),
x4(t) �→ x4(t) induce an isomorphism from R1 to BD

2 (ΛK). Thus (ii) holds
by 18.29.

Suppose that δK = δL. By 20.2, U4 is a long root group. By 10.2 in
[36], qK0 = K0. Therefore, the maps x1(s) �→ x1(s), x3(s) �→ x3(qs) and
xi(t) �→ xi(qt) for i = 2 and 4 induce an isomorphism from R1 to B

D
2 (ΛL)

(again by 18.9, 18.28.i and 30.4). Thus (iii) holds, again by 18.29. �



Chapter Twenty One

Quadrangles of Type E6, E7 and E8

In this chapter, we consider the case X = QE of the problem framed at the
end of Chapter 16. Our main results are 21.27 and 21.35 in which we give
the classification of Bruhat-Tits pairs whose building at infinity is BE

2 (Λ) (as
defined in 30.15) for some quadratic space Λ of type E6, E7 or E8 (as defined
in 21.1).

We begin by repeating the definition of a quadratic space of type E6, E7

or E8 (taken from 12.31 of [36]):

Definition 21.1. Let Λ = (K, L, q) be a quadratic space. Then Λ is a
quadratic space of type Ek for k = 6, 7 or 8 if q is anisotropic, there is
a separable quadratic extension E/K with norm N such that q is, up to
isomorphism, an orthogonal sum of the form

s1N + s2N + · · · + sdN

for scalars s1, s2, . . . , sd ∈ K∗, where d = 3 if k = 6, d = 4 if k = 7 and d = 6
if k = 8, with the additional conditions that the orthogonal sum

(21.2) N − s1s2s3s4N

is anisotropic if k = 7 and the orthogonal sum

(21.3) N + s1s2 · · · s6N

is not anisotropic if k = 8.

Notation 21.4. We will assume throughout this chapter that Λ = (K, L, q)
is a quadratic space of type Ek for k = 6, 7 or 8 and that 1 is an element of
L such that q(1) = 1. (Thus q is unitary as defined in 19.16.) Let f be the
bilinear form belonging to q. Since the extension E/F in 21.1 is separable,
the form f is non-degenerate. Let

(21.5) Υ = (K, L, q, 1, X, ·, h, θ)

be the quadrangular algebra (as defined in 1.17 of [38]) that is determined
by Λ and the “basepoint” 1 ∈ L.1 Since f is non-degenerate, Υ is proper as
defined in 1.27 in [38]. By 4.2 in [38], we can assume that Υ is δ-standard
for some δ ∈ L as defined in 4.1 in [38]. This means that Υ satisfies all the

1In fact, Υ is only determined up to equivalence as defined in 1.22 of [38]. Equiva-
lent quadrangular algebras give rise, however, to the same Moufang quadrangle (up to
isomorphism). By 11.13 in [38], this quadrangle is also independent of the choice of the
basepoint 1 ∈ L. The existence of Υ is assured by 10.1 in [38].
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identities in Chapter 4 of [38].2 Let π be the map from X to L defined in
1.17(D1) of [38], let g be the map from X × X to K defined in 1.7(C3) of
[38] and let φ be the map from X × L to K defined in 1.7(C4) of [38].3 We
also assume throughout this chapter that ν is a discrete valuation of K.

Convention 21.6. We always identify K with its image in L under the
map t �→ t · 1, where 1 ∈ L is the basepoint of Υ.

Notation 21.7. Let S = SΛ be the group defined in 11.10 in [38].4 Thus S
is the group whose underlying set is the product X × K and whose multi-
plication is given by

(a, t) · (b, s) =
(
a + b, s + t + g(b, a)

)
for all (a, t), (b, s) ∈ S, where g is as in 21.4. Moreover,

(a, t)−1 =
(
− a,−t + g(a, a)

)
for all (a, t) ∈ S.

Proposition 21.8. Let (K, L, q), θ, h, g, etc. be as in 21.4, let F be a field
containing K, let (F, LF , qF ) be as in 19.1 and let XF = X ⊗K F . Let ·F be
the unique bilinear map from XF × LF to XF such that

(a ⊗ s) ·F (v ⊗ t) = (a · v) ⊗ st

for all (a, v) ∈ X × L and all s, t ∈ F . Let hF be the unique bilinear map
from XF × XF to LF such that

hF (a ⊗ s, b ⊗ t) = h(a, b) ⊗ st

for all a, b ∈ X and all s, t ∈ F . Then there exists a unique map θF from
XF × LF to LF that is linear in the second variable such that

θF

( m∑
i=1

xi ⊗ si, v ⊗ t
)

=

m∑
i=1

θ(xi, v) ⊗ s2
i t

+
∑
i<i′

h(xi, xi′ · v) ⊗ sisi′t

−
∑
i<i′

g(xi, xi′ )v ⊗ sisi′t(21.9)

for all x1, . . . , xm ∈ X, for all s1, . . . , sm, t ∈ F , for all m and for all v ∈ L.
Furthermore,

ΥF := (F, LF , qF , 1, XF , ·F , hF , θF )

satisfies all the conditions in 1.17 of [38] defining a quadrangular algebra
except perhaps the last one called (D2).

2The notation and the use of letters in [38] is the same as in Chapters 12–13 of [36]
except that the basepoint 1 ∈ L of Υ is called ε in [36] and the map g defined in 13.26 of
[36] and the map g defined in 1.17(C3) of [38] are “opposites” as explained in comment
(viii) in [38, p. 7]. As in both [36] and [38], we often use the letter a in this chapter to
denote a typical element in X; this is, of course, not the same a as in 16.3.

3There should be no danger later in this chapter of confusing the map φ with a valuation
of a root datum (or the the map π with a uniformizer in K).

4By comment (viii) on page 7 of [38], this is the same as the group S defined in 16.6
in [36].
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Proof. Choose a basis x1, . . . , xm of X and a basis v1, . . . , vd of L over K
and define θF using these bases and the formula 21.9. By some calculation,
ΥF satisfies conditions (A1)–(D1) in 1.17 of [38]. The identity 21.9 then
holds in general by induction with respect to m. �

Proposition 21.10. The following identities hold:

(i) q(θ(a, u) + tu) = q(π(a) + t)q(u) and
(ii) q

(
π(au) + tq(u) + φ(a, u)

)
= q(π(a) + t)q(u)2

for all a ∈ X, u ∈ L and t ∈ K.5

Proof. Choose a ∈ X , u ∈ L and t ∈ K. By 4.9 of [38],

(21.11) f(θ(a, u), u) = f(π(a), 1)q(u),

and by 4.22 of [38],

(21.12) q
(
π(θ(a, u))

)
= q(π(a))q(u).

Therefore

q
(
θ(a, u) + tu

)
= q(θ(a, u)) + tf(θ(a, u), u) + t2q(u)

=
(
q(π(a)) + tf(π(a), 1) + t2

)
q(u)

= q(π(a) + t)q(u).

Thus (i) holds.
Let vσ = f(v, 1) − v for all v ∈ L (so, in particular, 1σ = 1). By 1.4 in

[38], both q and f are σ-invariant. By 1.17(C4) of [38], we thus have

π(au) = π(a)σq(u) − f(u, 1)θ(a, u)σ + f(θ(a, u), 1)uσ + φ(a, u).

By 4.5.iii of [38], the map φ is identically zero if char(K) �= 2. It follows (in
all characteristics) that

π(au) + tq(u) + φ(a, u) = (π(a)σ + t)q(u) − v,

where

(21.13) v = f(u, 1)θ(a, u)σ − f(θ(a, u), 1)uσ.

To prove (ii), it thus suffices to show that

(21.14) q(v) = f(π(a)σ + t, v)q(u).

We have

(21.15) f(θ(a, u), 1) = −f(π(a), u) + f(π(a), 1)f(u, 1)

by 4.9.iii of [38] and

(21.16) f(π(a), θ(a, u)) = q(π(a))f(u, 1)

by 4.19 of [38]. By 21.13 (and the σ-invariance of f and q), we have

f(π(a)σ , v) = f(u, 1)f(π(a), θ(a, u)) − f(π(a), u)f(θ(a, u), 1)

5The terms t and φ(a, u) in these identities are to be interpreted as elements of L as
indicated in 21.6.
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and

q(v) = f(u, 1)2q(θ(a, u))

+ f(θ(a, u), 1)2q(u) − f(u, 1)f(θ(a, u), 1)f(θ(a, u), u).

Hence

f(π(a)σ, v) = f(u, 1)2q(π(a)) − f(π(a), u)f(θ(a, u), 1)

by 21.16 and

q(v) = f(u, 1)2q(π(a))q(u)

+ f(θ(a, u), 1)2q(u) − f(u, 1)f(θ(a, u), 1)f(π(a), 1)q(u)

by 21.11 and 21.12. Since

f(θ(a, u), 1)2 = f(θ(a, u), 1)f(π(a), 1)f(u, 1)− f(θ(a, u), 1)f(π(a), u)

by 21.15, it follows that

(21.17) f(π(a)σ , v)q(u) = q(v).

By 21.13, we have

f(1, v) = f(u, 1)f(1, θ(a, u))− f(θ(a, u), 1)f(1, u) = 0

and hence f(π(a)σ , v) = f(π(a)σ + t, v). By 21.17, therefore, 21.14 holds. �

Proposition 21.18. Let ν, π and h be as in 21.4, let S be as in 21.7 and
let

(21.19) ω(a, t) = ν
(
q(π(a) + t)

)
for all (a, t) ∈ S∗. Suppose that Λ is ν-compatible as defined in 19.17 and
that

(21.20) ν(q(h(a, b))) ≥
(
ω(a, t) + ω(b, s)

)
/2

for all (a, t), (b, s) ∈ S∗. Then

ω
(
(a, t) · (b, s)

)
≥ min{ω(a, t), ω(b, s)}

for all (a, t), (b, s) ∈ S∗.

Proof. Let (a, t), (b, s) ∈ S∗ and let the map g from X × X to K be as in
21.4. Then

(21.21) π(a + b) + t + s + g(b, a) = π(a) + π(b) + h(b, a) + t + s

by 1.17(C3) in [38] and

(a, t) · (b, s) =
(
a + b, t + s + g(b, a)

)
by 21.7. Therefore

ω
(
(a, t) · (b, s)

)
= ν

(
q
(
π(a + b) + t + s + g(b, a)

))
by 21.19

= ν
(
q
(
π(a) + π(b) + h(b, a) + t + s

))
by 21.21.

Thus

ω
(
(a, t) · (b, s)

)
≥ min

{
ν
(
q(π(a) + t)

)
, ν

(
q(π(b) + s)

)
, ν

(
q(h(b, a))

)}

by 19.4.ii. By 3.6 in [38], q(h(a, b)) = q(h(b, a)). Hence

ω
(
(a, t) · (b, s)

)
≥ min

{
ν
(
q(π(a) + t)

)
, ν

(
q(π(b) + s)

)}
by 21.20. �
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Definition 21.22. We call Λ = (K, L, q) exceptionally ν-compatible if the
following conditions hold:

(i) Λ is ν-compatible as defined in 19.17.
(ii) The inequality 21.20 holds for all (a, t), (b, s) ∈ S∗.

Conjecture 21.23. We conjecture that condition (ii) of 21.22 follows from
condition (i), in other words, that ν-compatibility implies exceptional ν-
compatibility.

Proposition 21.24. Let

B = {ν
(
q(π(a) + t)

)
| (a, t) ∈ S∗}.

Then B = Z or 2Z.

Proof. Since

q(π(sa) + s2t) = s4q(π(a) + t)

for all (a, t) ∈ S∗ and all s ∈ K∗, the set B is a union of congruence classes
modulo 4. Since q(π(0) + t) = t2 for each t ∈ K, we have 2Z ⊂ B. If
u = π(b) + s and η = ν(q(u)) for some (b, s) ∈ S∗, then

ν
(
q
(
π(bu) + sq(u) + φ(b, u)

))
= η + 2ν(q(u)) = 3η

by 21.10.ii. Thus if ν
(
q(π(b) + s)

)
is odd for some (b, s) ∈ S∗, then B = Z.

�

Definition 21.25. Let δΥ = |Z/B|, where B is as in 21.24. Thus δΥ = 1 or
2. We call δΥ the ν-index of the quadrangular algebra Υ.

Notation 21.26. Let δΥ be the ν-index of the quadrangular algebra Υ as
defined in 21.25 and let δΛ be the ν-index of the quadratic space Λ = (K, L, q)
as defined in 19.17. By 19.17 and 21.24, we have

δΥ/δΛ = 1 or 2.

Theorem 21.27. Let Λ = (K, L, q) be a quadratic space of type E6, E7 or
E8, let ν be a discrete valuation of K, let

QE(Λ) = (U+, U1, . . . , U4)

and x1, . . . , x4 be as in 30.8.vi, let (∆, Σ, d) be the canonical realization of
QE(Λ) as defined in 30.6 and let (G†, ξ) be the root datum of ∆ based at Σ.
Let δΥ and δΛ be as in 21.26 (where Υ is as in 21.4), let δ be a positive
integer and let

(21.28) φ1(x1(0, t)) = δν(t)

for all t ∈ K∗. Then the following hold:

(i) The map φ1 extends to a valuation φ of (G†, ξ) if and only if Λ is
exceptionally ν-compatible and δ = 2/δΥ.
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(ii) Suppose that φ1 extends to a valuation φ of (G†, ξ) and let ι be the
associated root map of Σ (with target B2 = C2). Then ι is short if and
only if δΥ/δΛ = 2; and, after replacing φ by an equipollent valuation
if necessary,

(21.29) φ1(x1(a, t)) = ν(q(π(a) + t))/δΥ

for all (a, t) ∈ S∗ and

(21.30) φ4(x4(u)) = ν(q(u))/δΛ

for all u ∈ L∗.

Proof. Let Ξd and Ξ◦
d be as in 3.5. The four roots a1, . . . , a4 in Ξd can be

ordered so that Ui = Uai
for all i ∈ [1, 4]. We then have Ξ◦

d = {a1, a4} and
[a1, a4] = (a1, a2, a3, a4), where [a1, a4] is as defined in 3.1.

Suppose first that Λ is exceptionally ν-compatible and that δ = 2/δΥ. Let

φi(xi(a, t)) = ν(q(π(a) + t))/δΥ

for i = 1 and 3 and for all (a, t) ∈ S∗ and let

φi(xi(u)) = ν(q(u))/δΛ

for i = 2 and 4 and all u ∈ L∗. Then φi(U
∗
i ) = Z for all i ∈ [1, 4] and 21.28

holds. Let

φ = {φ1, φ2, φ3, φ4}.

By 19.4.ii, 21.18 and 21.22, φ satisfies 15.1.i. Let ι be a root map of Σ
(with target B2) that is long (as defined in 16.12) if δΥ/δΛ = 1 and short if
δΥ/δΛ = 2. Thus U1 is a long root group (i.e. the root a1 is long) if and only
if ι is long. By 16.6 of [36], 19.4.iii, 21.10 and 21.22.ii, φ satisfies 15.1.ii with
respect to ι, φ is exact as defined in 15.24, the (a1, a4)-coefficient of φ at a3

(as defined in 15.24) is (1, 2δΛ/δΥ) and the (a4, a1)-coefficient of φ at a2 is
(1, δΥ/δΛ). By 15.25, 21.10 and 30.36.vi, it follows that φ satisfies 15.4.i. By
30.38.vi, φ satisfies 15.4.ii. Thus φ is a viable partial valuation. By 15.21, φ
extends to a valuation of (G†, ξ).

Suppose, conversely, that φ is a valuation of (G†, ξ) with respect to a root
map ι of Σ (with target B2) such that 21.28 holds for some positive integer
δ (with φ1 = φa1). Let φi = φai

for all i ∈ [2, 4]. By 2.50.i and 3.41.i, we
have

φ4(x4(u)) = −
(
φ1

(
x3(0, 1)mΣ(x4(u))

)
− φ3(x3(0, 1))

)
/δ0

for all u ∈ L∗, where

δ0 =

⎧⎨
⎩

2 if ι is long and

1 if ι is short.

By 32.10 in [36],

x3(0, 1)mΣ(x4(u)) = x1

(
0, 1/q(u)

)
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for all u ∈ L∗. Thus

φ4(x4(u)) =
(
δν(q(u)) + φ3(x3(0, 1))

)
/δ0

for all u ∈ L∗ by 21.28. By 3.21, φi(U
∗
i ) = Z for all i ∈ [1, 4]. By 19.17,

ν(q(L∗)) = δΛZ. It follows that

(21.31) δ0/δ = δΛ

and φ3(x3(0, 1))/δ0 ∈ Z. By 3.43, therefore, we can assume that 21.30 holds.
Since φ satisfies condition (V1), 19.4.ii holds. Thus (K, L, q) is ν-compatible.

By 2.50.i and 3.41.i again,

φ1(x1(a, t)) = −δ0

(
φ4

(
x2(1)mΣ(x1(a,t))

)
− φ2(x2(1))

)
/2

for all (a, t) ∈ S∗. By 32.10 of [36] again, we have

x2(1)mΣ(x1(a,t)) = x4

(
(π(a) + t)/q(π(a) + t)

)

for all (a, t) ∈ S∗. Thus by 21.30, we conclude that

φ1(x1(a, t)) = δ0ν
(
q(π(a) + t)

)
/(2δΛ) + δ0φ2(x2(1))/2

for all (a, t) ∈ S∗. By 21.28, φ1(x1(0, 1)) = 0. Therefore φ2(x2(1)) = 0.
Since φ1(U

∗
1 ) = Z, it follows that 21.29 holds and δΥ = 2δΛ/δ0. Therefore

(21.32) δ0 = 2δΛ/δΥ.

Hence δΥ/δΛ = 2 if and only if δ0 = 1 if and only if ι is short. Thus (ii)
holds.

By 21.31 and 21.32, δ = 2/δΥ. To complete the proof of (i), it thus remains
only to show that Λ is exceptionally ν-compatible, i.e. that 21.20 holds. By
16.6 in [36],

(21.33) [x1(a, t), x3(b, s)
−1] = x2(h(a, b))

for all (a, t), (b, s) ∈ S. By 3.44 and 30.38.vi applied to 21.29 and 21.30, we
have

φ2(x2(u)) = ν(u)/δΛ

for all u ∈ L∗ and

φ3(x3(a, t)) = ν(q(π(a) + t))/δΥ

for all (a, t) ∈ S∗. By condition (V2) applied to 21.33, we have

φ2

(
x2

(
h(a, b)

))
≥

(
φ1

(
x1(a, t)

)
+ φ3

(
x3(b, s)

))
/2

for all (a, t), (b, s) ∈ S if ι is long and

φ2

(
x2

(
h(a, b)

))
≥ φ1

(
x1(a, t)

)
+ φ3

(
x3(b, s)

)

for all (a, t), (b, s) ∈ S if ι is short. It follows that

φ2

(
x2

(
h(a, b)

))
≥

(
φ1

(
x1(a, t)

)
+ φ3

(
x3(b, s)

))
δΥ/(2δΛ)

and hence

ν
(
q
(
h(a, b)

))
≥

(
ν
(
q(π(a) + t)

)
+ ν

(
q(π(b) + s)

))
/2

for all (a, t), (b, s) ∈ S whether ι is short or long. �
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Notation 21.34. Let Λ, ∆, ν, etc. be as in 21.27, suppose that Λ is excep-
tionally ν-compatible and let φ be the unique valuation of (G†, ξ) satisfying
21.29 and 21.30. We denote the pair (∆aff ,A) obtained by applying 14.47
to these data by

B̃
E
2 (Λ, ν) or C̃

E
2 (Λ, ν).

Thus the pair B̃E
2 (Λ, ν) defined in 21.34 exists precisely when the quadratic

space Λ is exceptionally ν-compatible. Note that we do not distinguish
between B̃E

2 (Λ, ν) and C̃E
2 (Λ, ν).

Theorem 21.35. Every Bruhat-Tits pair whose building at infinity is

B
E
2 (Λ) = C

E
2 (Λ)

for some quadratic space Λ = (K, L, q) of type E6, E7 or E8 is of the form
B̃E

2 (Λ, ν) = C̃E
2 (Λ, ν) for some valuation ν of K such that Λ is exceptionally

ν-compatible.

Proof. This holds by 3.41.ii, 16.4, 21.27 and 21.34. �

We turn now to completions. As usual, we let K̂ be the completion of K
with respect to ν.

Proposition 21.36. Let Λ be a quadratic space of type Ek for k = 6, 7 or
8 and suppose that Λ is exceptionally ν-compatible as defined in 21.22. Let
ΛK̂ = (K̂, LK̂ , qK̂) and

ΥK̂ = (K̂, LK̂ , qK̂ , 1, XK̂ , ·K̂ , hK̂ , θK̂)

(as defined in 19.1 and 21.8). Then the following hold:

(i) ΥK̂ is a quadrangular algebra.
(ii) ΛK̂ is an exceptionally ν-compatible quadratic space of type Ek.

Proof. Let πK̂(â) = θK̂(â, 1) for all â ∈ XK̂ and let K̂ be identified with its
image in LK̂ under the map t �→ t ·K̂ 1. To prove (i), it suffices, by 21.8, to

show that ΥK̂ satisfies condition (D2) in 1.17 of [38], i.e. that πK̂(â) ∈ K̂ only

if â = 0. Suppose that â is a non-zero element of XK̂ such that πK̂(â) ∈ K̂.
Let t̂ = πK̂(â). By 13.16 in [36], there exists b ∈ X such that hK̂(â, b) �= 0.

Let x1, . . . , xm be an ordered basis of X over K and let t̂1, . . . , t̂m ∈ K̂ be
the coordinates of â with respect to this ordered basis. Choose ti,k and tk
in K such that

lim
k→∞

ti,k = t̂i

for all i ∈ [1, m] and

lim
k→∞

tk = −t̂

and let

ak = t1,kx1 + · · · + tm,kxm
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for all k ≥ 1. By 19.4.ii and 21.9, we have

lim
k→∞

π(ak) = πK̂(â) = t̂.

This means that

lim
k→∞

ν
(
q(π(ak) + tk)

)
= ∞.

We have

lim
k→∞

h(ak, b) = hK̂(â, b) �= 0

and hence ν(h(ak, b)) is a constant for all k sufficiently large. Thus (ak, tk) ∈
S for all k, (b, 0) ∈ S and

ν(h(ak, b)) <
(
ν(q(π(ak) + tk)) + ν(π(b))

)
/2

for all k sufficiently large. This is impossible by 21.22.ii. With this contra-
diction, we conclude that (i) holds.

Since dimK̂ LK̂ > 4, the quadrangular algebra ΥK̂ is not special as defined
in 1.28 of [38]. Since the bilinear form f is non-degenerate, ΥK̂ is regular as
defined in 1.27 of [38]. By 3.2 in [38], it follows that ΛK̂ is of type Ek. By
19.4, ΛK̂ satisfies 21.22.i. It satisfies 21.22.ii by 21.9 and continuity. Thus
(ii) holds. �

Notation 21.37. Suppose that Λ is exceptionally ν-compatible as defined
in 21.22 and let S be as in 21.7. Let ∂ω : S × S → R be given as follows:

∂ω

(
(a, t), (b, s)

)
=

⎧⎨
⎩

2−ω
(
(a,t)(b,s)−1

)
if (a, t) �= (b, s) and

0 if (a, t) = (b, s),

where ω : S∗ → Z is as in 21.19. By 17.3 and 21.29, ∂ω is a metric on the
group S.

Lemma 21.38. Suppose that Λ is exceptionally ν-compatible and that K is
complete. Then the following hold:

(i) X is complete with respect to ω (i.e. with respect to the restriction of
the metric in 21.37 to the image of a �→ (a, 0) of X in S).

(ii) If (ai, ti)i≥1 is a Cauchy sequence in S, then (ai)i≥1 is a Cauchy se-
quence in X and (ti)i≥1 is a Cauchy sequence in K.

(iii) If a sequence (ai)i≥1 of elements in X converges to a ∈ X with respect
to ω and a sequence (ti)i≥1 of elements in K converges to an element
t ∈ K with respect to ν, then the sequence (ai, ti)i≥1 of elements in S
converges to (a, t) with respect to ω.

(iv) S is complete with respect to ω (i.e. with respect to the metric ∂ω

defined in 21.37).

Proof. Assertion (i) holds by 17.13 (with ω in place of Q and 4 in place of
m). Let g and δ be as in 21.4. Then

(21.39) g(a, b) = f(h(a, b), δ)
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for all a, b ∈ X by 4.3 in [38]. Suppose that (ai, ti)i≥1 is a Cauchy sequence
of elements of S with respect to ω. By 21.7,

(21.40) (aj , tj) · (ai, ti)
−1 =

(
aj − ai, tj − ti − g(ai, aj − ai)

)

for all i, j. By 4.1 in [38], f(π(a), δ) = 0 for all a ∈ X but f(1, δ) �= 0. By
19.4.i, for each N > 0, there exists an M such that

ν
(
f(π(aj − ai) + tj − ti − g(ai, aj − ai), δ)

)

= ν
(
(tj − ti − g(ai, aj − ai))f(1, δ)

)
≥ N

for all i, j ≥ M . By 21.40, it follows that (ai)i≥1 is a Cauchy sequence in
X . In particular ν(q(π(ai))) is bounded from below. It follows from 19.4.iii,
21.22.i and 21.39 that for each N > 0, there exists M such that

ν(g(ai, aj − ai)) ≥ N

for all i, j ≥ M . It follows that also (ti)i≥1 is a Cauchy sequence. Thus (ii)
holds.

Let (ai)i≥1 be a sequence of elements in X that converges to a ∈ X with
respect to ω and let (ti)i≥1 be a sequence of elements in K that converges
to an element t ∈ K with respect to ν. The sequence (ω(ai))i≥1 is bounded
from below. It follows by 19.4.iii, 21.22.i and 21.39 (as in the previous
paragraph) that for each N > 0, there exists M such that

ν(g(ai, a − ai)) ≥ N

for all i ≥ M . Since

(a, t) · (ai, ti)
−1 =

(
a − ai, t − ti − g(ai, a − ai)

)

for all i ≥ 1, we conclude that the sequence (ai, t)i≥1 converges to (a, t) with
respect to ω. Thus (iii) holds.

Now suppose that (ai, ti)i≥1 is a Cauchy sequence of elements in S with
respect to ω. By (ii), (ai)i≥1 is a Cauchy sequence in X with respect to ω
and (ti)i≥1 is a Cauchy sequence in K with respect to ν. By (i), therefore,
there are elements a ∈ X and t ∈ K such that (ai)i≥1 converges to a with
respect to ω and (ti)i≥1 converges to t with respect to ν. By (iii), it follows
that (ai, ti)i≥1 converges to (a, t) with respect to ω. Thus (iv) holds. �

Proposition 21.41. Suppose that Λ is exceptionally ν-compatible. Let ΛK̂

and ΥK̂ be as as defined in 19.1 and 21.8, where K̂ is the completion of K

with respect to ν. Let Ŝ be the group, let ω̂ be the map and let ∂ω̂ be the
metric on Ŝ obtained by applying 16.6 of [36], 21.19 and 21.37 to ΥK̂ . Then

∂ω̂ is an extension of ∂ω, Ŝ is complete with respect to ∂ω̂ and S is a dense
subgroup of Ŝ.

Proof. By 21.38.iv, Ŝ is complete. By 17.13, X is dense in XK̂ = X ⊗K K̂

with respect to ω. By 21.38.iii, it follows that S is dense in Ŝ. �

Theorem 21.42. Suppose that Λ is a quadratic space of type Ek for k = 6,
7 or 8 and suppose that Λ is exceptionally ν-compatible (as defined in 21.22).
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Let K̂ be the completion of K with respect to ν, let ΛK̂ be as in 19.1 and

let (∆,A) = X̃E
2 (Λ, ν) be as in 21.35 for X = B or C. Then ΛK̂ is also

an exceptionally ν-compatible quadratic space of type Ek, ∆ is completely
Bruhat-Tits and its completion is X̃E

2 (ΛK̂ , ν).

Proof. By 30.16, XE
2 (Λ) is a subbuilding of XE

2 (ΛK̂). The claim holds, there-
fore, by 17.4, 17.9, 21.36 and 21.41. �

Remark 21.43. Many calculations with quadrangular algebras are required
to determine the structure of the gems of a building ∆ such that (∆,A) =
X̃
E
2 (Λ, ν) for some pair (Λ, ν). Since the results are not needed anywhere else

in this book, we have decided to publish them separately at a later date.
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Chapter Twenty Two

Quadrangles of Type F4

In this chapter, we consider the case X = QF of the problem framed at the
end of Chapter 16. Our main results are 22.16 and 22.29 in which we give
the classification of Bruhat-Tits pairs whose building at infinity is BF

2 (Λ) (as
defined in 30.15) for some quadratic space Λ of type F4. See 14.1 of [36] for
the definition of a quadratic space of type F4 and 30.15 for the definition of
the building BF

2 (Λ).

Throughout this chapter, we make the following assumptions:

Notation 22.1. Let

Λ = (K, L, q)

be a quadratic space of type F4 and let ν be a valuation of K. Thus, in
particular, char(K) = 2. We set ΛK = Λ and qK = q. Let the vector spaces
X0 and W0, the subfield F of K and the quadratic forms q1 and q2 be as in
in 14.3–14.12 of [36]. By 14.4 of [36],

(22.2) K2 ⊂ F,

so F can be considered as a vector space over K with respect to the scalar
multiplication ∗ given by s∗ t = st2 for all (s, t) ∈ F ×K and we can identify
L with W0 ⊕ F so that

ΛK = (K, W0 ⊕ F, qK)

and

(22.3) qK(b, s) = q1(b) + s

for all (b, s) ∈ W0 ⊕F . Since q̂ has another meaning here, we will denote by
qF the quadratic form called q̂ in 14.12 of [36] and let

(22.4) ΛF = (F, X0 ⊕ K, qF ).

Thus

(22.5) qF (a, t) = q2(a) + t2

for all (a, t) ∈ W0 × K.1 Let Θ, Υ, ψ and ν be the maps defined in 14.15
and 14.16 of [36]. We rename the last of these four maps ω since ν already
denotes the valuation of K chosen above.

1As in [36], we often use the letter a in this chapter to denote a typical element in X0;
this is, of course, not the same a as in 16.3.
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Remark 22.6. By 14.13 of [36], ΛF is also a quadratic form of type F4; in
particular, it is anisotropic. In fact, the quadratic spaces ΛK and ΛF are
opposites as defined in 28.46 of [36]. The quadratic space ΛF is obtained
from ΛK by the formulas given in 14.6 and 14.12 of [36]. If we start with ΛF

and apply these same formulas, we obtain a quadratic space that is similar
to ΛK .

Proposition 22.7. The following identities hold:

(i) qK

(
Θ(a, b) + tb, qF (a, t)s + ψ(a, b)

)
= qK(b, s)qF (a, t);

(ii) qF

(
Υ(a, b) + sa, qK(b, s)t + ω(a, b)

)
= qK(b, s)2qF (a, t);

for all (b, s) ∈ W0 ⊕ F and all (a, t) ∈ X0 ⊕ K.

Proof. Keeping 22.3 and 22.5 in mind, we have

qK

(
Θ(a, b) + tb, qF (a, t)s + ψ(a, b)

)

= q1(Θ(a, b) + tb) + qF (a, t)s + ψ(a, b)

= q1(Θ(a, b)) + t2q1(b) + qF (a, t)s + ψ(a, b)

by 14.18.i in [36]

= q1(b)q2(a) + t2q1(b) + qF (a, t)s

by 14.18.xi in [36]

= qK(b, s)qF (a, t)

and

qF

(
Υ(a, b) + sa, qK(b, s)t + ω(a, b)

)

= q2(Υ(a, b) + sa) + qK(b, s)2t2 + ω(a, b)2

= q2(Υ(a, b)) + s2q2(a) + qK(b, s)2t2 + ω(a, b)2

by 14.18.ii in [36]

= q1(b)
2q2(a) + s2q2(a) + qK(b, s)2t2

by 14.18.xii in [36]

= qK(b, s)2qF (a, t)

for all (b, s) ∈ W0 ⊕ F and all (a, t) ∈ X0 ⊕ K. �

Proposition 22.8. ν(F ∗) = Z or 2Z, where ν is the valuation chosen
in 22.1.

Proof. This holds by 22.2. �

Notation 22.9. Let νK = ν and let νF denote the restriction of ν/δ̃ to F ,
where δ̃ := |Z/ν(F ∗)|. Thus δ̃ ≤ 2 by 22.8 and νF is a valuation of F .

Notation 22.10. Let δK be the νK-index of ΛK and let δF be the νF -index
of ΛF (as defined in 19.17).

Proposition 22.11. Let δ̃ be as in 22.9 and let δK and δF be as in 22.10.
Then δK ≤ δ̃ ≤ δ̃δF ≤ 2. In particular, δ̃δF /δK = 1 or 2.
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Proof. By 19.17 and 22.8, δK , δF and δ̃ are each equal to 1 or 2. Suppose
that δ̃ = 1. Then ν(F ∗) = Z. Since qK(0, s) = s for all s ∈ F , we have
ν(qK(0, F ∗)) = Z and hence δK = 1. Now suppose that δ̃ = 2. Since
νK(K∗) = Z and qF (0, t) = t2 for all t ∈ K, we have νF (qF (0, K∗)) =
νK(qF (0, K∗))/2 = Z and therefore δF = 1. �

Notation 22.12. Let K̂ be the completion of K with respect to νK and let
F̂ denote the closure of F in K̂. We regard F̂ as a vector space over K̂ with
respect to the scalar multiplication defined in 14.10 of [36]. The field F̂ is
also the completion of F with respect to νF . Let WK̂ = W0 ⊗K K̂, let q̂1 be
the natural extension of q1 to WK̂ (as defined in 19.1), let QK̂ denote the

quadratic form on WK̂ ⊕ F̂ given by

QK̂(b̂, ŝ) = q̂1(b̂) + ŝ

for all (b̂, ŝ) ∈ WK̂ ⊕ F̂ and let

ΛK̂ = (K̂, WK̂ ⊕ F̂ , QK̂).2

Let XF̂ = X0 ⊗F F̂ , let q̂2 be the natural extension of q2 to XF̂ , let QF̂

denote the quadratic form on XF̂ ⊕ K̂ given by

QF̂ (â, t̂) = q̂2(â) + t̂2

for all (â, t̂) ∈ XF̂ ⊕ K̂ and let

ΛF̂ = (F̂ , XF̂ ⊕ K̂, QF̂ ).

Proposition 22.13. Suppose that ΛK = (K, L, q) is νK-compatible (as de-

fined in 19.17), let Λ̂ = (K̂, L̂, q̂) be as in 19.24.iii and let ΛK̂ be as in 22.12.
We identify W0 and F with their images in L = W0⊕F under the inclusions
b �→ (b, 0) and s �→ (0, s). Let ρ1 and ρ2 be the extensions of these inclusions
by continuity to K̂-linear maps from WK̂ and F̂ to L̂ and let ρ be the map

from WK̂ ⊕ F̂ to L̂ given by

ρ(b̂, ŝ) = ρ1(b̂) + ρ2(ŝ)

for all (b̂, ŝ) ∈ WK̂ ⊕ F̂ . Then the following hold:

(i) The map ρ is injective 3 and

(22.14) q̂
(
ρ(b̂, ŝ)

)
= QK̂(b̂, ŝ)

for all (b̂, ŝ) ∈ WK̂ ⊕ F̂ .

(ii) ΛK̂ is a quadratic space of type F4.
(iii) The quadratic space ΛF (introduced in 22.4) is νF -compatible.

2The quadratic space ΛK̂ is not necessarily the same as the quadratic space Λ
K̂

ob-

tained by applying 19.1 with E = K̂.
3In 22.30, we will show that ρ is, in fact, an isomorphism.
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Proof. Let Ŵ be the closure of W0 in L̂ and let q̂Ŵ be the restriction of

q̂ to Ŵ . By parts (iii) and (v) of 19.29 applied to (K, W0, q1), ρ1 is an
isomorphism from (K̂, WK̂ , q̂1) to (K̂, Ŵ , q̂Ŵ ). Since ρ2(F̂ ) ⊂ L̂⊥, it follows

that ρ1(WK̂) ∩ ρ2(F̂ ) = 0. Thus (i) holds. By 19.24.iii, Λ̂ is anisotropic.

From (i) it follows that ΛK̂ is anisotropic. Therefore ΛK̂ is a quadratic
space of type F4 by 14.1 in [36]. Thus (ii) holds. By 14.8 of [36] and 22.12,

ΛF̂ is anisotropic. Hence ΛF̂ satisfies 19.4.iv. Thus (iii) holds (by 19.17). �

Corollary 22.15. The quadratic space ΛK is νK-compatible if and only if
the quadratic space ΛF is νF -compatible.

Proof. This holds by 22.6 and 22.13.iii. �

Theorem 22.16. Let

Λ = (K, L, q)

be a quadratic space of type F4, let ν be a discrete valuation of K, let

QF(Λ) = (U+, U1, . . . , U4)

and x1, . . . , x4 be as in 30.8.vii, let (∆, Σ, d) be the canonical realization of
QF (Λ) as defined in 30.6 and let (G†, ξ) be the root datum of ∆ based at Σ.
Let ΛK = Λ, let qK = q, let νK = ν, let L be identified with X0 ⊕ F as in
22.1, let ΛF = (F, X0 ⊕ K, qF ) be as in 22.4 and let δ̃, νF , δK and δF be as
in 22.9 and 22.10. Suppose that δ is a positive integer such that

(22.17) φ1(x1(0, t)) = δνK(t)

for all t ∈ K∗. Then the following hold:

(i) The map φ1 extends to a valuation of (G†, ξ) if and only if the quadratic
space ΛK is ν-compatible and δ = 2/(δ̃δF ).

(ii) Suppose that φ1 extends to a valuation φ of (G†, ξ) and let ι be the
associated root map of Σ (with target B2). Then the root map ι is long
if δ̃δF /δK = 1 and short if δ̃δF /δK = 2; and, after replacing φ by an
equipollent valuation if necessary,

(22.18) φ1(x1(a, t)) = νF (qF (a, t))/δF

for all (a, t) ∈ X0 ⊕ K; and

(22.19) φ4(x4(b, s)) = νK(qK(b, s))/δK

for all (b, s) ∈ W0 ⊕ F .

Proof. Let Ξd and Ξ◦
d be as in 3.5. The four roots a1, . . . , a4 in Ξd can be

ordered so that Ui = Uai
for all i ∈ [1, 4]. We then have Ξ◦

d = {a1, a4} and
[a1, a4] = (a1, a2, a3, a4), where [a1, a4] is as defined in 3.1.

Suppose first that ΛK is ν-compatible and that δ = 2/(δ̃δF ). Let

φi(xi(a, t)) = νF (qF (a, t))/δF

for i = 1 and 3 and for all (a, t) ∈ X0 ⊕ K, let

φi(xi(b, s)) = νK(qK(b, s))δK
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for i = 2 and 4 and for all (b, s) ∈ W0 ⊕ F and let

φ = {φ1, φ2, φ3, φ4}.

Then

φ1(x1(0, t)) = νF (t2)/δF

= νK(t2)/(δ̃δF ) by 22.9

= 2νK(t)(δ̃δF )

= δνK(t)(22.20)

for all t ∈ K∗, so 22.17 holds. By 22.10, φi(U
∗
i ) = Z for each i ∈ [1, 4]. Since

ΛK is νK-compatible, we have

(22.21) νK

(
qK((b, s) + (b′, s′))

)
≥ min{νK(qK(b, s)), νK(qK(b′, s′))}

and

(22.22) νK

(
f1

(
(b, s), (b′, s′)

))
≥

(
νK(qK(b, s)) + νK(qK(b′, s′))

)
/2

for all (b, s), (b′, s′) ∈ W0 ⊕ F by 19.4. By 22.13.iii, the quadratic space ΛF

is νF -compatible. By 19.4 again, it follows that

(22.23) νF

(
qF ((a, t) + (a′, t′))

)
≥ min{νF (qF (a, t)), νF (qF (a′, t′))}

and

(22.24) νF

(
f2

(
(a, t), (a′, t′)

))
≥

(
νF (qF (a, t)) + νF (qF (a′, t′))

)
/2

for all (a, t), (a′, t′) ∈ X0 ⊕ K. By 22.21 and 22.23, φ satisfies 15.1.i.
Let ι be a root map of Σ (with target B2) that is long (as defined in 16.12)

if δ̃δF /δK = 1 and short if δ̃δF /δK = 2. Thus U1 is a long root group (i.e.
the root a1 is long) if and only if ι is long. By 16.7 of [36], 22.7, 22.22 and
22.24, φ satisfies 15.1.ii with respect to ι, φ is exact as defined in 15.24, the
(a1, a4)-coefficient of φ at a3 (as defined in 15.24) is (1, 2δK/(δF δ̃)) and the
(a4, a1)-coefficient of φ at a2 is (1, δF δ̃/δK). By 15.25, 22.7 and 30.36.vii, it
follows that φ satisfies 15.4.i. By 30.38.vii, φ satisfies 15.4.ii. We conclude
that φ is a viable partial valuation of (G†, ξ). By 15.21, φ extends to a
valuation of (G†, ξ).

Suppose, conversely, that φ is a valuation of (G†, ξ) with respect to a root
map ι such that 22.17 holds (with φ1 = φa1). Let φi = φai

for all i ∈ [2, 4].
By 2.50.i and 3.41.i, we have

φ4(x4(b, s)) = −
(
φ1

(
x3(0, 1)mΣ(x4(b,s))

)
− φ3(x3(0, 1))

)
/δ0

for all (b, s) ∈ (W0 ⊕ F )∗, where

δ0 =

⎧⎨
⎩

2 if ι is long and

1 if ι is short.

By 32.11 in [36],

x3(0, 1)mΣ(x4(b,s)) = x1(0, 1/qK(b, s))
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for all (b, s) ∈ (W0 ⊕ F )∗. Thus

φ4(x4(b, s)) =
(
δνK(qK(b, s)) + φ3(x3(0, 1))

)
/δ0

for all (b, s) ∈ (W0 ⊕ F )∗. By 3.21, φi(U
∗
i ) = Z for all i ∈ [1, 4]. By 19.17,

νK(qK(L∗)) = δKZ. It follows that

(22.25) δ0 = δδK

and φ3(x3(0, 1))/δ0 ∈ Z. By 3.43, therefore, we can assume that 22.19
holds. Since φ satisfies condition (V1), 19.4.ii holds. Thus (K, L, qK) is
νK-compatible.

By 2.50.i and 3.41.i again, we have

φ1(x1(a, t)) = −δ0

(
φ4

(
x2(0, 1)mΣ(x1(a,t))

)
− φ2(x2(0, 1))

)
/2

By 32.11 in [36] as well as 22.19 and 22.25, it follows that

φ1(x1(a, t)) = −δ0

(
φ4

(
x4(0, 1/qF (a, t))

)
− φ2(x2(0, 1))

)
/2

= δνK(qF (a, t))/2 + δ0φ2(x2(0, 1))/2(22.26)

for all (a, t) ∈ (X0 ⊕ K)∗. By 22.17, therefore,

δνK(t) = φ1(x1(0, t))

= δνK(qF (0, t))/2 + δ0φ2(x2(0, 1))/2

= δνK(t2)/2 + δ0φ2(x2(0, 1))/2

= δνK(t) + δ0φ2(x2(0, 1))/2

for all t ∈ K∗. It follows that φ2(x2(0, 1)) = 0. By 22.26, therefore,

φ1(x1(a, t)) = δνK(qF (a, t))/2 = δδ̃νF (qF (a, t))/2

for all (a, t) ∈ (X0 ⊕ K)∗. Since φ1(U
∗
1 ) = Z, it follows that

(22.27) δ = 2/(δ̃δF )

and 22.18 holds. Thus (i) holds. By 22.25, we conclude that

δ0 = 2δK/(δ̃δF ).

Hence ι is long if and only if δ0 = 2 if and only if δ̃δF /δK = 1. Thus (ii)
holds. �

Notation 22.28. Let ∆, Λ, ν, etc. be as in 22.16, suppose that Λ is ν-
compatible and let φ be the unique valuation of (G†, ξ) satisfying 22.18 and
22.19. We denote by

B̃
F
2 (Λ, ν) or C̃

F
2 (Λ, ν)

the pair (∆,A) obtained by applying 14.47 to these data.

Thus the pair B̃F
2 (Λ, ν) defined in 22.28 exists precisely when the quadratic

space Λ is ν-compatible. Note that we do not distinguish between B̃F
2 (Λ, ν)

and C̃F
2 (Λ, ν).
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Theorem 22.29. Every Bruhat-Tits pair whose building at infinity is

B
F
2 (Λ) = C

F
2 (Λ)

for some quadratic space (K, L, q) of type F4 is of the form B̃F
2 (Λ, ν) =

C̃F
2 (Λ, ν) for some valuation ν of K such that Λ is ν-compatible.

Proof. This holds by 3.41.ii, 16.4, 22.16 and 22.28. �

We turn now to completions.

Proposition 22.30. Let Λ = (K, L, q) be a quadratic space of type F4, let ν
be a discrete valuation of K and suppose that Λ is ν-compatible (as defined
in 19.17). Let

Λ̂ = (K̂, L̂, q̂)

be as in 19.24.iii and let

ΛK̂ = (K̂, WK̂ ⊕ F̂ , QK̂)

be as in 22.12. Then the injection ρ from WK̂ ⊕ F̂ to L̂ given in 22.13 is,

in fact, an isomorphism from ΛK̂ to Λ̂.

Proof. We identify WK̂ ⊕ F̂ with its image in L̂. By 22.13.i, it suffices to

show that L̂ = WK̂ ⊕ F̂ . Let f̂ be the bilinear form belonging to q̂. The

restriction of f̂ to WK̂ is non-degenerate, so

(22.31) L̂ = WK̂ ⊕ W⊥
K̂

.

We choose an ordered basis v1, . . . , v4 of W0 over K such that f1(v1, v2) =
f1(v3, v4) = 1 and 〈v1, v2〉 = 〈v3, v4〉⊥, where f1 is the bilinear form associ-
ated with q1. Let

(22.32) x̂ ∈ W⊥
K̂

.

Then there exist sequences (wk)k≥1 of elements in W0 and (sk)k≥1 of ele-
ments in F such that

x̂ = lim
k→∞

(wk + sk).

Let t
(k)
1 , . . . , t

(k)
4 ∈ K be the coordinates of wk with respect to the ordered

basis v1, . . . , v4 (for each k). Then

lim
k→∞

f̂(wk, vi) = lim
k→∞

f̂(wk + sk, vi) = f̂(x̂, vi) = 0

for each i ∈ [1, 4] by 22.32. By the choice of the basis v1, . . . , v4, it follows
that

lim
k→∞

t
(k)
i = 0

for each i ∈ [1, 4] and thus

lim
k→∞

wk = 0.

Hence x̂ ∈ F̂ . Therefore L̂ = WK̂ ⊕ F̂ by 22.31. �
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Theorem 22.33. Let Λ = (K, L, q) be a quadratic space of type F4, let ν be
a valuation of K such that Λ is ν-compatible, let

(∆,A) = X̃
F
2 (Λ, ν)

for X = B or C be as in 22.28 and let ΛK̂ be as in 22.12. Then ΛK̂ is a
ν-compatible quadratic space of type F4, ∆ is completely Bruhat-Tits and its

completion is X̃F
2 (ΛK̂ , ν).4

Proof. Since K̂ is complete, ΛK̂ satisfies 19.4.iv and is thus ν-compatible.

By 30.16, the building XF
2 (Λ) is a subbuilding of XF

2 (ΛK̂). By 22.13.ii, the

quadratic space ΛK̂ is of type F4. Let ΛK = Λ, let Λ̂F be the quadratic space

obtained by applying 19.24 to ΛF and let ΛF̂ be as in 22.12. By 22.13.iii,

ΛF is νF -compatible. Hence by 22.30, ΛF̂ = Λ̂F as well as ΛK̂ = Λ̂K . The
claim holds, therefore, by 17.4 and 17.9. �

We do not determine the structure of the gems of a building ∆ such that
(∆,A) = X̃F

2 (Λ, ν) for some Λ and ν in this book. We plan instead to publish
these results separately at a later date; see 21.43.

4We are using the usual convention here (see 9.20) that the unique extension of ν to a

valuation of the completion K̂ of K is denoted by the same letter ν.



Chapter Twenty Three

Quadrangles of Involutory Type

In this chapter, we consider the case X = QI of the problem framed at
the end of Chapter 16. Our main result is 23.3. We use this result to give
the classification of Bruhat-Tits pairs whose building at infinity is BI

� (Λ)
for some involutory set Λ in 23.10. See 11.1 in [36] for the definition of an
involutory set and 30.15 for the definition of the building BI

� (Λ).

We include honorary involutory sets and root group sequences

QI(Λ)

for honorary involutory sets Λ (as defined in 30.22) in this chapter. It will
be convenient in some places, therefore, to refer to involutory sets as genuine
involutory sets to distinguish them from honorary involutory sets.

Proposition 23.1. Let (K, K0, σ) be an involutory set, genuine or hon-
orary, and let ν be a valuation of K. Suppose that ν is σ-invariant, i.e. that

ν(uσ) = ν(u)

for all u ∈ K∗. Then ν(K∗
0 ) = Z or 2Z.

Proof. By 11.1 of [36], 1 ∈ K0 and uσK0u ⊂ K0 for all u ∈ K. Therefore
0 = ν(1) ∈ ν(K∗

0 ) and for each v ∈ K∗
0 , the set ν(K∗

0 ) contains all integers
having the same parity as ν(v) (since ν is σ-invariant). �

Definition 23.2. Let Λ = (K, K0, σ) be an involutory set, genuine or hon-
orary, and let ν be a discrete valuation of K. We say that Λ is ν-compatible
if ν is σ-invariant. Suppose that Λ is ν-compatible. Then ν(K∗

0 ) = Z or
2Z by 23.1. Let δ = |Z/ν(K∗

0 )|. We will say that (K, K0, σ) is ramified
(respectively, unramified) at ν if δ = 2 (respectively, δ = 1).1 We call δ the
ν-index of Λ.

Theorem 23.3. Let

Λ = (K, K0, σ)

be an involutory set, genuine or honorary, let ν be a discrete valuation of
K, let

QI(Λ) = (U+, U1, . . . , U4)

1These notions coincide with the usual notions of a (totally) ramified and unramified
extension in the special case that F := K0 is a subfield of K, K/F is a separable quadratic
extension, σ is the non-trivial element in Gal(K/F ), K is complete with respect to ν and
K̄/F̄ is separable. See 23.5.
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and x1, . . . , x4 be as in 30.8.ii and 30.22, let (∆, Σ, d) be the canonical real-
ization of QI(Λ) as defined in 30.6 and let (G†, ξ) be the root datum of ∆
based at Σ. Let δ be the ν-index of Λ as defined in 23.2 and let

φ4(x4(t)) = ν(t)

for all t ∈ K∗. Then the following hold:

(i) The map φ4 extends to a valuation of (G†, ξ) if and only if (K, K0, σ)
is ν-compatible as defined in 23.2.

(ii) Suppose that φ4 extends to a valuation of (G†, ξ) and let ι be the asso-
ciated root map from of Σ (with target B2). Then ι is long if and only
if δ = 2; and, after replacing φ by an equipollent valuation if necessary,

(23.4) φ1(x1(t)) = ν(t)/δ

for all t ∈ K0.

Proof. Let Ξd and Ξ◦
d be as in 3.5. The four roots a1, . . . , a4 in Ξd can be

ordered so that Ui = Uai
for all i ∈ [1, 4]. We then have Ξ◦

d = {a1, a4} and
[a1, a4] = (a1, a2, a3, a4), where [a1, a4] is as defined in 3.1.

Suppose first that ν is σ-invariant. Let φ2(x2(t)) = ν(t) for all t ∈ K∗, let

φi(xi(t)) = ν(t)/δ

for i = 1 and 3 and for all t ∈ K∗
0 and let

φ = {φ1, φ2, φ3, φ4}.

By 23.2, φi(U
∗
i ) = Z for all i ∈ [1, 4]. By 9.17.ii, φ satisfies 15.1.i. Let ι be

a root map of Σ (with target B2) that is long if δ = 2 and short if δ = 1
(as defined in 16.12). Thus U4 is a long root group (i.e. the root a4 is long)
if and only if ι is long. By 16.2 of [36], 9.17.i and the σ-invariance of ν,
φ satisfies 15.1.ii with respect to ι, φ is exact as defined in 15.24 and the
(a1, a4)-index of φ at a2 as defined in 15.24 is (δ, 1). By 15.25 and 30.36.ii,
it follows that φ satisfies 15.4.i. By 30.38.ii, φ satisfies 15.4.ii. Thus φ is
a viable partial valuation of (G†, ξ). By 15.21, φ extends to a valuation of
(G†, ξ).

Suppose, conversely, that φ is a valuation of (G†, ξ) with respect to a root
map ι of Σ (with target B2) that extends the map φ4 (so φa4 = φ4). Let
φi = φai

for all i ∈ [1, 3]. By 30.38.ii,

x4(v)mΣ(x1(1)) = x2(v)

for all v ∈ K. By 3.41.i, therefore, there exists a constant C such that

φ2(x2(v)) = φ4(x4(v)) + C = ν(v) + C

for all v ∈ K∗. By 30.38.ii, we also have

x2(v)mΣ(x4(1)) = x2(−vσ)

for all v ∈ K. By 3.41.i again, therefore,

φ2(x2(v)) = φ2(x2(−vσ))
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for all v ∈ K since a2 · a4 = 0. We conclude that ν(v) = ν(−vσ) = ν(vσ) for
all v ∈ K. In other words, ν is σ-invariant. Thus (i) holds.

By 2.50.i and another application of 3.41.i, we have

φ1(x1(u)) = −
(
φ4

(
x2(1)mΣ(x1(u))

)
− φ2(x2(1))

)
/δ0

for all t ∈ K0, where

δ0 =

⎧⎨
⎩

2 if ι is long and

1 if ι is short.

By 32.6 in [36],

x2(1)mΣ(x1(u)) = x4(−u−1)

for all u ∈ K∗
0 (since σ acts trivially on K0). Thus

φ1(x1(u)) = −
(
φ4(x4(−u−1)) − φ2(x2(1))

)
/δ0

=
(
ν(u) + φ2(x2(1))

)
/δ0

for all u ∈ K∗
0 . By 3.21, φi(U

∗
1 ) = Z, and by 23.2, ν(K∗

0 ) = δZ. It follows
that δ0 = δ and φ2(x2(1))/δ ∈ Z. By 3.43, therefore, we can assume that
23.4 holds. Thus (ii) holds. �

Remark 23.5. Suppose that (K, K0, σ) is a quadratic involutory set as
defined in 30.21 or an honorary involutory set. Then

QI(K, F, σ) = QQ(F, K, q)

by 30.22, where F = K0 and q is the norm of the composition algebra (K, F )
as defined in 30.17. By 26.9, the results of 23.3 coincide with the results of
19.18 in this case.

Theorem 23.6. Let (∆, Σ, d) be a canonical realization of type 30.14.iv–vi.
Thus

∆ = B
I
� (Λ) = C

I
� (Λ)

for some involutory set Λ = (K, K0, σ), proper with � ≥ 2, quadratic with
� ≥ 3 or honorary with � = 3. Let (G†, ξ) be the root datum of ∆ based at Σ
and let ν be a valuation of K. Let ιB be a long root map of Σ and let ιC be
a short root map of Σ as defined in 16.12.2 Let a and xa be as in 16.2 and
16.3 and let φa be given by

φa(xa(t)) = ν(t)

for all t ∈ K∗. Then the following hold:

(i) If Λ is not ν-compatible, then φa does not extend to a valuation of
(G†, ξ).

(ii) If Λ is ν-compatible and Λ is ramified at ν, then φa extends to a
valuation φ of (G†, ξ) with respect to ιB (but not with respect to ιC).

2Thus by 2.14.v, ιX has target X� for X = B and C.
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(iii) If Λ is ν-compatible and Λ is unramified at ν, then φa extends to a
valuation φ of (G†, ξ) with respect to ιC (but not with respect to ιB).

In cases (ii) and (iii), the extension of φ is unique up to equipollence.

Proof. This holds by 16.14.ii, 23.2 and 23.3. �

Notation 23.7. Let ∆, Λ, ν, etc. be as in 23.6, suppose that Λ is ν-
compatible and let φ be as in (ii) or (iii) of 23.6. We denote the pair (∆aff ,A)
obtained by applying 14.47 to these data by B̃I

� (Λ, ν) in case (ii) and by

C̃I
� (Λ, ν) in case (iii).

Thus the pair X̃I
� (Λ, ν) for X = B or C defined in 23.7 exists precisely when

the involutory set Λ is ν-compatible.

Remark 23.8. Suppose that (K, F, σ) and q are as in 23.5 and that (K, F, σ)
is ν-compatible for some valuation ν of K (as defined in 23.2). Let δ be as
in 23.2 and let ω be the restriction of ν/δ to F . We will observe in 26.9 that
(F, K, q) is ω-compatible as defined in 19.17 and that (K, F, σ) is ramified
at ν as defined in 23.2 if and only if (F, K, q) is ramified at ω as defined in
19.17. By 19.22, 23.5 and 23.7, it follows that

B̃
I
2

(
(K, F, σ), ν

)
= C̃

Q
2

(
(F, K, q), ω

)

if (K, F, σ) is ramified at ν and

C̃
I
2

(
(K, F, σ), ν

)
= B̃

Q
2

(
(F, K, q), ω

)

if (K, F, σ) is unramified at ν.

Remark 23.9. Suppose that Λ = (K, F, σ) is a quadratic involutory set of
type (i) or (ii) (so σ = 1) and that char(K) = 2 also if the type of Λ is (ii),
let q be its norm and let ν be a discrete valuation of K. Then both Λ and
the anisotropic space (K, K, q) are ν-compatible and unramified. By 30.14
and 30.27, we have

B
Q
� (K, K, q) = B

I
� (Λ).

By 19.22 and 23.7, it follows that

C̃
I
� (Λ, ν) = B̃

Q
�

(
(K, K, q), ν

)
.

Theorem 23.10. Every Bruhat-Tits pair whose building at infinity is

B
I
� (Λ) = C

I
� (Λ)

for some Λ = (K, K0, σ) and some � ≥ 2 as in (iv)–(vi) of 30.14 is of the
form B̃I

� (Λ, ν) (if Λ is ramified at ν) or C̃I
� (Λ, ν) (if Λ is unramified at ν)

for some valuation ν of K such that Λ is ν-compatible.

Proof. This holds by 16.4, 23.6 and 23.7. �

We turn next to completions.
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Notation 23.11. Let Λ = (K, K0, σ) be an involutory set, genuine or hon-
orary, let ν be a σ-invariant discrete valuation of K and let K̂ be the comple-
tion of K with respect to ν. Since σ is additive and ν is σ-invariant, σ maps
Cauchy sequences to Cauchy sequences and hence has a unique extension by
continuity to an involution of K̂. We denote this involution by σ̂. Let K̂0

be the closure of K0 in K̂.

Proposition 23.12. Let Λ = (K, K0, σ) be an involutory set, genuine or
honorary, let ν be a σ-invariant discrete valuation of K, let K̂ be the com-
pletion of K with respect to ν and let σ̂ and K̂0 be as in 23.11. Then

Λ̂ := (K̂, K̂0, σ̂)

is a ν-compatible involutory set, genuine if Λ is genuine, honorary if Λ is
honorary.

Proof. By 11.1 in [36] and 23.11, Λ̂ is a ν-compatible involutory set, gen-
uine or honorary. The field K is associative if and only if K̂ is associative.
Therefore Λ̂ is genuine if and only if Λ is genuine.3 �

Theorem 23.13. Let Λ = (K, K0, σ) be an involutory set, genuine or hon-
orary, let ν be a σ-invariant discrete valuation of K, let

Λ̂ = (K̂, K̂0, σ̂)

be as in 23.12 and let (∆,A) = X̃I
� (Λ, ν) be as in 23.7 for X = B or C.

Then Λ̂ is ν-compatible, ∆ is completely Bruhat-Tits and its completion is
X̃I

� (Λ̂, ν).

Proof. By 30.16, XI
� (Λ) is a subbuilding of XI

� (Λ̂). By 9.18.iii, Λ is ramified

at ν if and only if Λ̂ is. The claim holds, therefore, by 17.4 and 17.9. �

Proposition 23.14. Let K be a field or a skew field or an octonion division
algebra, let F be the center of K, let ν be a discrete valuation of K and
suppose that K is finite-dimensional over F (which is automatic if K is
octonion). Then the following hold:

(i) There exists a positive integer m such that the restriction ω of ν/m is
a valuation of F .

(ii) K is complete with respect to ν if and only if F is complete with respect
to ω.

Proof. The restriction of ν to F ∗ is a subgroup of Z. Since every element
of K is algebraic over F , this subgroup cannot be the 0-subgroup. Thus
ν(F ∗) = mZ for some positive integer m. Let ω be the restriction of ν/m
to F . Then ω(F ∗) = Z and hence ω is a valuation of F . Thus (i) holds.
Suppose that K is complete with respect to ν. Since F is the center of K, it
is closed with respect to ν and hence complete with respect to ω. Suppose,
conversely, that F is complete with respect to ω. By [20] and the identity 2.7

3See also 26.13.iii.
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in [39], ν(u) = ω(N(u))/n for all u ∈ K, where N is the reduced norm of K
and n is the degree of K over F . Hence K is complete with respect to ν by
17.13. Thus (ii) holds �

The proof of the next observation is due to A. Rapinchuk.

Proposition 23.15. Let K be a field, a skew field (not necessarily finite-
dimensional over its center) or an octonion division algebra, let ν be a dis-
crete valuation of K as defined in 9.17 and suppose that K is complete with
respect to ν. Then ν is the only discrete valuation of K.

Proof. Suppose that ω is a second valuation of K. By Statement B in
Section 2.1 of [23],4 we can choose x ∈ K∗ such that ν(x) < 0 and ω(x) ≥ 0
or ν(x) ≥ 0 and ω(x) < 0. Thus ν(x)ω(x) ≤ 0. Let

S := {u ∈ K∗ | ν(u)ω(u) < 0}.

Suppose that x �∈ S. Then ν(x)ω(x) = 0. If ν(x) = 0 (and hence ω(x) < 0),
choose y ∈ K∗ such that ν(y) > 0. If ω(x) = 0 (and hence ν(x) < 0), choose
y ∈ K∗ such that ω(y) > 0. Then xny ∈ S for all n ∈ Z sufficiently large.
We conclude that S is not empty. Choose u ∈ S.

Let E be a subfield of K containing u. Then ν(E∗) is a non-zero additive
subgroup of Z. Hence the restriction of ν to E is a positive multiple of a
unique valuation of E. If E is complete with respect to this valuation, we
will say that E is complete with respect to ν.

We claim now that there exists a commutative subfield E of K containing
u that is complete with respect to ν. Suppose first that K is octonion, let
F be its center and let E = F (u). Then E is a commutative subfield of
degree at most 2 over F (by 20.9 in [36]) and by 17.14, E is complete with
respect to this valuation. Next suppose that K is associative and let D be
the centralizer of u in K. Then D is a skew field that is closed and hence
complete with respect to ν. Therefore the center E of D is a commutative
field containing u that is closed and hence complete with respect to ν. This
proves our claim.

Since ω(E∗) is also a non-zero additive subgroup of Z, also the restriction
of ω to E is a positive multiple of a unique valuation of E. By Statement S
in Section 5.2 of [23], therefore, the restrictions of ν and ω to E differ only
by a positive factor. This contradicts the choice of u. �

Corollary 23.16. Let Λ = (K, K0, σ) be a involutory set, genuine or hon-
orary, let ν be a valuation of K and suppose that K is complete with respect
to ν. Then Λ is ν-compatible.

Proof. Set ω be the composition of ν with σ. Then ω is also a discrete
valuation of K. The claim holds, therefore, by 23.15. �

4The proof of this statement in [23] is valid verbatim also for skew fields and octonion
division algebras.
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Remark 23.17. Let Λ = (K, K0, σ) be an involutory set, genuine or hon-
orary, let F be the center of K, let

(23.18) Kσ = {a + aσ | a ∈ K},

let

(23.19) Kσ = {a ∈ K | aσ = a}

and let ν be a valuation of K. Suppose that K is complete with respect to
ν and that Λ is ν-compatible. By 11.1 in [36], Kσ ⊂ K0 ⊂ Kσ. Since ν is
σ-invariant, both Kσ and Kσ are closed with respect to σ. By 11.2 in [36],
Kσ = K0 = Kσ if char(K) �= 2. If Λ is honorary, then Kσ = F by 30.20
and K0 = F by 30.22, so K0 = Kσ. Suppose that char(K) = 2 and that Λ
is genuine. By 11.3 in [36], the quotient V := Kσ/Kσ has the structure of a
right vector space over K, where

(23.20) (x + Kσ) · u = uσxu + Kσ

for all x ∈ Kσ and all u ∈ K, and K1 is the inverse image in K of a subspace
of V that contains 1 if and only if (K, K1, σ) is an involutory set. By 11.4 in
[36], the quotient Kσ/Kσ can be infinite-dimensional even when K is finite-
dimensional over its center. We conclude that K0 is closed if K0 = Kσ or
K0 = Kσ (in particular, if char(K) �= 2 or Λ is honorary), but in general,
K0 might not be closed even if K is finite-dimensional over its center.

Remark 23.21. Let Λ = (K, K0, σ) be an involutory set, proper, quadratic
or honorary. By 41.16 in [36], the spherical building BI

� (Λ) is algebraic as
defined in 30.31 if and only if K is finite-dimensional over its center and K0

is either Kσ or Kσ. Thus by 23.16 and 23.17, if B
I
� (Λ) is algebraic and K is

complete with respect to a valuation ν, then Λ is ν-compatible and Λ = Λ̂.

We turn now to gems.

Definition 23.22. Let Λ = (K, K0, σ) be an involutory set, genuine or
honorary, let ν be a valuation of K and suppose that Λ is ν-compatible as
defined in 23.2. Let K̄0 be the image in K̄ of the intersection K0∩OK under
the natural homomorphism from the ring of integers OK with respect to ν
to K̄. Since ν is σ-invariant, σ induces an involution σ̄ on the residue field
K̄ of K and Λ̄ := (K̄, K̄0, σ̄) is an involutory set, genuine or honorary. Note
that σ̄ can be trivial when σ is not. If σ̄ is assumed to be non-trivial, then Λ̄
is proper if Λ is proper (simply by definition) and Λ̄ is quadratic or honorary
if Λ is quadratic or honorary (by 26.15). We call Λ̄ the residue of Λ at ν.

Definition 23.23. Let Λ = (K, K0, σ) be an involutory set, genuine or hon-
orary, let ν be a σ-invariant valuation of K and suppose that Λ is unramified
at ν as defined in 23.2, i.e. that ν(K∗

0 ) = Z. Let π be a uniformizer contained
in K0. By 11.6 in [36], π−1 is also in K0. Let Λπ−1 be the translate of Λ
with respect to π−1 as defined in 11.8 of [36]. If Λ is honorary, then K0 is
the center of K and Λπ−1 = Λ. If Λ is genuine, then it is not necessarily true
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that Λπ−1 = Λ, but by 11.10 in [36], Λπ−1 is, in any case, an involutory set.
Let Λ1 denote the residue of Λπ−1 at ν as defined in 23.22 (whether or not
Λ is genuine). The involutory set Λ1 is independent of the choice of π up to
similarity (as defined in 11.9 of [36]).5 By 35.16 in [36] and 3.6, therefore,
also the building CI

� (Λ1) is independent of the choice of π.

Proposition 23.24. Let Λ = (K, K0, σ) be a genuine involutory set, let ν
be a σ-invariant valuation of K, let Λ̄ = (K̄, K̄0, σ̄) be the residue of Λ with
respect to ν as defined in 23.22 and suppose that Λ is ramified at ν as defined
in 23.2, i.e. that ν(K∗

0 ) = 2Z. Then K̄ is commutative.

Proof. If ν(u) = 1 for some u ∈ K∗, then ν(u + uσ) ≥ 1 (by 24.28); since
u + uσ ∈ K0 (by 11.1.i in [36]) and ν(K∗

0 ) = 2Z, it follows that, in fact,
ν(u + uσ) ≥ 2.

Now choose v, t ∈ K∗ such that ν(v) = 0 and ν(t) = 1, let w = tv + (tv)σ

and let z = t + tσ. Then ν(w) ≥ 2 and ν(z) ≥ 2 (by the observation in the
previous paragraph) and hence also ν(vσz) ≥ 2 by 9.17.i. From

vσtσ = (tv)σ = w − tv

and

vσtσ = vσ(z − t) = vσz − vσt,

it follows that vσt − tv = vσz − w. By 9.17.ii, therefore,

ν(vσt − tv) ≥ 2

and hence ν(vσ − tvt−1) ≥ 1, again by 9.17.i. We conclude that

(23.25) v̄σ̄ = vσ = tvt−1

in K̄ for all v ∈ OK and all t ∈ K∗ such that ν(t) = 1, where σ̄ is as defined
in 23.22.

By 23.25 and the assumption that K is associative, it follows that the
map σ̄ is multiplicative. Since σ̄ is also an involution (and hence anti-
multiplicative), it follows that K̄ is commutative. �

Remark 23.26. In 26.15 we will show that if Λ is honorary and ramified at
ν, then either K̄ is commutative and T̄ is identically zero or K̄ is a quaternion
division algebra. Thus the claim in 23.24 is not, in general, valid if Λ is not
genuine.

Theorem 23.27. Let

(∆,A) = X̃
I
� (Λ, ν)

for some involutory set Λ = (K, K0, σ), genuine or honorary, and for some
valuation ν of K such that Λ is ν-compatible (as defined in 23.7), where

5Here are the details. Suppose π′ is a second uniformizer in K0 and let s = (π′)−1π.
Then ν(s) = 0 and π−1π′ ∈ π−1K0. By 11.6 and 11.8 in [36], the set π−1K0 is closed
under inverses. Therefore s ∈ π−1K0. Since sπ−1K0 = (π′)−1K0, the involutory set
Λ(π′)−1 is the translate of the involutory set Λπ−1 with respect to s as defined in 11.8

in [36].
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X = B if Λ is ramified at ν and X = C if Λ is unramified at ν. Let Λ̄ be
the residue of Λ at ν as defined in 23.22, let the apartment A, the gem R0

and the group G◦ be as in 18.1 and let the gem R1 be as in 18.28. Then the
following hold:

(i) If X = B, then R0
∼= XI

� (Λ̄) and all gems are in the same G◦-orbit as
R0.

(ii) If X = C, then R0
∼= XI

� (Λ̄), R1
∼= CI

� (Λ1), where Λ1 is as in 23.23,
and every gem is in the same G◦-orbit as R0 or R1 (or both).

(iii) If X = C and Λ is quadratic (as defined in 30.21) or honorary (as
defined in 30.22), then all gems are in the same G◦-orbit as R0.

Proof. Let Σ = A∞, let d be a chamber of Σ, let (G†, ξ) be the root datum of
∆∞

A based at Σ and let φ = φR0 be the valuation of (G†, ξ) described in 13.8.
Let c be the unique root in Ξd that is long (with respect to the root map ιC)
if X = C and short (with respect to the root map ιB) if X = B. By 19.22,
we can assume that (∆∞

A , Σ, d) is the canonical realization of one of the root
group labelings described in cases (iv)–(vi) of 30.14, that φa(xa(t)) = ν(t)
for all a ∈ Ξ◦

d\{c} and all t ∈ K∗ and that φc(xc(u)) = ν(u)/δ for all u ∈ K∗
0 ,

where δ is the ν-index of Λ as defined in 23.2. By 18.27,

R0
∼= X

I
� (Λ̄).

Let b ∈ Ξ◦
d be as in 18.28. Since b is long, we have b = c if X = C. Let H be

as in 18.1.
Suppose that X = B and let π ∈ K be a uniformizer. Suppose too that

(K, K0, σ) is genuine, i.e. that K is associative. By 18.9, there exists an
element τ ∈ H centralizing Ua for all a ∈ Ξ◦

d\{b} such that

xb(t)
τ = xb(tπ)

for all t ∈ K if � = 2 and

xb(t)
τ = xb(πt)

for all t ∈ K if � ≥ 3.6 Hence (for all values of � ≥ 2) the map φa is

6Here are the details. Let

QI(Λ)op = (U+, U1, U2, U3, U4),

where QI(Λ) is as in 30.8.ii. Thus xi is an isomorphism from the additive group of K to
Ui for i = 1 and 3, xj is an isomorphism from K0 to Uj for j = 2 and 4,

[x1(u), x4(t)] = x2(−uσtu)x3(tu)

and
[x1(u), x3(v)] = x2(uσv + vσu)−1

for all u, v ∈ K and all t ∈ K0 (as well as [U2, U4] = 1 and [Ui, Ui+1] = 1 for all i ∈ [1, 3]).
There therefore exists an automorphism of U+ extending the maps xi(u) �→ xi(uπ) for
i = 1 and 3, x2(t) �→ x2(πσtπ) and x4(t) �→ x4(t). Thus the automorphism τ exists by
18.9 if � = 2 (in which case Ub = U1). Suppose that � ≥ 3 and let

T (K) = (U+, U1, U2, U3)

be the root group sequence in 30.8.i. Then there exists an automorphism of U+ extending
the maps xi(t) �→ xi(πt) for i = 1 and 2 and x3(t) �→ x3(t). Thus the automorphism τ
exists by 18.9 and 30.14.iii.
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τ -invariant for all a ∈ Ξ◦
d\{b} and

φb(xb(t)
τ ) = φb(xb(t)) + 1

for all t ∈ K∗. By 18.6, there is an element ρ ∈ GA inducing τ on ∆∞
A . By

18.28.i, it follows that ρ maps R0 to R1. Thus (i) holds by 18.29 if K is
associative.

Suppose now that (K, K0, σ) is honorary. Thus we are in case 30.14.vi and
� = 3. Let F = K0, let q and T be the norm and trace of the corresponding
composition algebra (K, F ) as defined in 30.17, let λ be as in 18.10 with π
in place of w and let β(u) = λ(u)π−1 for all u ∈ K. Then β is an F -linear
automorphism of K and both q and ν are β-invariant. Since

q(u + v) = q(u) + q(v) + T (u, v)

for all u, v ∈ K, also T is β-invariant. Let a ∈ Ξ◦
d be as in 16.3 and let c be

the other root in Ξ◦
d\{b}. By 37.12 in [36], 18.9 and 30.14.vi, there exists an

element τ in H centralizing c such that

xb(u)τ = xb(λ(u))

and

xa(u)τ = xa(β(u))

for all u ∈ K. Hence φb(xb(u)τ ) = φb(xb(u)) + 1 for all u ∈ K and φa is
τ -invariant for a ∈ Ξ◦

d\{b}. By 18.6, there is an element ρ ∈ GA inducing
τ on ∆∞

A . By 18.28.i, it follows that ρ maps R0 to R1. Thus (i) holds by
18.29 also if K is non-associative.

Next suppose that X = C, so δ = 1. We can thus assume that π is
contained in K0 and that π is the uniformizer used in the construction of
Λ1 in 23.23. By 3.6 and 18.28.i, the maps xa(u) �→ xa(u) for all a ∈ Ξ◦

d\{b}
and xb(t) �→ xb(π

−1t) induce an isomorphism from the residue R1 to the
building CI

� (Λ1). By 18.29, therefore, (ii) holds.
Suppose, finally, that (K, K0, σ) quadratic or honorary. In this case F :=

K0 is contained in the center of K. By 18.9, there thus exists an element
τ ∈ H centralizing Ua for all a ∈ Ξ◦

d\{b} such that

xb(t)
τ = xb(πt)

and hence

φb(xb(t)
τ ) = φb(xb(t)) + 1

for all t ∈ F . By 18.6, there is an element ρ ∈ GA inducing τ on ∆∞
A . By

18.28.i, ρ maps R1 to R0. By 18.29, therefore, (iii) holds. �



Chapter Twenty Four

Pseudo-Quadratic Quadrangles

In this chapter, we consider the case X = QP of the problem framed at the
end of Chapter 16. Our main result is 24.31. We use this result to give
the classification of Bruhat-Tits pairs whose building at infinity is BP

� (Λ)
for some anisotropic pseudo-quadratic space Λ in 24.37. See 11.17 in [36]
for the definition of an anisotropic pseudo-quadratic space and 30.15 for the
definition of the building BP

� (Λ).

Proposition 24.1. Let

Λ = (K, K0, σ, L, q)

be a pseudo-quadratic space as defined in 11.17 of [36] (so Λ is not necessarily
anisotropic), let f be the associated skew-hermitian form and suppose that
K0 �= K. Let E be a skew field containing K that has an involution σE

extending σ. Suppose that (E, E0, σE) is an involutory set such that K0 ⊂
E0∩K. Let LE = L⊗K E. Let fE denote the unique sesquilinear map (over
E) from LE × LE to E such that

(24.2) fE(u ⊗ s, v ⊗ t) = sσE f(u, v)t

for all u, v ∈ L and all s, t ∈ E. There there exists a unique map qE from
LE to E (unique modulo E0) such that

(24.3) qE(

d∑
i=1

vi ⊗ ti) =

d∑
i=1

tσE

i q(vi)ti +
∑
i<j

tσE

i f(vi, vj)tj

for all v1, . . . , vd ∈ L, for all t1, . . . , td ∈ E and for all d. Moreover,

ΛE := (E, E0, σE , LE , qE)

is a pseudo-quadratic space and fE is the associated skew-hermitian form.

Proof. Choose a basis B of L over K and define qE using 24.3 for all finite
subsets v1, . . . , vd of B. By 11.19 in [36], f(v, v) = q(v)− q(v)σ for all v ∈ L,
and by 11.1.i in [36], K0 contains the set of traces Kσ (as defined in 23.18).
It follows (by a bit of calculation) that ΛE is a pseudo-quadratic space and
fE is the associated skew-hermitian form. The identity 24.3 then holds in
general by induction with respect to d. �

Definition 24.4. Let

Λ = (K, K0, σ, L, q)
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be a pseudo-quadratic space as defined in 11.17 of [36]. Then Λ is anisotropic
if q(u) ∈ K0 if and only if u = 0 and proper if σ �= 1 (which implies that
K0 �= K), L �= 0 and the associated skew-hermitian form is non-degenerate.
If Λ is a proper anisotropic pseudo-quadratic space, then by 23.23 in [36],
the involutory set (K, K0, σ) is either proper as defined in footnote 10 in
Appendix B or quadratic of type (iii) or (iv) as defined in 30.21.

Notation 24.5. Let

(K, K0, σ, L, q)

be an anisotropic pseudo-quadratic space (as defined in 11.17 in [36] and
24.4), let f be the skew-hermitian form associated with q and let T be the
group defined in 11.24 of [36]. Thus

T = {(u, t) ∈ L × K | q(u) − t ∈ K0}

and

(24.6) (u, t) · (v, s) =
(
u + v, t + s + f(v, u)

)

as well as

(24.7) (u, t)−1 = (−u,−tσ)

for all (u, t), (v, s) ∈ T . By 11.19 in [36], we also have

(24.8) f(u, u) = t − tσ

for all (u, t) ∈ T since σ acts trivially on K0.

The following result was first proved in Theorem 10.1.15 of [6]; see 19.4.

Proposition 24.9. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic pseudo-quadratic space, let f and T be as in 24.5
and let ν be a valuation of K such that

ν(uσ) = ν(u)

for all u ∈ K.1 Let (K̂, K̂0, σ̂) be as in 23.12 and let

ΛK̂ = (K̂, K̂0, σ̂, LK̂ , qK̂)

be the pseudo-quadratic space and fK̂ the skew-hermitian form obtained from

Λ by applying 24.1 with (E, E0, σE) = (K̂, K̂0, σ̂). Then the following are
equivalent.

(i) ν(f(u, v)) ≥ min{ν(s), ν(t)} for all (u, t), (v, s) ∈ T ∗.
(ii) ν(f(u, v)) ≥

(
ν(s) + ν(t)

)
/2 for all (u, t), (v, s) ∈ T ∗.

(iii) ΛK̂ is anisotropic, i.e. {û ∈ LK̂ | qK̂(û) ∈ K̂0} = {0}.

1We observe that the statement and proof of 24.9 require only that ν be real-valued.
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Proof. Suppose that (ii) does not hold. Then there exist (u, t), (v, s) ∈ T
such that

(24.10) η := ν(s) + ν(t) − 2ν(f(u, v)) > 0.

In particular, f(u, v) �= 0. Let v0 = v, s0 = s and

(24.11) λ1 = f(u, v)−σs.

Since f(u, v)σ = −f(v, u), we have ν(f(u, v)) = ν(f(v, u)). By 24.8,

f(u, u) = t − tσ.

Hence

(24.12) ν(f(u, u)) ≥ ν(t)

and thus

ν(f(u, uλ1)) = ν(f(u, u)λ1)

≥ ν(t) + ν(λ1)

= −ν(f(u, v)) + ν(s) + ν(t)

= η + ν(f(u, v)).

Hence ν(f(u, uλ1)) > ν(f(u, v)) since η > 0. By 9.23.ii, therefore,

(24.13) ν(f(u, v1)) = ν(f(u, v))

for v1 := uλ1 + v. Let

(24.14) s1 = λσ
1 tλ1.

By 24.11, we have s1 = sσf(u, v)−1tf(u, v)−σs and thus

(24.15) ν(s1) = 2ν(s) + ν(t) − 2ν(f(u, v)) = η + ν(s).

The elements q(u)− t and q(v)−s are in contained in K0 (by 24.5) and thus

λσ
1 q(u)λ1 ≡ λσ

1 tλ1 (mod K0)

(by 11.1.ii in [36]). Hence λσ
1 q(u)λ1 ≡ s1 (mod K0) by 24.14. Therefore

q(v1) = q(uλ1 + v)

≡ λσ
1 q(u)λ1 + q(v) + λσ

1f(u, v) (mod K0) by 11.16 in [36]

≡ s1 + s + sσ (mod K0) by 24.11

≡ s1 (mod K0) by 11.1.i in [36]

Thus

(24.16) q(v1) − s1 ∈ K0;

i.e. (v1, s1) ∈ T .
Next we define inductively

λk = f(u, vk−1)
−σsk−1(24.17)

vk = uλk + vk−1(24.18)
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and

(24.19) sk = λσ
k tλk

for all k ≥ 2. (If we set v0 = v and s0 = s, then 24.17 and 24.18 hold also for
k = 1.) To show that λk is well defined, we need to show that f(u, vk) �= 0
for each k ≥ 1. We will show by induction on k that, in fact,

(24.20) ν(f(u, vk)) = ν(f(u, v)),

so indeed f(u, vk) �= 0,

(24.21) ν(λk) = (2k−1 − 1)η + ν(s) − ν(f(u, v))

and

(24.22) ν(sk) = (2k − 1)η + ν(s)

as well as

(24.23) q(vk) − sk ∈ K0

for all k ≥ 1. These identities hold for k = 1 by 24.11, 24.13, 24.15 and
24.16. Let k > 1 and assume that all four identities hold for k − 1. Then

ν(λk) = −ν(f(u, vk−1)) + ν(sk−1) by 24.17

= −ν(f(u, vk−1)) + (2k−1 − 1)η + ν(s) by 24.22

and thus 24.21 holds for k by 24.20. Hence

ν(sk) = ν(t) + 2ν(λk) by 24.19

= (2k − 2)η + 2ν(s) + ν(t) − 2ν(f(u, v)) by 24.21

= (2k − 1)η + ν(s) by 24.10,

so 24.22 holds for k, and

ν(f(u, uλk)) ≥ ν(t) + ν(λk) by 24.12

= −ν(f(u, v)) + (2k−1 − 1)η + ν(s) + ν(t) by 24.21

= ν(f(u, v)) + 2k−1η > ν(f(u, v)) by 24.10.

We have f(u, vk) = f(u, uλk) + f(u, vk−1) by 24.18 and ν(f(u, vk−1)) =
ν(f(u, v)) by 24.20. Thus 24.20 holds for k by 9.23.ii. Finally, we observe
that λσ

kq(u)λk ≡ λσ
k tλk ≡ sk by 11.1.ii in [36] and 24.19 (since q(u)−t ∈ K0)

and q(vk−1) ≡ sk−1 (mod K0) by 24.23. It follows that

q(vk) = q(uλk + vk−1) by 24.18

≡ λσ
kq(u)λk + q(vk−1) + λσ

kf(u, vk−1) (mod K0)

≡ sk + sk−1 + sσ
k−1 (mod K0) by 24.17

≡ sk (mod K0) by 11.1.i in [36],

so 24.23 holds for k. Thus all four claims 24.20–24.23 hold for all k ≥ 2.
By 24.20 and 24.22, we can choose N such that ν(f(u, vN )) = ν(f(u, v))

and ν(sN ) > ν(f(u, v)) and let

η′ = ν(t) + ν(sN ) − 2ν(f(u, vN)).
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By 24.22, ν(sN ) ≥ ν(s). Thus η′ ≥ η > 0 by 24.10. By 24.23, (vN , sN ) ∈ T .
Thus we can replace (v, s) by (u, t) and (u, t) by (vN , sN ) and begin the whole
argument over again to conclude that there exists a sequence (uk, tk)k≥1 of
elements of T such that

ν(f(uk, vN )) = ν(f(u, vN )) = ν(f(u, v))

and

ν(tk) = (2k − 1)η′ + ν(t)

for all k ≥ 1. Hence we can choose M such that ν(tM ) > ν(f(u, v)). Thus
(uM , tM ), (vN , sN ) ∈ T and

ν(f(uM , vM )) = ν(f(u, v)) < min{ν(tM ), ν(sN )}.

Therefore (i) implies (ii).
We continue to assume that 24.10 holds and keep the previous notation.

Let

ξk = λk + λk−1 + · · · + λ1

for each k ≥ 1. By 24.18, vk = uξk + v for all k ≥ 1. By 24.21, (ξk)k≥1 is a

Cauchy sequence. Hence there exists ξ̂ ∈ K̂ such that

lim
k→∞

ξk = ξ̂.

Let v̂ = uξ̂ + v. Then

lim
k→∞

fK̂(u, vk − v̂) = lim
k→∞

f(u, u)(ξk − ξ̂) = 0.

By 24.20, therefore, fK̂(u, v̂) �= 0. In particular, v̂ �= 0. By 24.3,

lim
k→∞

q(vk) = qK̂(v̂).

By 24.22 and 24.23, it follows that qK̂(v̂) ∈ K̂0. We conclude that also (iii)
implies (ii).

Since the average of two numbers is at least as large as their minimum,
(ii) implies (i). It thus remains only to show that (ii) implies (iii). Suppose
that there exists a non-zero vector û ∈ L̂K̂ such that

(24.24) qK̂(û) ∈ K̂0.

Since Λ is proper, the form f is non-degenerate. Thus there exists w ∈ L
such that

(24.25) fK̂(û, w) �= 0.

Let B := (v1, v2, . . . , vd) be an ordered finite subset of a basis of L such
that both û and w lie in the subspace of LK̂ spanned by the vectors in B.
Let t̂1, . . . , t̂d be the coordinates of û with respect to B. Choose sequences
(ti,k)k≥1 of elements in K such that

lim
k→∞

ti,k = t̂i
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for all i ∈ [1, d] and let

uk = v1t1,k + · · · + vdtd,k

for all k ≥ 1. Then

(24.26) lim
k→∞

uk = û.

By 24.3, therefore,

lim
k→∞

q(uk) = qK̂(û).

By 24.24, there exist a sequence (rk)k≥1 of elements in K0 such that

lim
k→∞

rk = qK̂(û).

Let r′k = q(uk) − rk for all k ≥ 1. Then (uk, r′k) ∈ T ∗ for all k ≥ 1 and

(24.27) lim
k→∞

ν(r′k) = ∞.

Let r = q(w). Thus (w, r) ∈ T ∗. By 24.26,

lim
k→∞

f(uk, w) = fK̂(û, w).

By 9.18.iii and 24.25, it follows that ν(f(uk, w)) is a constant for all k suffi-
ciently large. By 24.27, therefore,

ν(f(uk, w)) <
(
ν(r′k) + ν(r)

)
/2

for all k sufficiently large. We conclude that (iii) implies (iv). �

Definition 24.28. Let Λ = (K, K0, σ, L, q, ) be a proper anisotropic pseudo-
quadratic space and let ν be a discrete valuation of K. We will say that Λ
is ν-compatible if the involutory set (K, K0, σ) is ν-compatible as defined in
23.2 (i.e. ν is σ-invariant) and the three equivalent conditions in 24.9 hold.

Proposition 24.29. Let

Λ = (K, K0, σ, L, q, )

be an anisotropic pseudo-quadratic space, let ν be a σ-invariant valuation of
K and let T be as in 24.5. Then

{ν(t) | (a, t) ∈ T ∗} = δZ

for δ = 1 or 2.

Proof. Let B = {ν(t) | (a, t) ∈ T ∗}. Since (0, K∗
0 ) ⊂ T ∗, we have 2Z ⊂ B by

23.1. If (a, t) ∈ T ∗, then (as, sσts) ∈ T ∗ for all s ∈ K. Thus if ν(t) is odd
for some (a, t) ∈ T ∗, then B = Z. �

Definition 24.30. Let Λ = (K, K0, σ, L, q, ) be an anisotropic pseudo-
quadratic space, let ν be a discrete valuation of K that we assume to be
σ-invariant and let δ be as in 24.29. We will say that Λ is ramified (respec-
tively, unramified) at ν if δ = 2 (respectively, δ = 1).2 We call δ the ν-index
of Λ. Note that if Λ is ramified at ν, then the involutory set (K, K0, σ) is
also ramified at ν as defined in 23.2 since (0, K0) ⊂ T . If Λ is unramified at
ν, however, the involutory set (K, K0, σ) can be ramified or unramified at ν.

2If L = 0, then Λ is just an involutory set. Note that this definition is compatible with
23.2 in this case.
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Theorem 24.31. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic pseudo-quadratic space, let ν be a discrete valuation
of K, let

QP(Λ) = (U+, U1, . . . , U4)

and x1, . . . , x4 be as in 30.8.v, let (∆, Σ, d) be the canonical realization of
QP(Λ) as defined in 30.6 and let (G†, ξ) be the root datum of ∆ based at Σ.
Let δ be the ν-index of Λ as defined in 24.30 and let

(24.32) φ4(x4(t)) = ν(t)

for all t ∈ K∗. Then the following hold:

(i) The map φ4 extends to a valuation of (G†, ξ) if and only if Λ is ν-
compatible as defined in 24.28.

(ii) Suppose that φ4 extends to a valuation φ of (G†, ξ) and let ι be the
associated root map of Σ (with target B2). Then ι is long if and only
δ = 2; and after replacing φ by an equipollent valuation if necessary,

(24.33) φ1(x1(a, t)) = ν(t)/δ

for all (a, t) ∈ T ∗, where T is the group defined in 24.5 in terms of Λ.

Proof. Let Ξd and Ξ◦
d be as in 3.5. The four roots a1, . . . , a4 in Ξd can be

ordered so that Ui = Uai
for all i ∈ [1, 4]. We then have Ξ◦

d = {a1, a4} and
[a1, a4] = (a1, a2, a3, a4), where [a1, a4] is as defined in 3.1.

Suppose first that Λ is ν-compatible. Let φ2(x2(t)) = ν(t) for all t ∈ K∗

and let

φi(xi(a, t)) = ν(t)/δ

for i = 1 and 3 and all (a, t) ∈ T ∗. Then φi(U
∗
i ) = Z for all i ∈ [1, 4]. Let

φ = {φ1, φ2, φ3, φ4}.

By 24.6 and 24.9.i, φ satisfies 15.1.i. Let ι be a root map of Σ (with target
B2) that is long if δ = 2 and short if δ = 1 (as defined in 16.12). Thus
U4 is a long root group if and only if ι is long. By 16.5 of [36] and 24.9.ii,
φ satisfies 15.1.ii with respect to ι, φ is exact as defined in 15.24 and the
(a1, a4)-coefficient of a2 as defined in 15.24 is (δ, 1). By 15.25 and 30.36.v,
it follows that φ satisfies 15.4.i. By 30.38.v, φ satisfies 15.4.ii. Thus φ is a
viable partial valuation. By 15.21, φ extends to a valuation of (G†, ξ).

Suppose, conversely, that φ is a valuation of (G†, ξ) with respect to a root
map ι of Σ (with target B2) that extends the map φ4 (so φa4 = φ4). Let
φi = φai

for all i ∈ [1, 3]. By 30.38, we have

x4(t)
mΣ(x1(0,1)) = x2(t)

for all t ∈ K. By 3.41.i, therefore, there exists a constant C such that

(24.34) φ2(x2(v)) = φ4(x4(v)) + C = ν(v) + C
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for all v ∈ K. By 30.38.v, we also have

x2(v)mΣ(x4(1)) = x2(−vσ)

for all v ∈ K. By 3.41.i again, therefore,

φ2(x2(v)) = φ2(x2(−vσ))

for all v ∈ K since a2 · a4 = 0. We conclude that ν(v) = ν(−vσ) = ν(vσ) for
all v ∈ K. In other words, ν is σ-invariant.

By 2.50.i and another application of 3.41.i, we have

φ1(x1(a, t)) = −
(
φ4

(
x2(1)mΣ(x1(a,t))

)
− φ2(x2(1))

)
/δ0

for all (a, t) ∈ T ∗, where

δ0 =

⎧⎨
⎩

2 if ι is long and

1 if ι is short.

By 32.9 in [36],

x2(1)mΣ(x1(a,t)) = x4(−t−σ)

for all (a, t) ∈ T . Thus

φ1(x1(a, t)) =
(
ν(t) + φ2(x2(1))

)
/δ0

for all (a, t) ∈ T ∗. By 3.21, φ1(U
∗
1 ) = Z, and by 24.30,

{ν(t) | (a, t) ∈ T ∗} = δZ.

It follows that δ0 = δ and φ2(x2(1))/δ ∈ Z. By 3.43, therefore, we can
assume that 24.33 holds. Thus (ii) holds. Since φ satisfies condition (V1),
24.9.i follows from 24.6. Hence Λ is ν-compatible (since we have already
seen that ν is σ-invariant). Thus (i) holds. �

Theorem 24.35. Let (∆, Σ, d) be a canonical realization of type 30.14.vii.
Thus

∆ = B
P
� (Λ) = C

P
� (Λ)

for some anisotropic pseudo-quadratic space

Λ = (K, K0, σ, L, q)

and some � ≥ 2. Suppose that Λ is proper, let (G†, ξ) be the root datum of
∆ based at Σ and let ν be a valuation of K. Let ιB be a long root map of Σ
and let ιC be a short root map of Σ as defined in 16.12.3 Let a and xa be as
in 16.2 and 16.3 and let φa be given by

φa(xa(t)) = ν(t)

for all t ∈ K∗. Then the following hold:

3Thus by 2.14.v, ιX has target X� for X = B and C.



PSEUDO-QUADRATIC QUADRANGLES 247

(i) If Λ is not ν-compatible, then φa does not extend to a valuation of
(G†, ξ).

(ii) If Λ is ν-compatible and Λ is ramified at ν, then φa extends to a
valuation φ of (G†, ξ) with respect to ιB (but not with respect to ιC).

(iii) If Λ is ν-compatible and Λ is unramified at ν, then φa extends to a
valuation φ of (G†, ξ) with respect to ιC (but not with respect to ιB).

In cases (ii) and (iii), the extension of φ is unique up to equipollence.

Proof. This holds by 16.14.ii, 24.30 and 24.31. �

Notation 24.36. Let ∆, Λ, ν, etc. be as in 24.35, suppose that Λ is ν-
compatible and let φ be as in (ii) or (iii) of 24.35. We denote the pair
(∆aff ,A) obtained by applying 14.47 to this data by B̃P

� (Λ, ν) in case (ii)

and by C̃P
� (Λ, ν) in case (iii).

Thus the pair X̃P
� (Λ, ν) for X = B or C defined in 24.36 exists if and only if

the anisotropic pseudo-quadratic space Λ is ν-compatible.

Theorem 24.37. Every Bruhat-Tits pair whose building at infinity is

B
P
� (Λ) = C

P
� (Λ)

for some proper anisotropic pseudo-quadratic space

Λ = (K, K0, σ, L, q)

and some � ≥ 2 is of the form B̃
Q
� (Λ, ν) (if Λ is ramified at ν) or C̃

Q
� (Λ, ν) (if

Λ is unramified at ν) for some valuation ν of K such that Λ is ν-compatible.

Proof. This holds by 16.4, 24.35 and 24.36. �

We turn now to completions.

Definition 24.38. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic pseudo-quadratic space, let T be the group defined
in 24.5, let ν be a valuation of K, let

(24.39) ω(a, t) = ν(t)

for all (a, t) ∈ T ∗ and let ∂ν denote the map from T ×T to R∗ defined in 9.19
with ω in place of ν. Suppose that Λ is ν-compatible as defined in 24.28. By
24.9.i, we have

ω
(
(a, t) · (b, s)

)
≥ min{ω(a, t), ω(a, s)}

for all (a, t), (b, s) ∈ T , and by 24.7 and 24.28, we have

ω
(
(a, t)−1

)
= ω(−a,−tσ) = ω(a, t)

for all (a, t) ∈ T . By 9.18, therefore, ∂ν is a metric on T .
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Proposition 24.40. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic pseudo-quadratic space, let f and T be as in 24.5
and let ν be a valuation of K. Suppose that Λ is ν-compatible (as defined in
24.28) and that K is complete with respect to ν.4 Let K̂0 be the closure of
K0 in K, let let ω be as in 24.39, let ∂ν be as in 24.38 and let T̂ denote the
completion of T with respect to ∂ν . Then the following hold:

(i) There is a unique group structure on T̂ with respect to which T is a
dense subgroup of T̂ .

(ii) The set K̂0 is a normal subgroup of T̂ , the map (a, t)u = (au, uσtu)
from T × K to T has a unique extension by continuity to a map from
T̂ × K to T̂ and this map endows L̂ := T̂ /K̂0 with the structure of a
right vector space over K containing L as a subspace.

(iii) There exist unique maps f̂ : L̂ × L̂ → K and q̂0 : T̂ → K such that

f̂(a, b) = lim
k→∞

f(ak, bk)

whenever (ak, tk)k≥1 and (bk, sk)k≥1 are sequences in T that converge

to elements of T̂ whose images in L̂ = T̂ /K̂0 are a and b and

q̂0(x) = lim
k→∞

tk

whenever (ak, tk)k≥1 is a sequence in T that converges to an element

x ∈ T̂ . The map f̂ is a skew-symmetric form on L̂ with respect to
(K, K̂0, σ).

(iv) q̂0(K̂0) ⊂ K̂0 and

Λ̂ := (K, K̂0, σ, L̂, q̂)

is an anisotropic pseudo-quadratic space, where q̂ is the map from L̂
to K/K0 induced by q̂0.

(v) The map x �→
(
x + K̂0, q̂0(x)

)
is an isomorphism from T̂ to the group

TΛ̂ obtained by applying 24.5 to Λ̂.

Proof. Since we are working with valuations, it will be convenient to write
the multiplication in T additively even though it is not abelian.

We first define an addition on the set T̂ that extends the addition on T .
Let x, y ∈ T̂ and suppose that xk = (ak, tk) and yk = (bk, sk) are elements
of T for all k ≥ 1 such that

x = lim
k→∞

xk and y = lim
k→∞

yk.

Choose k, l ≥ 0. Then

(xk + yk) − (xl + yl) = (xk − xl) + [−xl, yl − yk] + (yk − yl),

4See 23.16, 24.48 and 24.49.
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where

[−xl, yl − yk] = xl + yk − yl − xl + yl − yk

= (al, tl) +
(
bk − bl, sk − sσ

l − f(bl, bk)
)

+ (−al,−tσl ) +
(
bl − bk, sl − sσ

k − f(bk, bl)
)
.

By 24.8 and a bit of calculation, we conclude that

(xk + yk) − (xl + yl) = (xk − xl)

+
(
0, f(al, bl − bk) + f(al, bl − bk)σ

)
+ (yk − yl).(24.41)

Since (xk)k≥1 converges, the sequence (ω(xk))k≥1 is bounded below. Since
(yk)k≥1 is a Cauchy sequence, it follows by 24.9.ii that for all N there exists
M such that

(24.42) ν(f(al, bl − bk)) > N

for all k, l ≥ M . By 24.41, we conclude that (xk + yk)k≥1 is also a Cauchy
sequence. We define x + y to be the limit of this sequence. This yields a
well-defined associative addition on T̂ that extends the addition in T . By
24.7, ω is invariant under inverses. Thus if the sequence (xk)k≥1 of elements

of T converges to the element x of T̂ , then the sequence (−xk)k≥1 is also

a Cauchy sequence; its limit in T̂ is then an additive inverse of x. Thus T̂
with this addition is, in fact, a group. Thus (i) holds.

The map t �→ (0, t) from K0 to T extends to a map from K̂0 into the
center of T̂ . Thus the subgroup K̂0 is normal in T̂ and [T̂ , T̂ ] ⊂ K̂0 (since
[T, T ] ⊂ K0), so the quotient group L̂ = T̂ /K̂0 is abelian. Let u ∈ K, let
x ∈ T̂ , let xk = (ak, tk) ∈ T for all k ≥ 1 and suppose that the sequence
(xk)k≥1 converges to x. Then

(aku, uσtku)k≥1

is a Cauchy sequence; let xu denote its limit in T̂ . The map (x, u) �→ xu gives
L̂ the structure of a right vector space over K that extends the structure of
L as a right vector space over K. Thus (ii) holds.

Again let x, y ∈ T̂ and let xk = (ak, tk) and yk = (bk, sk) for all k ≥ 1
be elements of T such that the sequences (xk)k≥1 and (yk)k≥1 are sequences
converging to x and y. We have

f(ak, bk) − f(al, bl) = f(ak − al, bk) + f(al, bk − bl)

for all k, l ≥ 0. By 24.42, therefore, f(ak, bk)k≥1 is a Cauchy sequence. Let

f̂0(x, y) denote its limit in K. This defines a map f̂0 from T̂ × T̂ to K such

that f̂0(K̂0, T̂ ) = f̂0(T̂ , K̂0) = 0. The map f̂0 thus induces a form f̂ on L̂
that is skew-symmetric with respect to (K, K̂0, σ). By 24.6 and 24.7,

xk − xl =
(
ak − al, tk − tl + f(al, al − ak)

)

for all k, l ≥ 0. By 24.42 (with x in place of y), it follows that (tk)k≥1 is a
Cauchy sequence in K. Let

(24.43) q̂0(x) = lim
k→∞

tk.
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This defines a map from T̂ to K. Hence (iii) holds.
Since (ak, tk)u = (aku, uσtku) for all k ≥ 1 and all u ∈ K, we conclude

that q̂0(xu) = uσq̂0(x)u for all x ∈ T̂ and all u ∈ K. We also have

q̂0(x + y) = q̂0

(
lim

k→∞
(xk + yk)

)

= q̂0

(
lim

k→∞

(
ak + bk, tk + sk + f(bk, ak)

))

= lim
k→∞

(
tk + sk + f(bk, ak)

)

= q̂0(x) + q̂0(y) + f̂0(y, x)(24.44)

for all x, y ∈ T̂ . Suppose that

q̂0(x) ∈ K̂0

for some x ∈ T̂ . Let (tk)k≥1 be a sequence of elements of K0 that converges
to q̂0(x) and let zk = x − (0, tk) for each k ≥ 1. Then (zk)k≥1 is a Cauchy

sequence in T̂ ; let z be its limit. By 24.44, q̂0(z) = 0. Let (ck, rk)k≥1 be a
sequence in T that converges to z. By 24.43,

q̂0(z) = lim
k→∞

rk.

If z �= 0, then ν(rk) equals ω(z) for all k sufficiently large (by 9.18.iii). Hence
z = 0, so x ∈ K̂0. Thus (iv) holds.

Let π denote the map x �→
(
x + K̂0, q̂0(x)

)
from T̂ to the group TΛ̂. By

24.44, π is a homomorphism. By (iii),

(24.45) q̂0(z) = z

for all z ∈ K̂0. Thus if x ∈ K̂0 and q̂0(x) = 0, then x = 0. Hence π is
injective. Let (a, t) ∈ TΛ̂. Then a = x + K̂0 for some x ∈ T̂ such that

q̂0(x) ≡ t (mod K̂0).

Let y = t − q̂0(x). Then q̂0(x + y) = q̂0(x) + q̂0(y) by 24.44. By 24.45,
therefore, q̂0(x + y) = t. Hence π(x + y) = (a, t). We conclude that π is
surjective. Thus (v) holds. �

Theorem 24.46. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic pseudo-quadratic space, let ν be a discrete valuation
of K and suppose that Λ is ν-compatible (as defined in 24.28). Let K̂ be the
completion of K with respect to ν, let ΛK̂ be as in 24.9 and let

Λ̂ = (K̂, K̂0, σ̂, L̂, q̂)

be the anisotropic quadratic space obtained by applying 24.40 to ΛK̂. Let

(∆,A) = X̃
P
� (Λ, ν) for X = B or C be as in 24.36. Then Λ̂ is ν-compatible,

∆ is completely Bruhat-Tits and its completion is X̃P
� (Λ̂, ν).
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Proof. By 30.16, XP
� (Λ) is a subbuilding of XP

� (Λ̂). Since K̂ is complete, Λ̂

satisfies 24.9.iii. Thus Λ̂ is ν-compatible. It follows from 9.18.iii that Λ is
ramified at ν if and only if Λ̂ is. The claim holds, therefore, by 17.4, 17.9
and 24.40. �

Proposition 24.47. With all the hypotheses and notation of 24.40, suppose
that dimK L is finite and that K0 is a closed subset of K. Then Λ̂ = Λ.

Proof. It will suffice to show that T is complete with respect to ω. Let
v1, v2, . . . , vm be a basis of L over K, let (ak, tk)k≥1 be a Cauchy sequence
in T and let sij be elements of K such that

ak = v1sk1 + v2sk2 + · · · + vmskm

for all k ≥ 1. Since Λ is proper, the skew-hermitian form f is non-degenerate.
Thus there exist elements w1, w2, . . . , wm ∈ L such that

f(vi, wj) = δij

for all i, j ∈ [1, m]. Therefore f(ak, wj) = skj for all k ≥ 1 and all j ∈ [1, m].
By 24.40.iii, it follows that (skj)k≥1 is a Cauchy sequence for each j ∈ [1, m];
let sj ∈ K be its limit. By 24.40.iii, we also know that the sequence (tk)k≥1

converges; let t ∈ K be its limit. Let

a =
m∑

j=1

vksk.

Since q(ak) − tk ∈ K0 for all k ≥ 1, we have
n∑

i=1

sσ
kiq(vi)ski +

∑
i
=j

sσ
kif(vi, vj)skj − tk ∈ K0

for all k ≥ 1 and hence q(a) = t ∈ K0 since K0 is closed in K. Since

(ak, tk) − (a, t) =
(
ak − a, tk − t + f(a, a − ak)

)

and

f(a, a − ak) =
m∑

j=1

f(a, vj)(sj − skj)

for each k ≥ 1, we have

lim
k→∞

f(a, a − ak) = 0.

It follows that

lim
k→∞

(ak, tk) = (a, t).

�

Proposition 24.48. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic pseudo-quadratic space, let ν be a valuation of K, let
Kσ and Kσ be as in 23.18 and 23.19 and suppose that the following hold:
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(i) K is complete with respect to ν.
(ii) L is finite-dimensional over K.
(iii) K0 equals Kσ or Kσ.

Then Λ is ν-compatible and Λ equals the anisotropic pseudo-quadratic space
Λ̂ obtained by applying 24.40 to Λ.

Proof. By (i) and 23.16, the involutory set (K, K0, σ) is ν-compatible. By
(iii), it follows that K0 is closed in K, and by (i), 24.9.iii and 24.28, Λ is
ν-compatible. Therefore Λ = Λ̂ by (ii) and 24.47. �

Remark 24.49. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic pseudo-quadratic space. By 30.32.iv, the spherical
building BP

� (Λ) is algebraic as defined in 30.31 if and only if Λ satisfies the
conditions (ii)–(iv) in 24.48. Thus (by 24.48) if BP

� (Λ) is algebraic and K is

complete with respect to a valuation ν, then Λ is ν-compatible and Λ = Λ̂.

We now consider gems.

Definition 24.50. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic pseudo-quadratic space, let T be as in 24.5, let ν be
a valuation of K and suppose that Λ is ν-compatible. Let OK be the ring
of integers in K with respect to ν, let K̄ be the residue field of K, let

Ti = {(a, t) ∈ T | ν(t) ≥ i}

and let Zi = Ti ∩ (0, K0) for all i ∈ Z. If (u, t) ∈ Ti+1 and (v, s) ∈ Ti for
some i, then ν(f(u, v)) ≥ i + 1 by 24.9.ii. By 24.6–24.8 and 24.9.i, it follows
that Ti is a subgroup of T , Ti+1 is a normal subgroup of Ti, Zi is a subgroup
of the center of Ti and the quotient group

(24.51) L̄i := Ti/(Ti+1 + Zi)

is abelian for each i.5 Choose i ∈ Z and let u �→ ū be the natural homomor-
phism from Ti to L̄i. By 24.6–24.8, we also have(

a(s + s1), (s + s1)
σt(s + s1)

)

− (as, sσts) = (as1, s
σtσs1 + sσ

1 ts + sσ
1 ts1)(24.52)

for all (a, t) ∈ T and all s, s1 ∈ K, from which it follows that the map

((a, t), s̄) �→ (as, sσts)

from L̄i × K̄ to L̄i is well defined and gives L̄i the structure of a right vector
space over K̄. Now let i = 0, let K̄0 and σ̄ be as in 23.22, let L̄ = L̄0 and
let q̄ be the map from L̄ to K̄ modulo K̄0 given by

q̄
(
(a, t)

)
= t̄

5In 24.50 and 24.55 we are using additive notation for the group T even though T is
not, in general, abelian.
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for all (a, t) ∈ T0. Then

(24.53) Λ̄ := (K̄, K̄0, σ̄, L̄, q̄)

is an anisotropic pseudo-quadratic space.6 We call Λ̄ the residue of Λ at ν.
Let T̄ be the group defined by applying 24.5 to Λ̄ (so T̄ is, in particular, a
subset of L̄ × K̄) and let ρ be the map from T̄0 to T̄ induced by the map

(a, t) → ((a, t), t̄).

If ((a, t), s̄) ∈ T̄ for some (a, t) ∈ T0 and some s ∈ OK , then t̄ − s̄ ∈ K̄0 (by
24.5) and hence (a, s) ∈ T0 and ρ maps (a, s) to ((a, t), s̄) ∈ T̄ . It follows
that ρ is an isomorphism.

Definition 24.54. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic pseudo-quadratic set and let ν be a valuation of K.
Suppose that Λ is ν-compatible and that ν(K∗

0 ) = Z. Thus, in particular,
the ν-index of Λ is 1. Let π be a uniformizer contained in K0. By 11.6 in
[36], π−1 is also in K0. Let Λπ−1 be the translate of Λ with respect to π−1 as
defined in 11.8 of [36] and let Λ1 denote the residue of Λπ−1 at ν as defined
in 24.50. The pseudo-quadratic set Λ1 is independent of the choice of π up
to similarity (as defined in 11.26 of [36]); compare 23.23. By 35.19 in [36]
and 3.6, therefore, also the building C

P
� (Λ1) is independent of the choice of

the uniformizer π.

Lemma 24.55. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic pseudo-quadratic space and let ν be a valuation of
K. Suppose that Λ is ν-compatible and that the ν-index δ of Λ is 1 but that
ν(K∗

0 ) = 2Z. Let π be a uniformizer of K. Then the following hold (with all
the notation as in 24.50):

(i) The residue field K̄ is commutative.
(ii) Z1 ⊂ T2, so L̄1 = T1/T2.
(iii) L̄1 �= 0 and the map q1 : L̄1 → K̄ given by

(24.56) q1

(
(a, t) + T2

)
= π−1t

for all (a, t) ∈ T1 is an anisotropic quadratic form on L̄1 with bilinear
form f1 given by

(24.57) f1

(
(a, t) + T2, (b, s) + T2

)
= π−1f(a, b)

for all (a, t), (b, s) ∈ T1.

6The anisotropic pseudo-quadratic space Λ̄ need not, however, be proper; in fact, it
can happen that L̄ = 0, in which case

BP
� (Λ̄) = BI

� (K̄, K̄0, σ̄).
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Proof. Assertion (i) holds by 23.24. If (0, t) ∈ Z1, then t is an element of
K0 such that ν(t) ≥ 1. Since ν(K∗

0 ) = 2Z, it follows that Z1 ⊂ T2. Thus (ii)
holds. Since T1 �= T2, L̄1 is non-trivial.

Let (a, t) + T2 be a non-trivial element of L̄1 and let q1 be as in 24.56
(which is well defined by 24.9.ii). Then ν(t) = 1, so

q1

(
(a, t) + T2

)
�= 0,

and

q1

(
(av, vσtv) + T2

)
= π−1vσtv

= π−1tv2 by 23.25

= π−1tv̄2

= q1

(
(a, t) + T2

)
v̄2

for all v ∈ OK . Now choose (b, s) ∈ T1. Then

q1

(
((a, t) + T2) + ((b, s) + T2)

)
= q1

(
(a + b, t + s + f(b, a)) + T2)

= π−1t + π−1s + π−1f(b, a)

by 24.6. Since L̄1 is abelian, it follows that

π−1f(b, a) = π−1f(a, b).

Since f(b, as) = f(b, a)s for all s ∈ K, it follows that the map f1 defined
in 24.57 is bilinear over K̄. We conclude that (K̄, L̄1, q1) is an anisotropic
quadratic space. Thus (iii) holds. �

Theorem 24.58. Let (∆,A) = X̃P
� (Λ, ν) for X = B or C, some proper

Λ = (K, K0, σ, L, q) and some valuation ν of K such that Λ is ν-compatible,
where X = B if Λ is ramified at ν and X = C if Λ is unramified at ν. Let Λ̄
be the residue of Λ at ν as defined in 24.50, let the apartment A, the gem
R0 and the group G◦ be as in 18.1 and let the gem R1 be as in 18.28. Then
the following hold:

(i) If X = B, then R0 = BP
� (Λ̄) and all gems are in the same G◦-orbit

as R0.
(ii) If X = C and ν(K∗

0 ) = Z, then R0 = BP
� (Λ̄), R1

∼= BP
� (Λ1), where Λ1

is as in 24.54, and every gem is in the same G◦-orbit as R0 or R1 (or
both).

(iii) If X = C and ν(K∗
0 ) = 2Z, then R0 = BP

� (Λ̄), R1
∼= B

Q
� (K̄, L̄1, q1),

where (K̄, L̄1, q1) is as in 24.55, and every gem is in the same G◦-orbit
as R0 or R1 (or both).

(iv) If X = C, (K, K0, σ) is a quadratic involutory set, ν(π) = 1 for some
π ∈ K∗

0 and there exists a K-linear automorphism ψ of L such that
q(ψ(x)) = πq(x) for all x ∈ L, then every gem is in the same G◦-orbit
as R0.

Proof. Let Σ = A∞, let d be a chamber of Σ, let (G†, ξ) be the root datum
of ∆∞

A based at Σ and let φ = φR0 be the valuation of (G†, ξ) described in
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13.8. Let c be the unique root in Ξd that is long (with respect to the root
map ιC) if X = C and short (with respect to the root map ιB) if X = B. By
19.22, we can assume that (∆∞

A , Σ, d) is the canonical realization of one of
the root group labelings described in 30.14.vii, that φa(xa(t)) = ν(t) for all
a ∈ Ξ◦

d\{c} and all t ∈ K∗ and that φc(xc(a, t)) = ν(t)/δ for all non-trivial
elements (a, t) in the group T defined in 24.5, where δ is the ν-index of Λ as
defined in 24.30. By 18.27,

R0
∼= X

P
� (Λ̄).

Let b ∈ Ξ◦
d be as in 18.28. Since b is long, we have b = c if X = C. Let H be

as in 18.1.
Suppose that X = B and let π ∈ K be a uniformizer. By 18.9, there exists

an element τ ∈ H centralizing Ua for all a ∈ Ξ◦
d\{b} such that

xb(t)
τ = xb(πt)

for all t ∈ K. Hence φa is τ -invariant for all a ∈ Ξ◦
d\{b} and

φb(xb(t)
τ ) = φb(xb(t)) + 1

for all t ∈ K∗. By 18.6, there is an element ρ ∈ GA inducing τ on ∆∞
A . By

18.28.i, it follows that ρ maps R0 to R1. Thus (i) holds by 18.29.
Now suppose that X = C. Suppose, too, that ν(K∗

0 ) = Z. Let π be
a uniformizer of K in K0 and suppose that π is the uniformizer used to
construct Λ1 in 24.54. By 3.6 and 18.28.i, the maps xa(u) �→ xa(u) for
all a ∈ Ξ◦

d\{b} and xb(a, t) �→ xb(a, π−1t) induce an isomorphism from the
residue R1 to BP

� (Λ1). Thus (ii) holds by 18.29.
Next suppose that X = C but ν(K∗

0 ) = 2Z and let (K̄, L̄1, q1) be as in
24.55. By 3.6 and 18.28.i again, the maps xa(u) �→ xa(u) for all a ∈ Ξ◦

d\{b}
and xb(a, t) �→ xb(a, t) induce an isomorphism from R1 to B

Q
� (K̄, L̄1, q1).

Thus (iii) holds by 18.29.
Suppose, finally, that all the hypotheses in (iv) hold. Thus, in particular,

F := K0 is contained in the center of K and πF = F . By 18.9, there thus
exists a map τ ∈ H centralizing Ua for a ∈ Ξ◦

d\{b} such that

xb(a, t)τ = xb(ψ(a), πt)

for all (a, t) ∈ T . By 18.6, there is an element ρ ∈ GA inducing τ on ∆∞
A ,

and by 18.28, ρ maps R1 to R0. Thus (iv) holds by 18.29. �

The following result will be needed in the proof of 28.20.ii and in 28.36.
The proof we give is a modification of the proof of 18.34.

Proposition 24.59. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic quadratic space and suppose that K is complete with
respect to a valuation ν (so Λ is ν-compatible by 24.9). Let T , Ti and Zi be
as in 24.50 (for all i). Then the following hold, where all the notation is as
in 24.50:
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(i) T2 + Z0 is a normal subgroup of T0.
7

(ii) Let V = T0/(T2 + Z0) and let (a, t) �→ (a, t) denote the natural map
from T0 to V . Then the map

((a, t), s̄) �→ (as, sσts)

from V × K̄ to V is well defined and gives V the structure of a right
vector space over K̄.

(iii) dimK̄ V = dimK̄ L̄0 + dimK̄ L̄1, where L̄0 and L̄1 are as in 24.51.
(iv) If dimK̄ L̄0 and dimK̄ L̄1 are both finite, then

dimK̄ L̄0 + dimK̄ L̄1 = dimK L.

(v) If dimK̄ L̄0 is finite and Λ is ramified, then

dimK̂ L̄0 = dimK L.

Proof. Since [T0, T0] ⊂ Z0, (i) holds. By 11.1.i in [36], Kσ ⊂ K0. By 24.52,
therefore, (ii) holds and (T1 + Z0)/(T2 + Z0) is a K̄-subspace of V . Let ψ
be the group homomorphism from T1 to (T1 + Z0)/(T2 + Z0) given by

ψ(x) = x + T2 + Z0

for all x ∈ T1. Then ψ is surjective and its kernel is T1 ∩ (T2 + Z0) =
T2 + Z1. Hence ψ induces an isomorphism from L̄1 = T1/(T2 + Z1) to
(T1 + Z0)/(T2 + Z0) that is linear over K̄. Therefore

dimK̄ V = dimK̄ T0/(T2 + Z0)

= dimK̄ T0/(T1 + Z0) + dimK̄ (T1 + Z0)/(T1 + Z0)

= dimK̄ L̄0 + dimK̄ L̄1.

Thus (iii) holds.
It will be useful now to set

(a, t)s = (as, sσts)

for all (a, t) ∈ T and all s ∈ K. Note that by 24.6–24.8,

(a, t)r − (a, t)s =
(
a(r − s), (r − s)σtr + sσtσ(r − s)

)

for all (a, t) ∈ T and all r, s ∈ K. Thus if (a, t) ∈ T and (si)i≥1 is a sequence
of elements in K that converges to an element s ∈ K, then

(24.60) lim
i→∞

(a, t)si = (a, t)s

with respect to the metric ∂ν on T defined in 24.38.
Let m = dimK̄ V and suppose from now on that that m is finite. We claim

that

(24.61) dimK̄ V = dimK L.

Let ω(a, t) = ν(t) for all (a, t) ∈ T ∗ and let

B := {(ai, si) | i ∈ [1, m]}

7As in 24.50, we are using additive notation for the group T .
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be the inverse image of a basis of V under the natural map from T0 to
V . The set B is linearly independent modulo (0, K0) (i.e. the image of B
in L = T/(0, K0) is linearly independent) since otherwise we could choose
scalars t1, . . . , tm ∈ K such that

m∑
i=1

(ai, si)ti ≡ 0 (mod(0, K0))

and min{ν(ti) | i ∈ [1, m]} = 0. To prove that 24.61 holds, it remains only
to show that B spans T modulo (0, K0).

Let (b, u) ∈ T ∗ and let π be a uniformizer of K. Then ω(b, u) = 2k1 or
2k1 + 1 for some integer k1. Thus (c, v) := (b, u)π−k1 is contained in T0.

Hence there exist elements t
(1)
i in the ring of integers OK for i ∈ [1, m] such

that

(c, v) = (a1, s1)t̄
(1)
1 + · · · + (am, sm)t̄(1)m .

There thus exists an element (b1, u1) ∈ T such that

(b, u) =
m∑

i=1

(ai, si)t
(1)
i πk1 + (b1, u1) (mod (0, K0))

such that ω(b1, u1) > ω(b, u). If (b1, u1) = 0, then (b, u) is in the span of B
modulo (0, K0). We can thus assume that (b1, u1) �= 0.

By induction and the conclusion of the previous paragraph, we can assume
that there exist elements k1, k2, k3, . . . of Z, elements

(b1, u1), (b2, u2), (b3, u3), . . .

of T ∗ and elements

t
(1)
i , t

(2)
i , t

(3)
i , . . .

of OK for all i ∈ [1, m] such that

(b, u) ≡
m∑

i=1

(ai, si)
(
t
(1)
i πk1 + t

(2)
i πk2 + · · · + t

(r)
i πkr

)

+ (br, ur) (mod (0, K0))(24.62)

as well as

(24.63) ω(b, u) < ω(b1, u1) < ω(b2, u2) < · · · < ω(br, ur)

and

(24.64) ω(br−1, ur−1) = 2kr or 2kr + 1

for all r ≥ 1 (where b0 = b and u0 = u). By 24.63 and 24.64,

(24.65) k1 ≤ k2 ≤ k3 ≤ · · ·

and no value is repeated more than once in the sequence 24.65. Hence

(24.66) lim
r→∞

kr = ∞.
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By 24.63,

lim
r→∞

(br, ur) = 0

with respect to the metric ∂ν . For each i ∈ [1, m] and each r ≥ 1, let z
(r)
i

denote the coefficient of (ai, si) in the sum on the right-hand side of 24.62.

Then (z
(r)
i )r≥1 is a Cauchy sequence for each i ∈ [1, m] (by 24.66) and hence

has a limit in K that we denote by fi. Thus

lim
r→∞

(ai, si)z
(r)
i = (ai, si)fi

for each i ∈ [1, m] by 24.60. Hence

(b, u) = (a1, s1)f1 + · · · + (am, sm)fm (mod (0, K0))

since the subgroup (0, K0) of T is closed with respect to ∂ν .8 Therefore
(b, u) is in the space spanned by B modulo (0, K0). We conclude that 24.61
holds as claimed. By (iii), therefore, (iv) and (v) hold (since L̄1 = 0 if Λ is
ramified). �

* * *

By 30.14 and the results of Chapters 19–24, we have now concluded the
classification of Bruhat-Tits pairs of type B̃� and C̃�. The precise results are
listed in Table 27.2. We close this chapter with one more observation.

Proposition 24.67. Let (∆,A) be a Bruhat-Tits pair of type B̃� for some
� ≥ 3, let K be the defining field of the building at infinity ∆∞

A (as defined in
30.15) and let R be a maximal irreducible residue of ∆ that is not contained
in a gem. Then the following hold:

(i) R ∼= A3(K̄) if � = 3 and R ∼= D�(K̄) if � ≥ 4.
(ii) If K̄ is not commutative, then (∆,A) = B̃I

3 (Λ, ν) for some honorary
involutory set Λ = (K, K0, σ) and K̄ is a quaternion division algebra.

Proof. A maximal connected proper subdiagram of the Coxeter diagram B̃�

that contains both special vertices is isomorphic to A3 if � = 3, to D� if � ≥ 4.
By 30.14, therefore, R ∼= A3(F ) for some field or skew field F if � = 3 and
R ∼= D�(F ) for some field F if � ≥ 4. In particular, every irreducible rank 2
residue of R is isomorphic to A2(F ). By 19.35, 23.27 and 24.58 (as well as
30.14), every irreducible rank 2 residue of a gem is isomorphic to A2(K̄).
Since R has irreducible rank 2 residues that are also residues of a gem, it
follows by 35.6 in [36] that F ∼= K̄. Thus (i) holds.

Suppose now that K̄ is not commutative. Since F must be commutative
if � ≥ 4, it follows that � = 3. By 19.35, 23.27 and 24.58 again as well as
23.6 and 24.35, we have either

(∆,A) = B̃
I
3 (Λ, ν)

8If u, v ∈ S and (vk)k≥1 is a sequence of elements of S converging to v, then the
sequence (uvk)k≥1 converges to uv and the sequence (vku)k≥1 converges to vu (by 24.9.ii).
By 38.10 in [36], (0, K0) is the center of T . It follows from this that (0, K0) is closed with
respect to ∂ν .
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for some involutory set Λ, genuine or honorary, or

(∆,A) = B̃
P
3 (Λ, ν)

for some anisotropic pseudo-quadratic space Λ, where ν is a valuation of K
such that Λ is ν-compatible (as defined in 23.2 and 24.28) and Λ is ramified
at ν (as defined in 23.2 and 24.30). By 23.24 and 23.26, it follows that Λ is
honorary and K̄ is a quaternion division algebra. �

Let Λ = (K, K0, σ) be an involutory set and suppose that ν is a valuation
of K such that Λ is ν-compatible and ramified at ν. Let � ≥ 4, let

(∆,A) = B̃
I
� (Λ, ν)

and let R be as in 24.67. As we have just shown, R ∼= D�(K̄), and the
proof of this we gave does not use 23.24. Since (by 30.14) buildings of type
D� exist only over commutative fields, we obtain from this observation an
alternative, more geometrical (but much less elementary!) proof of 23.24.
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Chapter Twenty Five

Hexagons

In this chapter, we consider the case X = H of the problem framed at the
end of Chapter 16. Our main results are 25.21 and 25.25 in which we give
the classification of Bruhat-Tits pairs of type G̃2.

We begin with the analogue to 19.1, 21.8 and 24.1:

Proposition 25.1. Let Λ = (J, K, N,#, T,×, 1) be an hexagonal system as
defined in 15.15 in [36],1 let E be a field containing K and let JE = J ⊗K E.
Let TE be the unique bilinear form on JE and let ×E be the unique bilinear
map from JE × JE to JE such that

(25.2) TE(u ⊗ s, v ⊗ t) = T (u, v)st

and

(u ⊗ s) ×E (v ⊗ t) = (u × v) ⊗ st

for all u, v ∈ J and all s, t ∈ E. Then there are unique maps #E from JE

to itself and NE from JE to E such that

(25.3)
( d∑

i=1

vi ⊗ ti

)#E

=

d∑
i=1

t2i (vi)
# +

∑
i<j

(vi × vj) ⊗ titj

and

NE

( d∑
i=1

vi ⊗ ti

)
=

d∑
i=1

t3i N(vi)

+
∑
i<j

(
t2i tjT (v#

i , vj) + tit
2
jT (vi, v

#
j )

)
(25.4)

+
∑

i<j<k

titjtkT (vi × vj , vk)

for all v1, . . . , vd ∈ L, for all t1, . . . , td ∈ E and for all d. Moreover,

ΛE := (JE , E, NE , #E , TE,×E , 1)

is a cubic norm structure; that is to say, ΛE satisfies conditions (i)–(xi), but
perhaps not the last condition (xii), in 15.15 of [36].2

1Hexagonal systems are a class of Jordan division algebras. Jordan division algebras
over a field with valuation were first investigated, to our knowledge, by Holger Petersson
[19], [20].

2Let Λ = (J, K,N, #, T,×, 1) be a cubic norm structure. Then Λ satisfies condition
15.15.xii in [36] if and only if it is anisotropic. Here anisotropic means that N(w) = 0 for
w ∈ J if and only if w = 0. Thus an hexagonal system and an anisotropic cubic norm
structure are the same thing.
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Proof. Choose a basis B of J over K and define #E and NE using 25.3 and
25.4 for all finite subsets v1, . . . , vd of B. It follows by a bit of calculation
that ΛE is a cubic norm structure. The identities 25.3 and 25.4 then hold
in general by induction with respect to d. �

Proposition 25.5. Let

Λ = (J, K, N, #, T,×, 1)

be an hexagonal system that is not of type 1/K as defined in 15.20 of [36],
let ν be a valuation of K,3 let K̂ be the completion of K with respect to K
and let ΛK̂ be as in 25.1. Let Ĵ = JK̂ , N̂ = NK̂ , T̂ = TK̂ , etc. Then the
following assertions are equivalent:

(i) The cubic norm structure ΛK̂ is, in fact, an hexagonal system; equiv-

alently, N̂(û) = 0 for û ∈ Ĵ if and only if û = 0.
(ii) ν(T (u, v)) ≥

(
ν(N(u)) + ν(N(v))

)
/3 for all u, v ∈ J .

Proof. Suppose first that (i) holds. We want to show that (ii) holds. Since
T̂ and N̂ are extensions of T and N , it suffices to assume that K = K̂. Let
w ∈ J∗ and let

Λw = (J, K, Nw, #w, Tw,×w, w)

be the translate of Λ with respect to w as defined in 29.36 of [36]. Then Λw

is also an hexagonal system and by 29.37 in [36],

(25.6) Tw(u, v) = T (Uw#/N(w)(u), v)

for all u, v ∈ J , where U is as in 15.42 of [36], and

(25.7) Nw(u) = N(u)/N(w)

for all u ∈ J .
Choose u, v ∈ J∗ and suppose that

(25.8) ν(Tw(Uw(u), v)) ≥
(
ν(Nw(Uw(u))) + ν(Nw(v))

)
/3.

By 29.38 of [36], we have

(25.9) N(Uw(u)) = N(w)2N(u),

and by 29.39 of [36], Uw#/N(w)(Uw(u)) = u. Therefore,

ν(T (u, v)) = ν(Tw(Uw(u), v)) by 25.6

≥
(
ν(Nw(Uw(u))) + ν(Nw(v))

)
/3 by 25.8

=
(
ν(N(Uw(u))) + ν(N(v)) − 2ν(N(w))

)
/3 by 25.7

=
(
ν(N(u)) + ν(N(v))

)
/3 by 25.9.

It thus suffices to show that for some choice of w ∈ J∗, 25.8 holds. Setting
w = v and replacing Uv(u) by u and Λ by Λv, we conclude that it suffices to
show that

(25.10) ν(T (u, 1)) ≥ ν(N(u))/3

3We observe that the statement and proof of 25.5 require only that ν be real-valued.
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for all u ∈ J (since Nv(v) = 1 by 25.7).
We can assume that T (u, 1) �= 0. Let J0 be the subspace of J spanned by

1, u, u#. By the proof of 30.6 of [36], J0 is contained in a substructure of J of
type 3/K (as defined in 15.21 and 30.2 of [36]). We can thus assume that Λ
itself is of type 3/K. This means that there exists a separable cubic extension
E/K such that Λ = (E/K)+ as defined in 15.21 of [36]. In particular,
N is the norm of the extension E/K and the map T : E → K given by
T (u) = T (u, 1) for all u ∈ E is its trace. Let L be the normal closure of
E/K, let NL/K be the norm of the extension L/K and let

ω(z) = ν(NL/K(z))

for all z ∈ L. By 17.14.i, ω satisfies 9.17.ii. Let σ be an element of order 3
in Gal(L/K). Then

T (u) = u + uσ + uσ2

and N(u) = u · uσ · uσ2

.

Since ω is σ-invariant, it follows by 9.17 that

ω(T (u)) ≥ ω(u) = ω(N(u))/3.

Dividing both sides of this inequality by the degree [L : K], we obtain 25.10.
Thus (i) implies (ii).

To show that (ii) implies (i), we assume that there exists an element û ∈ Ĵ∗

such that N̂(û) = 0. By 15.38, 15.41 and 17.6 in [36], the bilinear form T
is non-degenerate. Hence also the bilinear form T̂ is non-degenerate. There
thus exists z ∈ J such that

(25.11) T̂ (û, z) �= 0.

By 17.6 in [36] again, J is finite-dimensional over K.4 Let B = (v1, . . . , vd)
be an ordered basis of J and let t̂1, . . . , t̂d be the coordinates of û with
respect to B. For each i ∈ [1, d], choose a sequence (ti,k)k≥1 of elements in
K converging to t̂i with respect to ν and let

uk = t1,kv1 + · · · + td,kvd

for each k ≥ 1. By 25.4,

lim
k→∞

N(uk) = N̂(û) = 0

and thus

lim
k→∞

ν(N(uk)) = ∞.

By 25.2, it follows similarly that

lim
k→∞

T (uk, z) = T̂ (û, z).

Thus ν(T (uk, z)) is a constant for all k sufficiently large (by 9.18.iii and
25.11). Therefore

ν(T (uk, z)) <
(
ν(N(uk)) + ν(N(z))

)
/3

for k sufficiently large. Hence (ii) implies (i). �

4In fact, the dimension of J over K divides 27.
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Proposition 25.12. Let

Λ = (J, K, N, #, T,×, 1)

be an hexagonal system and let ν be a discrete valuation of K. Then

ν(N(J∗)) = δZ

for δ = 1 or 3.

Proof. By (vii) and (x) of 15.15 in [36], N(1) = 1. By 30.4.i in [36],

(25.13) N(a#) = N(a)2

for all a ∈ J , and by 15.15.ii of [36], N(ta) = t3N(a) for all a ∈ J and all
t ∈ K. Thus 3Z ⊂ ν(N(J∗)) and if ν(N(a)) is not divisible by 3 for some
a ∈ J∗, then every integer is of the form ν(N(t · 1)), ν(N(ta)) or ν(N(ta#))
for some t ∈ K∗. �

Definition 25.14. Let

Λ = (J, K, N, #, T,×, 1)

be an hexagonal system, let ν be a discrete valuation of K and let δ be as
in 25.12. Then δ is called the ν-index of Λ. We will say that Λ is ramified
(respectively, unramified) at ν if δ = 1 (respectively, δ = 3).5 If Λ is not of
type 1/K, we will say that Λ is ν-compatible if it fulfills the two equivalent
conditions of 25.5. We then simply declare that all hexagonal systems of
type 1/K are ν-compatible.

Proposition 25.15. Let

Λ = (J, K, N, #, T,×, 1)

be an hexagonal system, let ν be a valuation of K and suppose that Λ is
ν-compatible as defined in 25.14. Then

(i) ν(T (u, v)) ≥
(
ν(N(u)) + ν(N(v))

)
/3;

(ii) ν(N(u + v)) ≥ min{ν(N(u)), ν(N(v))}; and
(iii) ν(N(u × v) ≥ ν(N(u)) + ν(N(v))

for all u, v ∈ J .

Proof. The inequality (i) holds by 15.20 of [36] if Λ is of type 1/K and by
25.5.ii if it is not. Let u, v ∈ J . By 15.15.v of [36],

(25.16) N(u + v) = N(u) + T (u#, v) + T (u, v#) + N(v).

By 25.13 and (i), we have

ν(T (u#, v)) ≥
(
2ν(N(u)) + ν(N(v))

)
/3(25.17)

≥ min{ν(N(u)), ν(N(v))}

5This coincides with the usual meaning of the terms (totally) “ramified” and “unram-
ified” in the case that Λ = (E/K)+ for some separable cubic extension E/K (as defined
in 15.21 of [36]) such that K is complete and Ē/K̄ is separable (where Ē is defined with
respect to the valuation ω in 17.14). Compare footnote 5 in Chapter 19.
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and

ν(T (u, v#)) ≥
(
ν(N(u)) + 2ν(N(v))

)
/3(25.18)

≥ min{ν(N(u)), ν(N(v))}.

By 9.17.ii and 25.16, it follows that (ii) holds.
By 30.4.ii in [36],

(25.19) N(u × v) = T (u#, v)T (u, v#) − N(u)N(v).

Adding 25.17 and 25.18, we obtain

(25.20) ν(T (u#, v)) + ν(T (u, v#)) ≥ ν(N(u)) + ν(N(v)).

Therefore

ν(T (u#, v)T (u, v#)) = ν(T (u#, v)) + ν(T (u, v#)) by 9.17.i

≥ ν(N(u)) + ν(N(v)) by 25.20

= ν(N(u)N(v)) by 9.17.i.

By 9.17.ii and 25.19, we conclude that (iii) holds. �

Theorem 25.21. Let

Λ = (J, K, N, #, T,×, 1)

be an hexagonal system, let ν be a discrete valuation of K, let

H(Λ) = (U+, U1, . . . , U6)

and x1, . . . , x6 be as in 30.8.viii, let (∆, Σ, d) be the canonical realization of
H(Λ) as defined in 30.6 and let (G†, ξ) be the root datum of ∆ based at Σ.
Let δ be the ν-index of Λ as defined in 25.14 and let

(25.22) φ6(x6(t)) = ν(t)

for all t ∈ K∗. Then the following hold:

(i) The map φ6 extends to a valuation of (G†, ξ) if and only if Λ is ν-
compatible as defined in 25.14.

(ii) Suppose that φ6 extends to a valuation of (G†, ξ) and let ι be the as-
sociated root map from of Σ (with target G2). Then ι is long if δ = 3
and short if δ = 1; and, after replacing φ by an equipollent valuation
if necessary,

(25.23) φ1(x1(u)) = ν(N(u))/δ

for all u ∈ J∗.

Proof. Let Ξd and Ξ◦
d be as in 3.5. The six roots a1, . . . , a6 in Ξd can be

ordered so that Ui = Uai
for all i ∈ [1, 6]. We then have Ξ◦

d = {a1, a6} and
[a1, a6] = (a1, a2, · · · , a6), where [a1, a6] is as defined in 3.1.

Suppose first that Λ is ν-compatible. Let

φi(xi(t)) = ν(t)



266 CHAPTER 25

for i = 2 and 4 and all t ∈ K, let

φi(xi(u)) = ν(N(u))/δ

for i = 1, 3 and 5 and all u ∈ J and let φ = {φ1, φ2, . . . , φ6}. By 25.14,
φi(U

∗
i ) = Z for all i ∈ [1, 6]. By 25.15.ii, φ satisfies 15.1.i. Let ι be the root

map of Σ (with target G2) that is long (as defined in 16.12) if δ = 3 and
short if δ = 1 Thus U6 is a long root group if and only if ι is long. By 16.8
in [36] as well as 25.13 and (i)–(ii) of 25.15, φ satisfies 15.1.ii with respect
to ι, φ is exact as defined in 15.24 and the (a1, a6)-coefficient of φ at a4 as
defined in 15.24 is (δ, 2). By 15.25 and 30.36.viii, it follows that φ satisfies
15.4.i. By 30.38.viii, φ satisfies 15.4.ii. We conclude that φ is a viable partial
valuation. By 15.21, φ extends to a valuation of (G†, ξ).

Suppose, conversely, that φ is a valuation of (G†, ξ) with respect to a root
map ι of Σ (with target G2) that extends the map φ6 (so φa6 = φ6). Let
φi = φai

for all i ∈ [1, 5]. By 2.50.ii and 3.41.i, we have

φ1(x1(u)) = −
(
φ6

(
x2(1)mΣ(x1(u))

)
− φ2(x2(1))

)
/δ0

for all u ∈ J∗, where

δ0 :=

⎧⎨
⎩

3 if ι is long and

1 if ι is short.

By 32.12 in [36],

x2(1)mΣ(x1(u)) = x6(−1/N(u))

for all u ∈ J∗. Thus

φ1(x1(u)) =
(
ν(N(u)) + φ2(x2(1))

)
/δ0

for all u ∈ J∗. By 3.21, φi(U
∗
i ) = Z for all i ∈ [1, 6]. By 25.12, ν(N(J∗)) =

δZ. It follows that δ0 = δ and φ2(x2(1))/δ ∈ Z. By 3.43, therefore, we can
assume that 25.23 holds. Thus (ii) holds. Since φ satisfies condition (V2),
25.5.ii holds. Hence Λ is ν-compatible. Thus (i) holds. �

Notation 25.24. Let ∆, Λ, ν, etc. be as in 25.21, suppose that Λ is ν-
compatible and let φ be the unique valuation of (G†, ξ) satisfying 25.22 and
25.23. We denote by

G̃2(Λ, ν)

the pair (∆aff ,A) obtained by applying 14.47 to these data.

Thus the pair G̃2(Λ, ν) exists precisely when the hexagonal system Λ is ν-
compatible.

Theorem 25.25. Every Bruhat-Tits pair whose building at infinity is G2(Λ)
for some hexagonal system

Λ = (J, K, N, #, T,×, 1)

is of the form G̃2(Λ, ν) for some valuation ν of K such that Λ is ν-compatible.
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Proof. This holds by 3.41.ii, 16.4, 25.21 and 25.24. �

Next we consider completions.

Notation 25.26. Let

Λ = (J, K, N, #, T,×, 1)

be an hexagonal system that is ν-compatible for some discrete valuation ν of
K and let K̂ denote the completion of K with respect to ν. Suppose that Λ
is of type 1/K, i.e. that Λ = (E/K)◦ as defined in 15.20 of [36] for some field
E containing K such that E3 ⊂ K (so E = K if char(K) �= 3). If E = K,
let Ê = K̂. If E �= K, let F denote the closure of the subfield E3 in K̂ and
then let Ê = F 1/3. Let Λ̂ be the hexagonal system (Ê/K̂)◦ (whether or not
E = K). By 25.14, Λ̂ is ν-compatible. Now suppose that Λ is not of type
1/K and let Λ̂ = ΛK̂ be as defined in 25.1. By 25.14, Λ̂ is a ν-compatible
hexagonal system also in this case.

Theorem 25.27. Let Λ = (J, K, #) be an hexagonal system, let ν be a
valuation of K such that Λ is ν-compatible, let Λ̂ be as in 25.26 and let
(∆,A) = G̃2(Λ, ν) be as in 25.24. Then Λ̂ is ν-compatible, ∆ is completely
Bruhat-Tits and its completion is G̃2(Λ̂, ν).

Proof. By 30.16, G2(Λ) is a subbuilding of G2(Λ̂). The claim holds, therefore,
by 17.4, 17.9, 17.13 and 25.26. �

We turn now to gems.

Definition 25.28. Let

Λ = (J, K, N, #, T,×, 1)

be an hexagonal system, let ν be a discrete valuation of K and suppose that
Λ is ν-compatible. Let

Ji = {u | ν(N((u)) ≥ 0}

for each i ∈ Z. By 25.15.ii, Ji is an additive subgroup of J for each i. Let
J̄ = J0/J1 and let u �→ ū be the natural homomorphism from J0 to J̄ . The
quotient J̄ has the structure of a vector space over K̄ where t̄ · ū = tu for
all t ∈ OK and all u ∈ J0. The map ū �→ N(u) from J̄ to K̄ is well defined
and anisotropic (i.e. it sends only 0 to 0). We call this map N̄ . By 25.5.ii,
25.15.iii and 25.13, also the maps T , × and # induce maps T̄ , #̄ and ×̄ such
that

Λ̄ := (J̄ , K̄, N̄ , #̄, T̄ , ×̄, 1̄)

satisfies all the properties in 15.15 of [36] defining an hexagonal system. We
call Λ̄ the residue of Λ (with respect to ν).

Theorem 25.29. Let

Λ = (J, K, N, #, T,×, 1)
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be an hexagonal system, let ν be a discrete valuation of K and suppose that
Λ is ν-compatible. Let (∆,A) = G̃2(Λ, ν) be as in 25.24, let Λ̄ be as in 25.28
and let the group G† be as in 18.1. Then G† acts transitively on the set of
gems of ∆ and every gem is isomorphic to G2(Λ̄).

Proof. This holds by 18.5 and 18.27. �

Using 18.34 (and 25.29), we can say a bit more about gems:

Proposition 25.30. Let

Λ = (J, K, N, #, T,×, 1)

be an hexagonal system not of type 1/K,6 let ν be a valuation of K and
suppose K is complete with respect to ν.7 Let Λ̄ be as in 25.28. Then the
following hold:

(i) dimK̄ J̄ = dimK J if Λ is unramified at ν (as defined in 25.14).
(ii) dimK̄ J̄ =

(
dimK J

)
/3 if Λ is ramified at ν.

(iii) If Λ is ramified at ν, then Λ̄ is not of type 9∗/K.
(iv) If Λ is ramified at ν and Λ̄ is of type 9/K, then Λ is of type 27/K

(i.e. Λ is a first Tits construction).

Proof. Let Ji be as in 25.28 for each i. Since Λ is not of type 1/K, the
dimension of J over K divides 27 (by 17.6 in [36]). Let

ki = dimK̄ Ji/Ji+1

for all i. Thus k0 is the dimension of J̄ over K̄. By 15.15.ii in [36], N(tu) =
t3N(u) for all t ∈ K and all u ∈ J . By 25.15.ii, the norm N satisfies 18.36.
Thus by 18.34 with Q = N and m = 3, the quotient J0/J3 has the structure
of a vector space over K̄ (where t̄ · ū = tu for all t ∈ OK and all u ∈ J0)
containing J1/J3 and J2/J3 as subspaces and

(25.31) dimK J = dimK̄ J0/J3 = k0 + k1 + k2.

If Λ is unramified at ν, then k1 = k2 = 0, i.e. J0/J3 = J̄ . Thus (i) holds.
Suppose that Λ is ramified at ν. Thus ki > 0 for all i. Choose i and then
choose w ∈ J∗ such that ν(N(w)) = i. Let Λw be the translate of Λ with
respect to w as defined in 29.36 of [36] and let Λw be its residue as defined
in 25.28. By 29.37 of [36], the underlying vector space of Λw is Ji/Ji+1.
Thus ki is a power of 3.8 Since i is arbitrary, we conclude that k0, k1 and
k2 are all powers of 3. By 25.31, therefore, they are equal. Thus (ii) holds.
Assertions (iii) and (iv) are proved in Proposition 6 of [20].9 �

6See 15.20–15.22, 15.29, 15.31 and 15.34 in [36] for the definition of the six types of
hexagonal systems. In 17.6 of [36] it is proved that these are, in fact, the only hexagonal
systems.

7Hence 25.5.i holds and thus Λ is ν-compatible.
8By 25.31, ki is finite. Thus by 15.20 in [36], ki is a power of 3 even if Λw is of

type 1/K̄.
9There is a misprint in the statement of Proposition 6 in [20]: the word “unramified”

in the second line should read “ramified.”



HEXAGONS 269

Remark 25.32. Let

Λ = (J, K, N, #, T,×, 1)

be an hexagonal system and let ν be a valuation of K. Suppose that K is
complete with respect to ν and that Λ is ramified at ν. By (ii)–(iv) of 25.30
and 17.6 in [36], exactly one of the following holds: 10

(i) T̄ is identically zero, char(K̄) = 3, Λ̄ ∼= (Ē/K̄)◦ for some field Ē
containing K̄ such that Ē3 ⊂ K̄ and Ē �= K̄.

(ii) Λ is of type 3/K and Λ̄ = (Ē/K̄)◦ for Ē = K̄.
(iii) Λ is of type 9/K or 9∗/K and Λ̄ = (Ē/K̄)+ for some field Ē such that

Ē/K̄ is a separable cubic extension.
(iv) Λ is of type 27/K and Λ̄ = D̄+ for some skew field D̄ of degree 3 over

K̄ (i.e. K̄ is the center of D̄ and the dimension of D̄ over K̄ is 9).

Bruhat-Tits buildings of type G̃2 are the only Bruhat-Tits buildings that
have residues that are contained neither in a gem nor in a proper residue of
rank at least 3; see 18.19. We use the rest of this chapter to determine the
structure of these residues.

Proposition 25.33. Let (∆,A) = G̃2(Λ, ν) for some hexagonal system

Λ = (J, K, N, #, T,×, 1)

and some valuation ν of K and suppose that K is complete with respect to ν.
Let R be an {x, y}-residue of ∆, where {x, y} is the unique edge of Π̃ = G̃2

with label 3. Then R is Moufang and the following hold:

(i) If Λ is unramified at ν, then

R ∼= A2(K̄),

where K̄ is the residue field of K.
(ii) If Λ is ramified at ν, then

R ∼= A2(Ē) or A2(D̄),

where Ē and D̄ are as in 25.32.

Proof. Let A ∈ A, let Σ = A∞, let d be a chamber of Σ, let (G†, ξ) be the
root datum of ∆∞

A based at Σ, let R0 be a gem cut by A, let φ = φR0 be the
valuation of (G†, ξ) described in 13.8, let ι be the root map of Σ described
in 13.13 and let δ be the ν-index of Λ as defined in 23.2. By 25.24, we can
assume that (∆∞

A , Σ, d) is the canonical realization of

H(Λ) = (U+, U1, U2, . . . , U6)

as defined in 30.6, that

φ1(x1(u)) = ν(N(u))/δ

for all u ∈ J∗, that φ6(x6(t)) = ν(t) for all t ∈ K∗ and that ι is long if and
only if δ = 3.

10The hexagonal systems (E/K)◦, (E/K)+ and D+ are defined in 15.20–15.22 of [36].
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Figure 25.1 Alcoves for G̃2

We identify the apartment A with the chamber system Σ̃G2 defined in 2.29
and pictured in Figure 25.1. This figure is a reproduction of Figure 2.3, but
with two points circled; we call the one on the left p1 and the one on the
right p2. We can assume that p1 is the center of the residue A∩R0 of A and
that the residue A ∩ R consists of the six alcoves whose closure contains p2.
Let x be the alcove of A∩R0 that goes from three o’clock to four o’clock in
Figure 2.3 and let S be the sector σA(R0, x). We can assume as well that
d = S∞.

Let α1 be the root of A whose wall is the horizontal line through p1 and
p2 that contains all the alcoves below this line. Then α1 is long (in the sense
of 2.35). Rotating around p1 in the counterclockwise direction, we denote by
α2, . . . , α6 (in order) the remaining long roots of A cutting R0. Let ai = α∞

i

and

(25.34) Ŭi = Uai,ki

for all i ∈ [1, 6], where

(25.35) (k1, k2, . . . , k6) = (0,−2,−2, 0, 2, 2).

Then for each i ∈ [1, 6], the group Ŭi fixes the residue R and acts trivially
on a unique root βi of R ∩ A. Let Ūi denote the group induced by Ŭi on
R. By 13.5 and 29.14.iii, Ūi acts transitively on the set of apartments of R
containing the root βi for each i ∈ [1, 6].

Let bi be the unique root in the open interval (ai, ai+1) for each i ∈ [1, 6]
(where a7 = a1). The roots bi are all short. We claim next that for each
i ∈ [1, 6], the commutator group [Ūi, Ūi+1] is trivial (where U7 := U1). Let
i ∈ [1, 6] and let gj be an element of Uaj

mapping R to itself for j = i and
j = i + 1. We have [Uai

, Uai+1 ] ⊂ Ubi
(by 3.2.iii). Thus g := [gi, gi+1] is an

element of Ubi
that maps R to itself. Since bi is short, it follows that g acts

trivially on R (since R is not cut by any short roots). This proves the claim.
By 29.57 (and 29.15), it follows that R is Moufang and that Ūi is the root
group associated with the root βi of R for each i.

To identify R, it suffices to identify the root group sequence

Ω1 := (W, Ū1, Ū2, Ū3),
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where W = Ū1Ū2Ū3.
Let Ω2 be the root group sequence

(X, Ua1 , Ub1 , Ua2 , Ub2 , Ua3 , Ub3),

where

X = Ua1Ub1Ua2Ub2Ua3Ub3 .

The roots a1, b1, a2, b2, a3, b4 are precisely the roots of Σ that contain d.
Hence

Ω2 = H(Λ) or H(Λ)op.

Suppose that U6 is a long root group. This means that Ω2 = H(Λ)op. In
16.8 of [36], we have

[x6(t), x2(s)] = x4(−st)

for all s, t ∈ K in H(Λ). By 25.35, we have, with respect to the identification
of Ω2 with H(Λ)op,

Ŭ1 = {x6(t) | ν(t) ≥ 0}

and

Ŭj = {xj(t) | ν(t) ≥ −2}

for j = 2 and 3 (where Ŭi is as in 25.34). Let π be a uniformizer of K. Then
the maps x6(t̄) �→ x1(t̄), x4(t) �→ x2(π2t) and x2(t) �→ x3(−π2t) extend to
an isomorphism from the root group sequence Ω1 to the root group sequence
T (K̄) defined in 16.1 of [36]. Hence R ∼= A2(K̄).

Suppose now that U6 is short, i.e. that Λ is ramified at ν. This time
Ω2 = H(Λ). In particular, the root group Ūa1,R0 is parametrized by the
additive group of A, where A := E in cases (i), (ii) and (iii) of 25.32 and
A := D in case (iv).

Let P be the panel that contains the two alcoves (i.e. chambers) of A
whose closure contains both p1 and the midpoint between p1 and p2. We
have Ua1,R0 = Ua1,R and an element of the group Ua1,R acts trivially on R0

if and only if it acts trivially on P if and only if it acts trivially on R. We can
thus identify canonically the group Ūa1,R0 with the group Ūa1,R. Similarly,
we can identify canonically the group Ū−a1,R0 with the group Ū−a1,R.

Let Σ1 be the apartment A∩R0 of R0 and let Σ2 be the apartment A∩R
of R. Let g be an element of Ua1,R whose image in Ūa1,R is non-trivial and
let mΣ(g) = ugv for u, v ∈ U∗

−a1
be as in 3.8. By 13.28, u, v ∈ U−a1,R both

act non-trivially on P and the product

ūḡv̄ ∈ Ū−a1,RŪa1,RŪ−a1,R

acts like mΣ1(ḡ) on R0 and mΣ2(ḡ) on R.
By 30.14, the root sequence Ω1 is isomorphic to T (F ) for some alternative

division ring F . This means, in particular, that the group Ūa1,R is isomorphic
to the additive group of F . We can thus assume that F = Ā as additive
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groups. By 37.12 in [36], we can assume, in fact, that they have the same
multiplicative identity 1. Let a be an element in the valuation ring OA whose
image ā in Ā is non-trivial and let

h = mΣ(xa1(1̄))mΣ(xa1 (ū)).

By 15.2.iv, 15.6.iv and 32.12 in [36], h induces the map

xa1(v̄) �→ xa1(ū · v̄ · ū)

on Ūa1,R0 , where · is multiplication in Ā. By 32.5 in [36], h induces the map

xa1(v̄) �→ xa1(ū ∗ v̄ ∗ ū)

on Ūa1,R, where ∗ is multiplication in F . Since Ūa1,R0 = Ūa1,R and this
group acts faithfully on both R0 and R, it follows that ū · v̄ · ū = ū ∗ v̄ ∗ ū for
all u, v in the additive group F = Ā. By the result at the bottom of page 2 in
[18], it follows that F = Ā or Āop as fields (or skew fields). We conclude that
R ∼= A2(Ā) or A2(Ā

op). By 35.15 in [36], there is a (non-type-preserving)
isomorphism from A2(Ā) to A2(Ā

op). �

In the situation described in 25.33 we can ask a more subtle question
when R ∼= A2(D) and D is not isomorphic to Dop, in which case there is no
type-preserving isomorphism from A2(D) to A2(D

op). The residue R, on the
other hand, has a natural “orientation” due to its embedding in ∆: some of
its panels are contained in gems and some are not. More precisely, let x0 be
an arbitrary chamber of R ∩ A. Then there is unique gallery

(x0, x1, x2, x3, x4, x5)

in R ∩ A such that all the xi are distinct and the panel containing x0 and
x1 is not contained in a gem. Let αi be the root of R ∩A containing xi but
not xi−1, let Ui be the corresponding root group of R for each i ∈ [1, 3] and
let ΩR denote the root group sequence

(U+, U1, U2, U3),

where U+ = U1U2U3. Then ΩR is, up to isomorphism, independent of the
choice of R and x0. We can thus assume that ΩR is the root group sequence
called Ω1 in the proof of 25.33. Since R ∼= A2(D), we have ΩR

∼= T (D) or
T (Dop). Which is it? We answer this question below using a result due to
H. P. Petersson (personal communication):

Lemma 25.36. Suppose that Λ and ν are as in (iii) of 25.32. Let ω(u) =
ν(N(u)) for all u ∈ J , let Ji for all i ∈ Z be as in 25.28 and let π be a
uniformizer of K. Then the following hold:

(i) There exists an unramified division ring D of degree 3 over K and a
scalar s ∈ K∗ such that ν(s) = 1 or 2 such that Λ is isomorphic to the
hexagonal system J(D, K, s) described in 15.23 of [36]. In particular,
J = D ⊕ D ⊕ D.
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(ii) We identify Λ with J(D, K, s) and D with its image in J under the
map a �→ (v, 0, 0), so the restriction of η := ω/3 to D is a valuation of
D, and set

Di = πiOD

for each i, where OD is the valuation ring of D with respect to η. Then

(25.37) J0 = D0 ⊕ D0 ⊕ D1

as well as

J1 = D1 ⊕ D0 ⊕ D1

and

J3 = πJ0 = D1 ⊕ D1 ⊕ D2.

(iii) Let φ0(v0, v1, v2) = v̄0 for all (v1, v2, v3) ∈ J0. Then φ0 is an isomor-
phism of K̄-vector spaces from J̄ = J0/J1 to D̄.

(iv) Suppose ν(s) = 1. Then

(25.38) J2 = D1 ⊕ D1 ⊕ D1.

Let φ2 be the map from J̄2 = J2/J3 to D̄ given by

φ2(v0, v1, v2) = s−1v2

for all (v0, v1, v2) ∈ J2. Then φ2 is a K̄-linear isomorphism such that

(25.39) φ2(x × y) = −φ2(ȳ) · φ0(x̄)

for all x ∈ J0 and all y ∈ J2, where · denotes multiplication in D̄.
(v) Suppose ν(s) = 2. Then

(25.40) J2 = D1 ⊕ D0 ⊕ D2.

Let φ2 be the map from J̄2 = J2/J3 to D̄ given by

φ2(v0, v1, v2) = v̄1

for all (v0, v1, v2) ∈ J2. Then φ2 is a K̄-linear isomorphism such that

φ2(x × y) = −φ0(x̄) · φ2(ȳ)

for all x ∈ J0 and all y ∈ J2.

Proof. Assertion (i) is proved in Proposition 6 in [21] and assertion (ii) in
Lemma 12 in [21]. The assertion (iii) follows from (ii). If ω(w) = 1 for
some w ∈ J , then J2 = Uw(J0) by 25.9. Thus 25.38 and 25.40 also hold by
Lemma 12 in [19].

Let x = (v0, v1, v2) ∈ J0 and y = (z0, z1, z2) ∈ J2. Note that by 25.15.iii,
x × y ∈ J2, so the expression φ2(x × y) in (iv) and (v) makes sense.

Suppose that ν(s) = 1. By Equation (13) in [21],

(25.41) φ2(x × y) = v1 × z1 − s−1v2z0 − s−1z2v0 ∈ D̄.
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By 25.15.iii again as well as 25.37 and 25.38, we have v1×z1 ∈ D0×D1 ⊂ D1.
By 25.37 and 25.38, we also have s−1v2z0 ∈ D1. Hence by 25.41, we have

φ2(x × y) = −s−1z2v0 = −φ2(y) · φ0(x).

Thus (iv) holds.
Suppose now that ν(s) = 2. By Equation (13) in [21],

(25.42) φ2(x × y) = s−1v2 × z2 − v0z1 − z0v1 ∈ D̄.

By 25.15.iii, 25.37 and 25.39, we have s−1v2 × z2 ∈ D2. By 25.37 and 25.39,
we also have z0v1 ∈ D1. Hence by 25.42, we have

φ2(x × y) = −v0z1 = −φ0(x̄) · φ2(ȳ).

Thus (v) holds. �

We now return to the point in the proof of 25.33 (and to all the notation
in this proof) where we assume that U6 is a short root group (i.e. that Λ is
ramified at ν) and that the root group sequence Ω2 equals H(Λ). We have

[x1(v), x5(z)] = x3(v × z)

for all v, z ∈ J in 16.8 in [36]. By 25.35, we have, with respect to the
identification of Ω2 with H(Λ),

Ŭ1 = {x1(u) | u ∈ J0}

and

Ŭj = {xj(u) | u ∈ J2}

for j = 2 and 3.
Let D, φ0 and φ2 be as in 25.36. Then the maps x1(x̄) �→ x1(φ0(x̄)),

x3(x̄) �→ x2(φ2(x̄)) and x5(x̄) �→ x3(−φ2(x̄)) extend to an isomorphism from
Ω1 to T (D̄op) in case 25.36.iv, to T (D̄) in case 25.36.v. Thus the answer to
our question is given by the value ν(s). The element s is not an invariant of
Λ, but the root group sequence Ω1 = ΩR is (up to isomorphism) and hence
the value ν(s) is an invariant as well.

Suppose that we have an hexagonal system J(D, K, s) that gives rise to
the situation 25.32.ii. Then J(D, K, s2) is also an hexagonal system and
{ν(s), ν(s2)} = {1, 2} modulo 3. Hence we have two Bruhat-Tits buildings,
one with ΩR = T (D) and the other with ΩR = T (Dop).



Chapter Twenty Six

Assorted Conclusions

We have now finished answering the question posed at the end of Chapter 16.
To complete the classification of Bruhat-Tits pairs, it remains only to say
a few more words about Bruhat-Tits pairs of type F̃4. We do this in the
first part of this chapter. In the second part of this chapter, we describe the
classification of algebraic Bruhat-Tits buildings (as defined in 26.2) and in
the third part we prove a few more facts about the automorphism group of
a Bruhat-Tits pair.

The principal results in this chapter are 26.12, 26.25–26.27, 26.37 and
26.39.

* * *

Before going on, we observe that the result 26.12 will be the last step in
our proof of the classification of Bruhat-Tits pairs. Here is the conclusion:

Theorem 26.1. Every Bruhat-Tits pair (as defined in 13.1) is isomorphic
to one of the Bruhat-Tits pairs in the fourth column of Table 27.2.

Proof. By the classification of Moufang spherical buildings (as summarized
in 30.14), the building at infinity of a Bruhat-Tits pair is isomorphic to one of
the buildings in the second column of Table 27.1. The claim holds, therefore,
by 16.18, 19.23, 20.6, 21.35, 22.29, 23.10, 24.37, 25.25 and 26.12 (which we
prove below). �

* * *

We begin this chapter with a few definitions.

Definition 26.2. A Bruhat-Tits pair is algebraic if its building at infinity
is algebraic as defined in 30.31. An affine building ∆ is algebraic if it has a
system of apartments A such that (∆,A) is an algebraic Bruhat-Tits pair.
(Thus an algebraic affine building is, in particular, a Bruhat-Tits building
as defined in 13.1.)

Definition 26.3. A Bruhat-Tits pair is exceptional if its building at infinity
is exceptional as defined in 30.31, i.e. if its building at infinity is in one of the
cases (i)–(vi) of 30.32. An affine building ∆ is exceptional if it has a system
of apartments A such that (∆,A) is an exceptional Bruhat-Tits pair. Note
that the term “exceptional” implies “algebraic.”
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Definition 26.4. A Bruhat-Tits pair is mixed or of mixed type if its building
at infinity is mixed as defined in 30.24. An affine building ∆ is mixed or of
mixed type if it has a system of apartments A such that (∆,A) is a mixed
Bruhat-Tits pair.

Exceptional Bruhat-Tits pairs whose building at infinity is in one of the
cases (iii), (iv) or (vi) of 30.32 were studied in Chapters 16, 21 and 25. In the
first part of this chapter, we examine the remaining cases. The Bruhat-Tits
pairs in these remaining cases are all parametrized by composition algebras.

Proposition 26.5. Let (K, F ) be a composition algebra with standard invo-
lution σ and norm q as defined in 30.17. Let ν be a map from K∗ to Z, let
ω be a map from F ∗ to Z and let δ ∈ N. Then the following are equivalent:

(i) ν is a valuation of K, the involutory set (genuine or honorary)

(K, F, σ)

is ν-compatible as defined in 23.2, δ is its ν-index as defined in 23.2
and

ω(t) = ν(t)/δ

for all t ∈ F ∗.
(ii) ω is a valuation of F , the anisotropic quadratic space

(F, K, q)

is ω-compatible as defined in 19.17, 2/δ is its ω-index as defined in
19.17 and

(26.6) ν(u) = δω(q(u))/2

for all u ∈ K∗.

Proof. Suppose that (i) holds. By 23.2, ω is a surjective map from F ∗ to Z

(so ω is a valuation of F ) and ν is σ-invariant. By 9.17.i and 30.18, we have

(26.7) ν(q(u)) = ν(uuσ) = 2ν(u)

for all u ∈ K∗. Thus 26.6 holds and q satisfies 19.4.ii with ω in place of
ν (since ν satisfies 9.17.ii). By 19.17, therefore, the anisotropic quadratic
space (F, K, q) is ω-compatible. By 26.7, we also have ν(q(K∗)) = 2Z and
hence ω(q(K∗)) = (2/δ)Z. Hence by 19.17 again, the ω-index of (F, K, q) is
2/δ. Thus (i) implies (ii).

Suppose, conversely, that (ii) holds. Since ω is a valuation of F , we have
ω(F ∗) = Z and hence ν(F ∗) = δZ. By 30.19, ν satisfies 9.17.i, and by 19.4.ii,
ν satisfies 9.17.ii. Thus ν is a valuation of K. By 30.18, q is σ-invariant.
Hence ν is also σ-invariant. By 23.2, therefore, the involutory set (K, F, σ),
genuine or honorary, is ν-compatible. Thus (ii) implies (i). �

Definition 26.8. Let (K, F ) be a composition algebra with standard invo-
lution σ and norm q and let ν be a valuation of K. We will say that the
composition algebra (K, F ) is ν-compatible if the two conditions in 26.5 are
satisfied. If (K, F ) is ν-compatible, we call the number δ in 26.5 the ν-index
of (K, F ). We call (K, F ) ramified (respectively, unramified) at ν if δ = 2
(respectively, δ = 1).
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Proposition 26.9. Let (K, F ) be a composition algebra with standard in-
volution σ and norm q, let ν be a valuation of K and let ω be a valuation of
F . Then the following are equivalent:

(i) The composition algebra is ν-compatible with ν-index δ and ω is the
restriction of ν/δ to F .

(ii) The involutory set (K, F, σ) (honorary or genuine) is ν-compatible with
ν-index δ and ω is the restriction of ν/δ to F .

(iii) The anisotropic quadratic space (F, K, q) is ω-compatible with ω-index
δ and ν(u) = ω(q(u))/δ for all u ∈ K∗.

Proof. This holds by 26.5 and 26.8. �

Proposition 26.10. Let (K, F ) be a composition algebra with standard in-
volution σ and norm q, let ν be a valuation of K and let ω be a valuation
of F . Suppose that the three equivalent assertions in 26.9 hold. Then the
following are equivalent:

(i) (K, F ) is ramified at ν as defined in 26.8.
(ii) The involutory set (K, F, σ) (honorary or genuine) is ramified at ν as

defined in 23.2.
(iii) The quadratic space (F, K, q) is ramified at ω as defined in 19.17.

Proof. Also this holds by 26.5 and 26.8. �

Notation 26.11. Let Λ = (K, F ) be a composition algebra and let (∆, Σ, d)
be the corresponding canonical realization of type 30.14.xiii. Let q be the
norm and let σ be the standard involution of (K, F ). Let (G†, ξ) be the root
datum of ∆ based at Σ. We label the vertices of the Coxeter diagram F4 so
that (x1, x2), (x2, x3) and (x3, x4) are the three positively oriented edges as
defined in 30.11 and let ai := axi

for all i ∈ [1, 4] (as defined in 3.5). Let ν
be a valuation of K and suppose that Λ is ν-compatible as defined in 26.8.
Let δ and ω be as in 26.5. By 16.14 and 23.3 (or 19.17), there exists a root
map ι of Σ (with target F4) and a valuation φ of the root datum (G†, ξ) with
respect to ι such that

φai
(xai

(u)) = ν(u)

for i = 1 and 2 and all u ∈ K∗ and

φai
(xai

(t)) = ω(t)

for i = 3 and 4 and all t ∈ F ∗. We denote the pair (∆aff ,A) obtained by
applying 14.47 to (G†, ξ) and φ by

F̃4(Λ, ν).

Note that by 26.6, ν is uniquely determined by ω, so we could equally well
have called this Bruhat-Tits pair F̃4(Λ, ω).

Thus the pair F̃4(Λ, ν) defined in 26.11 exists precisely when the compo-
sition algebra Λ is ν-compatible.
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Theorem 26.12. Every Bruhat-Tits pair whose building at infinity is

F4(Λ)

for some composition algebra Λ = (K, F ) is of the form F̃4(Λ, ν) for some
valuation ν of K such that Λ is ν-compatible.

Proof. This holds by 3.41.iii, 16.4, 16.14.ii and 21.27. �

We turn next to completions of Bruhat-Tits pairs of the form F̃4(Λ, ν).

Theorem 26.13. Let Λ = (K, F ) be a composition algebra, let ν be a val-
uation of K, suppose that (K, F ) is ν-compatible as defined in 26.8 and let
(K̂, F̂ , σ̂) be as in 23.12. Then the following hold:

(i) Λ̂ := (K̂, F̂ ) is a ν-compatible composition algebra with standard invo-
lution σ̂.

(ii) The Bruhat-Tits pair

F̃4(Λ, ν)

is completely Bruhat-Tits (as defined in 17.1) and its completion is
F̃4(Λ̂, ν).

(iii) If Λ is of type (i) (as defined in 30.17), then Λ̂ is of type (i) or (ii)
and if Λ is of type (k) for k not equal to i, then Λ̂ is also of type (k).

Proof. Let q be the norm and let T be the trace of Λ (as defined in 30.20).
Let T̂ (û) = û + ûσ̂ and q̂(û) = ûσ̂û for all û ∈ K̂. Thus T (u) ∈ F , q(u) ∈ F
and

u2 − T (u)u + q(u) = u2 − (u + uσ)u + uσu = 0

for all u ∈ K and hence T̂ (û) ∈ F̂ , q̂(û) ∈ F̂ and

û2 − T̂ (û)û + q̂(û) = û2 − (û + ûσ)û + ûσ̂û = 0

for all û ∈ K̂ by 23.11. Since F̂ is a subfield of the center of K̂, it follows by
20.3 in [36] that (K̂, F̂ ) is a composition algebra with standard involution σ̂.
By 23.12 and 26.9, this composition algebra is ν-compatible. Thus (i) holds.
By 30.16, F4(Λ) is a subbuilding of F4(Λ̂). By 17.4 and 17.9, therefore, (ii)
holds.

Let (k) be the type of Λ. If K2 ⊂ F , then K̂2 ⊂ F̂ , and if K = F , then
K̂ = F̂ . To prove (iii), it thus suffices to assume that k is at least iii. Hence
the bilinear form associated with q is non-degenerate. By 19.29, it follows
that the quadratic spaces (F̂ , K̂, q̂) and (F̂ , K ⊗F F̂ , qF̂ ) are isomorphic. In
particular,

dimF̂ K̂ = dimF K.

Since the bilinear form associated with q̂ is also non-degenerate, it follows
that Λ̂ is also of type (k). Thus (iii) holds. �

Proposition 26.14. Let Λ = (K, F ) be a composition algebra and suppose
that K is complete with respect to a valuation ν. Then Λ is ν-compatible as
defined in 26.8.
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Proof. This holds by 23.16. �

We turn now to residues of Bruhat-Tits pairs of the form F̃4(Λ, ν).

Proposition 26.15. Let Λ = (K, F ) be a composition algebra of type (k) as
defined in 30.17 (so k is i, ii, iii, iv or v). Let σ be the standard involution
of Λ, let T be the trace of Λ (as defined in 30.20) and let ν be a valuation
of K. Suppose that K is complete with respect to ν (so Λ is ν-compatible
by 26.14). Let ω be as in 26.5, let K̄ be as defined in 9.22 with respect to
ν and let F̄ be the image of the ring of integers in F (with respect to ω)
in K̄. By 23.2, ν is σ-invariant, so there are well-defined maps σ̄ from K̄
to itself induced by σ and T̄ from K̄ to F̄ induced by T . Then (K̄, F̄ ) is
a composition algebra, σ̄ is its standard involution and T̄ is its trace. If k
equals i, then (K̄, F̄ ) is of type (i) or (ii). If k is not equal to i, then

dimF̄ K̄ = dimF K

if (K, F ) is unramified at ν and

dimF̄ K̄ =
(
dimF K

)
/2

if (K, F ) is ramified at ν.1 If, in addition, T̄ is not identically zero, then:

(i) (K̄, F̄ ) is of type (k) if Λ is unramified at ν and
(ii) (K̄, F̄ ) is of type (k−1) if Λ is ramified at ν.

Thus, for example, if K is an octonion division algebra with center F , then
K̄ is either an octonion division algebra with center F̄ , a quaternion divi-
sion algebra with center F̄ or (if T̄ is identically zero) a purely inseparable
extension of F̄ . We call Λ̄ := (K̄, F̄ ) the residue of Λ at ν.

Proof. For all u ∈ K, both u +uσ and uσu are in F . Let u be an element of
the ring of integers of K. Then

u2 − (u + uσ)u + uσu = 0.

Since ν is σ-invariant (by 26.8), the elements u + uσ and uσu are in the
ring of integers of F . It follows that every element of K̄ is the root of a
monic quadratic polynomial with coefficients in F̄ . By 20.3 of [36], it follows
that (K̄, F̄ ) is a composition algebra of type (m) for some m, that σ̄ is its
standard involution and that T̄ is its trace.

If k equals i, then T is identically zero, so T̄ is also identically zero; there-
fore, m equals i or ii. Suppose that k is not equal to i. Then (F, K, q) is
a finite-dimensional anisotropic quadratic space, where q is the norm of Λ.
If Λ is unramified at ν, then dimF̄ K̄ = dimF K by 19.37. Suppose that Λ
is ramified at ν and let w be an element of K∗ such that ν(w) = 1. Then
multiplication by w induces an isomorphism from Λ̄0 to Λ̄1, where Λ̄0 and Λ̄1

are the anisotropic quadratic spaces obtained by applying 19.33 to (F, K, q).
By 19.36, it follows that

dimF̄ K̄ =
(
dimF K

)
/2.

1If k equals ii, then Λ is automatically unramified at ν.
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By 30.17, we conclude that if k is not equal to i and T̄ is not identically zero,
then m equals k if Λ is unramified at ν and m equals k − 1 if Λ is ramified
at ν. �

Theorem 26.16. Let Λ = (K, F ) be a composition algebra and let ν be a
valuation of K. Suppose that Λ = (K, F ) is ν-compatible as defined in 26.8,
let

(∆,A) = F̃4(Λ, ν)

and let Λ̄ = (K̄, F̄ ) be as in 26.15. Then the following hold:

(i) The group G† acts transitively on the set of gems in ∆.
(ii) Every gem of ∆ is isomorphic to F4(Λ̄) (in the notation of 30.15).

Proof. The first assertion holds by 18.5. The second follows, therefore, by
18.27, 26.15 and 30.14.xiii. �

Proposition 26.17. Let (∆,A) = F̃4(Λ, ν) for some composition algebra
Λ = (K, F ) and some valuation ν of K, let σ be the standard involution of
(K, F ) and q the norm of Λ. Let Λ̄ = (K̄, F̄ ) and σ̄ be as in 26.15 and let
q̄ be the norm of Λ̄. Finally, let R be a residue of ∆ of type B4. Then the
following hold:

(i) If Λ is unramified at ν as defined in 26.8, then

(26.18) R ∼= B
Q
4 (F̄ , K̄, q̄).

(ii) If Λ is ramified at ν, then

(26.19) R ∼= B
I
4 (K̄, F̄ , σ̄).

Proof. Let (∆∞
A , Σ, d), ι and φ be as in 26.11 (where ∆∞

A is called ∆) and
let A be the unique apartment in A such that Σ = A∞. We can assume
that R is cut by A. Let R0 be as in 18.1, let R1 be a residue of R of type
A3 and let R2 be a residue of R0 of type B3. Let Φ be the root system F4;
we identify A with Σ̃Φ (as defined in 2.29) via ι. By 2.47, all the roots of A
that cut R1 are long (as defined in 2.35). Hence all the roots of A that cut
R1 ∩ R2 are long.

Let o be the unique special vertex of the Coxeter diagram Π̃ := F̃4 and
let I be the vertex set of the Coxeter diagram Π := Π̃o of ∆∞

A . Let x be the
element of I chosen in 16.3 and let a = ax be the corresponding root of Σ as
defined in 3.5. Let J and J ′ be the two subsets of I such that the Coxeter
diagrams ΠJ and ΠJ′ are both isomorphic to B3. We order these two sets so
that x is contained in an edge with label 3 of ΠJ . Let R3 be a J-residue of
the gem R0 and let R′

3 be a J ′-residue of R0. By 26.16.ii (or, more precisely,
18.27) and the choice of the vertex x,

R3
∼= B

I
3 (K̄, F̄ , σ̄)

and

R′
3
∼= B

Q
3 (F̄ , K̄, q̄).
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We can assume that either R2 = R3 or R2 = R′
3. Since all the roots of A

that cut R1 ∩ R2 are long, we have R2 = R3 if a is long and R2 = R′
3 if a is

short. By 23.6, 23.27 and 26.10, a is long if and only if Λ is ramified at ν. �

The result 26.15 can be applied also to exceptional Bruhat-Tits pairs
whose building at infinity is in case (i) or case (ii) of 30.32:

Proposition 26.20. Let (∆,A) = Ã2(K, ν) for some octonion division al-
gebra K and some valuation ν of K such that K is complete with respect to
ν. Let F be the center of K, let Λ denote the composition algebra (K, F ),
let K̄ be the residue field of K and let (K̄, F̄ ) and T̄ be as in 26.15. Then
the gems of ∆ are all isomorphic to A2(K̄), where

(i) K̄ is an octonion division algebra if T̄ is not identically zero and Λ is
unramified.

(ii) K̄ is a quaternion division algebra if T̄ is not identically zero and Λ is
ramified.

(iii) K̄ is a commutative field and K̄/F̄ is an inseparable extension of ex-
ponent 1 and of degree m, where m = 4 if Λ is ramified and m = 8 if
it is not.

Proof. This holds by 18.30 and 26.15. �

Proposition 26.21. Let (∆,A) = X̃I
3 (Λ, ν) for some honorary involutory

set Λ = (K, F, σ) and some valuation ν of K such that Λ is ν-compatible
and K is complete with respect to ν, where X = B if Λ is unramified at ν
and X = C if Λ is ramified at ν. Thus K is an octonion division algebra
and F is its center. Let Λ denote the composition algebra (K, F ) and let
(K̄, F̄ ), σ̄ and T̄ be as in 26.15. Then the gems of ∆ are all isomorphic to
XI

3 (K̄, F̄ , σ̄), where

(i) K̄ is an octonion division algebra if T̄ is not identically zero and Λ is
unramified.

(ii) K̄ is a quaternion division algebra if T̄ is not identically zero and Λ is
ramified.

(iii) K̄ is a commutative field and K̄/F̄ is an inseparable extension of ex-
ponent 1 and of degree m, where m = 4 if Λ is ramified and m = 8 if
it is not.

Proof. This holds by 23.27.iii and 26.15. �

While we are on the subject of quaternions, we record here a result that
we will need in Chapter 28:

Proposition 26.22. Suppose that K is a quaternion division algebra. Let F
be the center of K, let N be the reduced norm of K and let σ be the standard
involution of K. For each involution τ of K, let Kτ be as in 23.19. For
each w ∈ K∗, let ιw be the inner automorphism of K given by xιw = wxw−1

for all x ∈ K. For each F -subspace X of K, let X⊥ denote the F -subspace
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perpendicular to X with respect to the reduced trace of K.2

(i) Let E be a subfield of K containing F such that E/F is a separable
quadratic extension and let e be an element in K∗ ∩ E⊥. Then

K = E ⊕ eE,

all the relations in 20.17 of [36] hold (where σ is denoted by x �→ x̄)
and

N(u + ev) = N(u) − βN(v)

for all u, v ∈ E, where β = −N(e).
(ii) For every pair (E, e) as in (i),

(26.23) (u + ev)σ = uσ − ev

for all u, v ∈ E and the restriction of σ to E is the unique non-trivial
element of Gal(E/F ).

(iii) If τ is a non-standard involution of K acting trivially on F , then
τ = σιe for some e ∈ K∗ such that eτ = −e.

(iv) If τ and e are as in (iii), then there exists a subfield E of K such that
the pair (E, e) is as in (i), and for all such E,

(u + ev)τ = u − evσ

for all u, v ∈ E.
(v) If char(K) = 2 and τ is a non-standard involution of K acting trivially

on F , then the involutory set (K, Kτ , τ) is the translate of (K, Kσ, σ)
with respect to e.3

(vi) If char(K) �= 2 and τ and ρ are two non-standard involutions of K act-
ing trivially on F , then the involutory sets (K, Kτ , τ) and (K, Kρ, ρ)
are translates of each other.

Proof. Assertions (i) and (ii) hold by 20.20 in [36]. Let τ be an involution of
K distinct from σ such that τ acts trivially on F . Then the product σ−1τ
is an automorphism of K acting trivially on F . By the Skolem-Noether
theorem (see, for example, 2.27 in [36]), it follows that τ = σιe for some
e ∈ K∗. Since τ �= σ, we have e �∈ F . Since τ2 = 1, the product t := eσe−1

is contained in the center F of K. Since σ2 = 1, it then follows that t2 = 1.
In other words, eσ = ±e. If char(K) �= 2, then Kσ = F (by 26.23) and
hence eσ = −e since e �∈ F . Thus (iii) holds and F ⊂ e⊥.

We claim now that there exists a subfield E of K containing F and con-
tained in e⊥ such that E/F is a separable quadratic extension. By 9.6 in
[36], every element of K\F is quadratic over F . If char(K) �= 2, it suffices,
therefore, to choose an arbitrary element v in e⊥\F and set E = F (v). Sup-
pose that char(K) = 2. If e⊥ ⊂ Kσ, then these two F -spaces must, in fact,

2In other words, X⊥ = {u ∈ K | uσv + vσu = 0 for all v ∈ X}.
3An involutory set Λ′ = (K′, K ′

0, σ′) is a translate of another involutory set Λ =
(K, K0, σ) (according to the definition in 11.8 of [36]) if there exists an element w ∈ K∗

0
such that K ′ = K, K ′

0 = wK0 and σ′ = σιw (in which case we say that Λ′ is the translate
of Λ with respect to w).
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be equal since they have the same dimension. This implies, however, that
e ∈ (Kσ)⊥ = F . We conclude that there exists an element v ∈ e⊥ that is not
contained in Kσ. Then the subfield E = F (v) has the desired properties also
in this case. This proves our claim (in all characteristics). Since eσ = −e,
we have e2 = −eeσ = −N(e) ∈ F . Let β = e2. By (i) and (ii), we now
calculate that

(26.24) (u + ev)σιe = e(uσ − ev)e/β = u − evσ

for all u, v ∈ E. Thus (iv) holds.
If char(K) = 2, then eσ = e by (iii). Thus (v) holds. Now suppose that

char(K) �= 2 and let ρ be a second non-standard involution of K acting
trivially on F . By (iii), we have ρ = σιw for some w ∈ K∗ such that
wσ = −w. Let z = we−1. Then τιz = ρ and

zτ = zσιe =
(
(e−1)σ · wσ

)ιe

=
(
(−e−1) · (−w)

)ιe
= we−1 = z.

Therefore (K, Kρ, ρ) is the translate of (K, Kτ , τ) with respect to z. Thus
(vi) holds. �

* * *

This concludes the first part of this chapter. We turn now to the clas-
sification of algebraic Bruhat-Tits buildings, in other words, of complete
Bruhat-Tits pairs

(∆,A) = X̃
∗
� (Λ, ν)

whose building at infinity is algebraic as defined in 30.31 and of rank at
least 2. The classification of algebraic spherical buildings of rank at least 2
is summarized in 30.33. Since (∆,A) is complete, the defining field K of
∆∞

A is complete (by the results cited in the fifth column of Table 27.2).

Theorem 26.25. Let

∆ = X
∗
� (Λ)

be an algebraic spherical building with � ≥ 2 (see 30.31 and 30.33), let K be
the defining field of ∆ (as defined in 30.15), let ν be a discrete valuation of
K and suppose that K is complete with respect to ν. Suppose as well that
21.23 holds if X∗

� = BE
2 . Then the following hold:

(i) There exists a unique Bruhat-Tits pair whose building at infinity is ∆.
(ii) The Bruhat-Tits pair in (i) is complete.

Proof. By 23.15, ν is the only discrete valuation of K. If X� is simply laced,
then the claim in (i) holds by 16.17 and 16.18 (even if ∆ is not algebraic and
K is not complete). Suppose that X� is not simply laced. Since ∆ is algebraic,
K is finite-dimensional over its center and hence 24.9 applies. By 19.1,
23.16, 24.9 and 25.5, the parameter system Λ is, in every case, ν-compatible
(respectively, exceptionally ν-compatible, given our extra hypothesis, when
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X∗
� = BE

2 ). The claim in (i) holds, therefore, by 19.21, 21.27, 22.16, 23.6,
24.35, 25.21 and 26.11. Assertion (ii) holds by 19.29, 23.21, 24.49, 30.33 and
the results cited in the fifth column of Table 27.2. �

We can now formulate the classification of algebraic Bruhat-Tits buildings.
See also 26.37.

Corollary 26.26. Algebraic Bruhat-Tits buildings are classified (modulo
21.23) by the algebraic spherical buildings of rank at least 2 as described in
30.33 whose defining field is complete with respect to a discrete valuation.

Proof. This holds by 26.25. �

Here is another formulation of the classification:

Theorem 26.27. Algebraic Bruhat-Tits buildings are classified (modulo
21.23) by pairs (G, F ), where F is a field that is complete with respect to
a discrete valuation ν and G is an absolutely simple algebraic group of F -
rank at least 2.

Proof. Let F be a field, let G be an absolutely simple algebraic group of
F -rank � at least 2, let ∆ be the spherical building associated with the pair
(G, F ) and let K be the defining field of ∆ (as defined in 30.15). By 30.32,
F is contained in the center of K and K is finite-dimensional over F . The
claim holds, therefore, by 23.14.ii and 26.26. �

* * *

We come now to the third and final part of this chapter. Our goal is to
prove various results about the automorphism group of a Bruhat-Tits pair.

Notation 26.28. Let

(∆,A) = X̃
∗
� (Λ, ν)

for some parameter system Λ and some valuation ν of the defining field K.
We adopt all the notation in 18.1. Thus A is an apartment in A, H is
the pointwise stabilizer of Σ := A∞ in Aut(∆∞

A ) and GA is the subgroup of
G = Aut(∆,A) consisting of all the elements that map A to itself and induce
elements of H on A. Let d be a chamber of Σ. As in 18.9, we can assume
that (∆∞

A , Σ, d) is the canonical realization of the corresponding root group
labeling of the Coxeter diagram Π := X� as described in 30.15. Let φ be the
valuation of the root datum of ∆∞

A described in the result in the column of

Table 27.2 to the left of X̃�(Λ, ν). Let Ξ◦
d be as in 3.5.

In 18.6, we gave a necessary and sufficient condition for an element of H
to be induced by an element of GA. In fact, most elements in H are induced
by elements of GA. We make this comment more concrete in a series of
observations. See also 26.38.

In 26.29–26.36, we assume that τ is an arbitrary element of H .
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Example 26.29. Suppose first that X∗
� has edges with label 3. Equivalently,

we assume that either � ≥ 3 or X
∗
� = A2. Thus if a is the root in Ξ◦

d fixed
in 16.3, then φa(xa(t)) = ν(t) for all t ∈ K∗. If K is associative (which is
necessarily the case unless X∗

� = A2, C3 or F4), then by 37.13 in [36], there
exist a root a ∈ Ξ◦

d such that the root group Ua is parametrized by K, an
automorphism ρ of K and an element w ∈ K∗ such that

xa(t)τ = xa(ρ(t)w)

for all t ∈ K. Suppose that K is an octonion division algebra, let F be
the center of K and let N be the norm of the composition algebra (K, F ).
By 37.12 in [36], there exist a root a ∈ Ξ◦

d such that the root group Ua is
parametrized by K, an element κ in the group X defined in 37.9 in [36] and
an element t ∈ K∗ such that

xa(u)τ = xa(κ(u)t)

for all u ∈ K.4 Let w = κ(1), let λ be the element of the group X obtained
by applying 18.10 to w and let ρ denote the composition λ−1 ◦ κ. By 37.17
of [36] and 18.10.i, ρ is an automorphism of K. By 18.6 and 18.10.ii, we
conclude (whether K is associative or not) that τ is induced by an element
of GA if and only if ν is ρ-invariant.

In the next four examples (26.30–26.36), � = 2, so (∆∞
A , Σ, d) is the canon-

ical realization of one of the root group sequences

(U+, U1, . . . , Un)

described in 30.8.

Example 26.30. Let X∗
� = X

Q
2 , XE

2 or XF
2 for X = B or C. The parameter

system Λ is an anisotropic quadratic space (K, L, q) that we can assume is
unitary. By 37.30 in [36], there exist an automorphism ρ of K, a ρ-linear
automorphism ψ of L and elements γ, w ∈ K∗ such that ρ(q(u)) = γq(ψ(u))
and

(26.31) x4(u)τ = x4(ψ(u))

for all u ∈ L as well as

(26.32) x1(t)
τ = x1(wρ(t))

for all t ∈ K if X∗
� = X

Q
2 and

(26.33) x1(0, t)τ = x1(0, wρ(t))

for all t ∈ K if X∗
� = XE

2 or XF
2 . By 18.6 and 26.32, τ is induced by an

element of GA if and only if ν is ρ-invariant when X∗
� = X

Q
2 . Suppose that

X
∗
� = X

E
2 or X

F
2 . It follows from 18.6 and 26.33 that if τ is induced by an

element of GA, then ν is ρ-invariant. By 21.30 and 22.19,

φ4(x4(u)) = ν(q(u))/δ

for all u ∈ L∗, where δ is the ν-index of Λ as defined in 19.17. It follows from
18.6, 26.31 and this last equation that if ν is ρ-invariant, then τ extends to
an element of GA. We conclude in all three cases that ν is ρ-invariant if and
only if τ extends to an element of GA.

4See 18.10 and 18.13.
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Example 26.34. Let X∗
� = XD

2 for X = B or C, so Λ is an indifferent set
(K, K0, L0). By 37.32 of [36], there exist an automorphism ρ of K and an
element w ∈ K∗ such that

x1(t)
τ = x1(ρ(t)w)

for all t ∈ K0. By 20.2, φ1(x1(t)) = ν(t)/δK for all t ∈ K∗
0 , where (δK , δL)

is the ν-index of Λ. By 18.6, therefore, τ is induced by an element of GA if
and only if ν(ρ(t)) = ν(t) for all t ∈ K0. Since K2 ⊂ K0, this last condition
holds if and only if ν is ρ-invariant.

Example 26.35. Let X∗
� = XI

2 or XP
2 for X = B or C, so Λ is an involutory

set (K, K0, σ) in the first case and an anisotropic pseudo-quadratic space in
the second. By 37.33 in [36], there exist (in both cases) an automorphism ρ
of K and an element w ∈ K∗ such that

x4(t)
τ = x4(ρ(t)w)

for all t ∈ K. By 23.3 and 24.31, φ4(x4(t)) = ν(t) for all t ∈ K∗. By 18.6, it
follows that τ is induced by an element of GA if and only if ν is ρ-invariant.

Example 26.36. Let X∗
� = G2, so Λ is an hexagonal system

(J, K, N, #, T,×, 1).

By 37.41 of [36], there exist an automorphism ρ of K and an element w ∈ K∗

such that

x6(t)
τ = x6(ρ(t)w)

for all t ∈ K. By 25.21, φ6(x6(t)) = ν(t) for all t ∈ K∗. By 18.6, therefore,
τ is induced by an element of GA if and only if ν is ρ-invariant.

Assembling these observations, we have the following conclusion.

Theorem 26.37. Let

(∆,A) = X̃�(Λ, ν)

be a Bruhat-Tits pair, let K be the defining field of ∆∞
A (as defined in 30.15)

and suppose that K is complete with respect to ν. Then every type-preserving
automorphism of ∆∞

A is induced by an element of Aut(∆,A).

Proof. Let τ ∈ H . By 26.29–26.36, there is an automorphism ρ of K such
that ν is ρ-invariant if and only if τ is induced by an element of GA. By
23.15, it follows that every element of H is induced by an automorphism of
∆. The claim holds, therefore, by 12.31 and 18.2. �

Example 26.38. We give an example of an element τ ∈ H that is not
induced by an element of GA. Suppose that (∆,A) = A�(K, ν) and let φ be
as in 16.14.i. If ρ is an arbitrary automorphism of K, then there exists an
element τ of H such that xa(u)τ = xa(ρ(u)) and hence φa(xa(u)τ ) = ν(ρ(u))
for all a ∈ Ξ◦

d and all u ∈ K. If ν is not ρ-invariant, then τ is not induced by
an element of GA (by 18.6). To obtain a concrete example, let K = Q(i),
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let ρ be the restriction of complex conjugation to K and let ν be the unique
valuation of K such that ν(2 + i) = 1. Then

ν
(
(2 + i)ρ

)
= ν(2 − i) = 0,

so ν is not ρ-invariant.

Our next result is a strengthened version of 18.15:

Theorem 26.39. Let (∆,A) be a Bruhat-Tits pair, let X̃� be the Coxeter
diagram of ∆ and let G◦ be as in 18.1. Suppose that X̃� �= C̃� (so, in
particular, X̃� �= B̃2). Then the group G◦ acts transitively on the set of gems
of ∆.

Proof. If X = B, then ∆∞
A is as in (iii)–(vii) of 30.14 and the claim holds by

19.35.i, 23.27.i and 24.58.i.5 The remaining cases are covered by 18.5 and
18.15. �

To conclude this chapter, we consider elements of Aut(∆,A) that do not
induce type-preserving automorphisms of ∆∞

A .

Proposition 26.40. Let (∆,A) = X̃∗
� (Λ, ν) be a Bruhat-Tits pair, let K be

the defining field of ∆∞
A (as defined in 30.15) and suppose that one of the

following holds:

(i) X∗
� = A� and there exists an anti-isomorphism κ of K such that ν is

κ-invariant.
(ii) X∗

� = D� for � ≥ 4 or E6.

Let o be a special vertex of the Coxeter diagram Π := X̃� and let σo be a
non-trivial automorphism of Π of order 2 that fixes o.6 Then there exist
σo-automorphisms in Aut(∆,A).

Proof. Let Σ, d, φ, Ξ◦
d, etc. be as in 26.28, let R0 be as in 18.27, let the

subdiagram Πo (as defined in 8.21) be identified with the Coxeter diagram
of ∆∞

A as explained in 18.24 and let σ be the restriction of σo to Πo. We
thus have a permutation ax �→ aσ(x) of Ξ◦

d (in the notation introduced in 3.5)
which we also denote by σ. By 7.5 in [36] and 3.6, there exists an element τ
of Aut(∆∞

A ) mapping the pair (Σ, d) to itself such that

xa(u)τ = xσ(a)(κ(u))

for all a ∈ Ξ◦
d and all u ∈ K in case (i) and

xa(u)τ = xσ(a)(u)

for all a ∈ Ξ◦
d and all u ∈ K in case (ii). By 13.31.ii with (∆′,A′) = (∆,A),

τ is induced by an element ρ of GA. We have Uρ
a,0 = Uσ(a),0 for all a ∈ Ξ◦

d,
where Ua,0 and Uσ(a),0 are as in condition (V1) in 3.21. By 1.12, therefore,
ρ maps R0 to itself. By 8.22, it follows that ρ is a σo-automorphism of ∆. �

5In fact, the claim holds also if (∆,A) is of the form B̃X
2 (∆, ν) for X = Q, I or P.

These are exactly the three cases in which we distinguish between B̃X
2 (∆, ν) and C̃X

2 (∆, ν);
see 19.22, 23.7 and 24.36, but also 20.5, 21.34 and 22.28.

6Note that σo is uniquely determined by o unless X∗
�

= D4.
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Theorem 26.41. Let

(∆,A) = X̃
∗
� (Λ, ν)

be a Bruhat-Tits pair and let K be the defining field of ∆∞
A (as defined

in 30.15). Suppose that X �= C and that K is isomorphic to its opposite if
X = A. Then Aut(∆,A) induces the full automorphism group on the Coxeter
diagram X̃�.

Proof. This holds by 26.39 and 26.40. �

Proposition 26.42. Let (∆,A) = Ã�(K, ν) for some skew field K that is
not isomorphic to its opposite. Then the subgroup of the automorphism group
of the Coxeter diagram Ã� induced by Aut(∆,A) is cyclic of order � + 1.

Proof. By 35.6 in [36], the root group sequence determined by applying 16.1
in [36] to K is not isomorphic to its opposite. It follows that no automor-
phism of the diagram Ã� interchanging the two vertices of an edge is induced
by an element of Aut(∆,A). The claim holds, therefore, by 18.16. �

If (∆,A) = C̃∗
� (Λ, ν) for some Λ and ν, there are cases when Aut(∆,A) acts

non-trivially on the Coxeter diagram C̃� and cases when it does not. We will
show, for example, that if ∆ is a building in one of the Tables 28.4, 28.5
or 28.6 and A is its complete system of apartments, then Aut(∆,A) acts
transitively on the set of special vertices of the Coxeter diagram of ∆ if and
only if there is only one entry in the last column to the right of ∆ in the
table (Table 28.4, 28.5 or 28.6) in which ∆ appears.



Chapter Twenty Seven

Summary of the Classification

Looking back, we can observe that the classification of Bruhat-Tits pairs
falls naturally into three parts. Part I is covered in Chapters 1–2 and 4–12.
It includes the construction (starting with an arbitrary irreducible affine
building) of the building at infinity and, in particular, the key result 7.241

that makes this construction possible, as well as the construction of the wall
and panel trees (Tm,Am) and (TF ,AF ). Part I culminates in the result
12.3 that an affine building is uniquely determined by its building at infinity
together with its tree structure. This part of the classification is valid for
arbitrary affine buildings. Part I also includes the various results about trees
and projective valuations in Chapter 9.

In Part II, covered in Chapters 3 and 13–14, we assume that the building
at infinity, which is a spherical building, satisfies the Moufang property. This
means that the building at infinity is uniquely determined by the collection
of root groups associated with the roots of a fixed apartment. This is the
root datum of the building at infinity. The two main results of Part II are
13.31, in which the tree structure in 12.3 is translated into a valuation of
the root datum of the building at infinity, and 14.47, which says that for
each root datum with valuation, there exists, in fact, an affine building with
the corresponding building at infinity and the corresponding tree structure.
Thus Part II leaves us with the conclusion that Bruhat-Tits buildings, by
which we mean affine buildings whose building at infinity is Moufang, are
classified by root data with valuation (up to equipollence).

In Part III, covered in Chapters 15–26, the classification of Moufang spher-
ical buildings is invoked. This means that we have a list, summarized in
30.14, of all possible root data.2 These come in various families, each deter-
mined by a certain class of algebraic structures defined over a field K (which
is, in some cases, a skew field or octonion division algebra). In 3.41.iii and
16.4, it is observed that a valuation of the root datum is uniquely deter-
mined by a discrete valuation of the field K.3 The main goal of Part III is
the determination of necessary and sufficient conditions, one family of root
data at a time, for a valuation of the field K to give rise to a valuation of

1“For every two sectors there is an apartment containing subsectors of each.”
2The root data of Moufang octagons are omitted from this list simply because there is

no affine diagram having I(8) as a subdiagram (from which it follows that the building at
infinity of an affine building cannot be a generalized octagon).

3Thus the word “valuation” is being used to mean both a valuation of a root datum
as defined in 3.21 and a valuation of a field as defined in 9.17.
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30.14 Name Nature of Λ

i A�(Λ) Field or skew field

ii A2(Λ) Octonion division algebra

iii B
Q
� (Λ) = C

Q
� (Λ) Anisotropic quadratic space

iv B
I
� (Λ) = C

I
� (Λ) Proper involutory set

v BI
� (Λ) = CI

� (Λ) Quadratic involutory set

vi BI
3 (Λ) = CI

3 (Λ) Honorary involutory set

vii BP
� (Λ) = CP

� (Λ) Proper anisotropic pseudo-quadratic space

viii B
E
2 (Λ) = C

E
2 (Λ) Quadratic space of type E6, E7 or E8

ix BF
2 (Λ) = CF

2 (Λ) Quadratic space of type F4

x BD
2 (Λ) = CD

2 (Λ) Proper indifferent set

xi D�(Λ) Field

xii E�(Λ) Field

xiii F4(Λ) Composition algebra

xiv G2(Λ) Hexagonal system

Table 27.1 Moufang Spherical Buildings

the corresponding root datum.4

* * *

We use the rest of the chapter to recapitulate the conclusions of the clas-
sification of Bruhat-Tits buildings, first in Tables 27.1 and 27.2 and then in
27.1–27.5.

The starting point of our recapitulation is the classification of Moufang
spherical buildings. This is described in 30.8–30.15 in terms of root group
labelings of spherical Coxeter diagrams. We have summarized the classifi-
cation of Moufang spherical buildings in Table 27.1, where the entry in the
first column is a reference to the corresponding case of 30.14 and the names
in the second column are those assigned in 30.15.5 These are the candidates
for the building at infinity of a Bruhat-Tits pair.

Let ∆ = X
∗
� (Λ) be one of the buildings in Table 27.1 (where ∗ has the

meaning indicated in 30.15), let Σ be an apartment of ∆, let Ξ be the set of
roots of Σ, let (G†, ξ) be the root datum of ∆ based at Σ and let K denote

4Note that Part III is, except for Chapter 3, essentially independent of Parts I and II.
5Note, too, that 30.28 applies to the descriptions of Λ in the third column.
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30.14 ν-Compat. φ Name Λ̂ Gems

i–ii 16.18 16.17 Ã�(Λ, ν) 17.11 18.30

iii 19.17 19.22 B̃
Q
� (Λ, ν) or C̃

Q
� (Λ, ν) 19.27 19.35

iv–vi 23.2 23.7 B̃I
� (Λ, ν) or C̃I

� (Λ, ν) 23.13 23.27

vii 24.30 24.36 B̃
P
� (Λ, ν) or C̃

P
� (Λ, ν) 24.46 24.58

viii 21.22 21.34 B̃E
2 (Λ, ν) = C̃E

2 (Λ, ν) 21.42 –

ix 22.15 22.28 B̃F
2 (Λ, ν) = C̃F

2 (Λ, ν) 22.33 –

x 20.6 20.5 B̃D
2 (Λ, ν) = C̃D

2 (Λ, ν) 20.8 20.10

xi 16.18 16.17 D̃�(Λ, ν) 17.11 18.30

xii 16.18 16.17 Ẽ�(Λ, ν) 17.11 18.30

xiii 26.8 26.11 F̃4(Λ, ν) 26.13 26.16, etc.

xiv 25.14 25.24 G̃2(Λ, ν) 25.27 25.30, etc.

Table 27.2 Bruhat-Tits Pairs

the defining field of ∆ (as defined in 30.15).
Bruhat-Tits pairs having ∆ as the building at infinity are classified by

valuations of the root datum (G†, ξ) up to equipollence. This is 14.54.
Let

φ = {φa | a ∈ Ξ}

be a valuation of (G†, ξ). By 16.4, we can pick out a root a in Ξ such that
φa has a simple description in terms of a valuation ν of the field K. By
3.41.iii, φ is uniquely determined up to equipollence by φa and hence by ν.
The fundamental question of Bruhat-Tit theory is then the following: Given
a discrete valuation ν of K and thus the map φa defined by the formulas in
16.4, when does φa extend to a valuation of (G†, ξ)?

The answer is “always” if the Coxeter diagram X� is simply laced (by
16.14) or if ∆ = BD

2 (Λ) for some indifferent set Λ (by 20.2) or if ∆ = G2(Λ)
for some hexagonal system Λ of type 1/K (by 25.14). In every other case,
however, the map φa extends to a valuation of (G†, ξ) if and only if the
parameter system Λ is ν-compatible (or exceptionally ν-compatible in case
30.14.viii). The relevant definitions and results are referenced in the first
four columns of Table 27.2.6 Here are some explanations:

6We extend the notion of ν-compatibility (which has already been defined in every
other case) by declaring from now on that Λ is always ν-compatible if Λ = K (which can
happen precisely when the diagram X� is simply laced), if Λ is an indifferent set or if Λ is
an hexagonal system Λ of type 1/K. With this extension of the notion of ν-compatibility,



292 CHAPTER 27

The entry in the first column of Table 27.2 refers to the case or cases
of 30.14 that describe the building at infinity. The entry in the second
column refers to the suitable definition of ν-compatibility. Note that by
these definitions, ∆ is always ν-compatible if K is complete with respect to
the valuation ν.

The entry in the third column refers to the result in which an extension
of φa to a valuation φ of the root datum (G†, ξ) is described. In the fourth
column, we give the name we have assigned to the Bruhat-Tits pair deter-
mined by ∆ and φ. This name is of the form X̃∗

� (Λ, ν). In each case X̃� is
the Coxeter diagram associated with the affine building and X

∗
� (Λ) is (up

to isomorphism) the building at infinity. The ambiguity in the name in the
second to seventh rows of Table 27.2 is explained in 19.21, 23.6 and 24.35.

In each case there is a parameter system Λ̂ of the same type as Λ defined
over the completion K̂ of the field K with respect to ν such that the pair
X̃∗

� (Λ̂, ν) is the completion of the pair X̃∗
� (Λ, ν) as defined in 17.1. In the fifth

column of Table 27.2, we give the result in which the parameter system Λ̂
is determined. Since each Bruhat-Tits building is part of a unique complete
Bruhat-Tits pair, these are the parameter systems that classify Bruhat-Tits
buildings (rather than Bruhat-Tits pairs).

In last column of Table 27.2 we indicate the principal results in which we
prove something about the structure of the gems of ∆aff . (These results play
an essential role in the next chapter.)

This concludes our description of Tables 27.1 and 27.2. We now summarize
the classification of Bruhat-Tits pairs and buildings in a sequence of results
that expand on the formulation given in 26.1.

Here is the main uniqueness result:

Theorem 27.1. Let (∆,A) be a Bruhat-Tits pair of type X̃� as defined in
13.1 (so � ≥ 2) and let ∆∞

A be its building at infinity as constructed in 8.9
and 8.24. Then the following hold:

(i) The building at infinity ∆∞
A is, up to isomorphism, one of the buildings

X
∗
� (Λ) described in 30.15 (and listed in Table 27.1) for some suitable

parameter system Λ.7

(ii) There exists a valuation φ of the root datum of ∆∞
A satisfying 13.8 that

is uniquely determined up to equipollence.
(iii) There exists a discrete valuation ν of the defining field K of ∆∞

A that
is uniquely determined by 16.4 applied to the equipollence class of the
valuation φ.

we can delete the phrase “in every other case” from the previous sentence. Note that if
Λ = K and K is non-commutative (which can happen precisely when X∗

�
= A�) and if we

start only with a valuation of the center of K, then there are non-vacuous conditions that
need to hold in order for this valuation to extend to a valuation of K.

7The parameter system Λ and the defining field K of X∗
�
(Λ) are invariants of ∆∞

A to
the extent described in 30.29. See 27.6.
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(iv) The parameter system Λ is ν-compatible as defined in the results listed
in the second column of Table 27.2 8 and the pair (∆,A) is uniquely
determined by the spherical building ∆∞

A = X∗
� (Λ) and the valuation

ν.9 In particular,

(∆,A) = X̃
∗
� (Λ, ν),

where X̃∗
� (Λ, ν) is as defined in the results in the third column of Ta-

ble 27.2.

Proof. By 8.24, the building ∆∞
A is irreducible and spherical, and by 13.1, it

is Moufang. Assertion (i) holds, therefore, by the classification of Moufang
spherical buildings as summarized in 30.14. Assertion (ii) holds by 13.30
and assertion (iii) is just 16.4. By 3.41.iii, φ is uniquely determined by ν up
to equipollence. Thus assertion (iv) holds by 13.34. �

Here is the main existence result:

Theorem 27.2. Let ∆ = X∗
� (Λ) be one of the spherical buildings described

in 30.15 for a suitable parameter system Λ, let K be the defining field of
∆, let ν be a discrete valuation of K and suppose that Λ is ν-compatible as
defined in the results in the second column of Table 27.2 (and modified in
footnote 8). Then there exists a Bruhat-Tits pair X̃�(Λ, ν) whose building at
infinity is ∆ that satisfies 16.4 (with respect to the unique valuation φ defined
in 13.8) with the following proviso: If ∆ = B∗

� (Λ) = C∗
� (Λ) for ∗ = Q, I or

P, then X∗
� (Λ, ν) exists, but only for one value of X in the set {B, C}. This

value of X is determined in 19.22, 23.7 and 24.36 according to whether Λ is
ramified at ν or not (as defined in 19.17, 23.2 and 24.30).

Proof. These assertions hold by 14.47, 16.14, 19.21, 23.6, 24.35 and the
results in the third column of Table 27.2. �

To conclude this chapter, we record several conclusions about complete
Bruhat-Tits pairs.

Definition 27.3. Let ∆ be a Bruhat-Tits building. We call ∆∞
A the complete

building at infinity of ∆ if A is the complete system of apartments of ∆.

Theorem 27.4. The complete building at infinity of a Bruhat-Tits build-
ing always satisfies the Moufang condition. Equivalently, every Bruhat-Tits
building is completely Bruhat-Tits (as defined in 17.1).

Proof. This holds by the results in the fifth column of Table 27.2. �

8If X∗
�

= BE
2 , then “ν-compatible” is to be replaced by “exceptionally ν-compatible”

as defined in 21.22.
9Note that by 30.29, this makes sense even in the few cases where K is not quite an

invariant of ∆∞
A .



294 CHAPTER 27

Theorem 27.5. Let X∗
� (Λ) and K be as in 30.15 and let ν be a discrete

valuation of K. Suppose that the parameter system Λ is ν-compatible (in the
suitable sense that depends on X∗) and let

(∆,A) = X̃
∗
� (Λ, ν).

Then the pair (∆,A) is complete if and only if K is complete with respect
to ν and the following hold:

(i) If X
∗
� = X

Q
� or X

F
� for X = B or C, so Λ is an anisotropic quadratic

space (K, L, q), then L is complete with respect to the metric ∂ν on L
defined in 19.24.

(ii) If X
∗
� = X

I
� for X = B or C, so Λ is an involutory set (K, K0, σ), then

K0 is closed in K (with respect to ν).
(iii) If X∗

� = XP
� for X = B or C, so Λ is a proper anisotropic pseudo-

quadratic space

(K, K0, σ, L, q),

then the subset K0 is closed in K (with respect to ν) and T is complete
with respect to the metric ∂ν , where T and ∂ν are as in 24.38.

(iv) If X∗
� = XD

2 for X = B or C, so Λ = (K, K0, L0) is an indifferent set,
then both K0 and L0 are closed in K (with respect to ν).

(v) If X∗
� = XF

2 for X = B or C, so Λ is a quadratic space of type F4, then
the subfield F of K defined in 14.3 of [36] is closed (with respect to ν).

(vi) If X
∗
� = F4 and Λ is a composition algebra (K, F ) of type (i), then F

is closed in K (with respect to ν).
(vii) If X∗

� = G2, Λ = (E/K)◦ for some field extension E/K as defined in
15.20 of [36] and char(K) = 3, then E3 is closed in K (with respect
to ν).

Proof. These assertions hold by 17.9 and the descriptions of φ in the third
column of Table 27.2. �

Theorem 27.6. A Bruhat-Tits building is uniquely determined by its com-
plete building at infinity (as defined in 27.3).

Proof. Let ∆ be a Bruhat-Tits building and let K be the defining field of its
complete system of apartments (as defined in 30.15). By 27.5, K is complete
with respect to ν. The claim holds, therefore, by 23.15 and 27.1.iii. �

Theorem 27.7. Bruhat-Tits buildings are classified (modulo 21.23) by Mo-
ufang spherical buildings X∗

� (Λ) (in the notation of 30.15) such that

(i) the defining field K of X∗
� (Λ) is complete with respect to a discrete

valuation ν and
(ii) the conditions in (i)–(vii) of 27.5 are met.

If X∗
� (Λ) is algebraic (as defined in 30.31), then condition (i) implies condi-

tion (ii).
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Proof. Let ∆ be a Bruhat-Tits building. By 27.4 and the classification 30.14
of Moufang spherical buildings, its complete building at infinity (as defined in
27.3) is of the form X∗

� (Λ). By 27.6, ∆ is uniquely determined by its complete
building at infinity, and by 27.5, (i) and (ii) hold. Suppose, conversely, that
the pair (X∗

� (Λ), ν) satisfies (i) and (ii). By (i), 23.15 and 30.29, ν is uniquely
determined by X∗

� (Λ), and by (i) as well as the results in the second column
of Table 27.2, Λ is ν-compatible. By 27.2 and 27.5, there exists a Bruhat-
Tits building whose complete building at infinity is X�(Λ). The last claim
holds by 26.25.ii. �

We recall that various results about the automorphism group of a Bruhat-
Tits pair can be found in Chapter 18 and in the third part of Chapter 26.
See especially 18.6 and 26.37–26.41

The structure of a maximal irreducible residue that is not a residue of a
gem is determined in 18.31 when Π̃ = Ẽ7 or Ẽ8, in 24.67 when Π̃ = B̃� for
� ≥ 3, in 25.33 when Π̃ = G̃2 and in 26.17 when Π̃ = F̃4; see also 18.19.

In the next chapter, we apply the results summarized in this chapter to
work out the classification of locally finite Bruhat-Tits buildings.
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Chapter Twenty Eight

Locally Finite Bruhat-Tits Buildings

A building is called locally finite if each chamber is adjacent to only finitely
many other chambers.1 In this chapter we apply the results summarized in
the previous chapter to produce a list (in 28.33–28.38) of all locally finite
Bruhat-Tits buildings and their principal features.

As we will see, almost all locally finite Bruhat-Tits buildings are algebraic
as defined in 26.2.2 That is to say, they are the affine buildings associated
with pairs (G, F ), where F is a local field (as defined in 28.1) and G is an
absolutely simple algebraic group of F -rank � ≥ 2. These are precisely the
pairs whose classification (for arbitrary � ≥ 0) is described in Tits’s Corvallis
notes [33] and summarized (for � ≥ 2) in Tables 28.1–28.3.

As we produce our list of locally finite Bruhat-Tits buildings in 28.33–
28.38, we also correlate our findings with the results in [33] and at the end
of this chapter, we summarize our conclusions in Tables 28.4–28.6.

Suppose that (∆,A) is a complete Bruhat-Tits pair such that the building
∆ is locally finite and let K be the defining field of ∆∞

A . By 26.1, the pair

(∆,A) is of the form X̃∗
� (Λ, ν), and by 27.5, K is complete with respect to

the valuation ν. By 1.7, all the proper residues of ∆ are spherical buildings.
Since all the panels of ∆ are finite, it follows that all the proper residues of
∆ are, in fact, finite.

By the results in the last column of Table 27.2, there are panels of ∆
on which the additive group of the residue field K̄ of K acts faithfully.3

Therefore K̄ is finite. We conclude that K is a local field:

Definition 28.1. A local field is a field, a skew field or an octonion division
algebra K having a discrete valuation ν with respect to which K is complete
and the residue field K̄ is finite.4

In the first part of this chapter, 28.2–28.27, we assemble the results about
local fields and the algebraic structures defined over local fields — anisotropic
quadratic spaces, involutory sets, hexagonal systems, etc. — that are needed
to describe the classification of locally finite Bruhat-Tits buildings. A good
number of these results are well-known facts about local fields.

1Since by definition each chamber is contained in only finitely many panels, this is
equivalent to saying that all the panels are finite.

2The only exceptions are three small families of locally finite Bruhat-Tits buildings of
mixed type as defined in 26.4.

3To see this when (∆,A) = B̃D
2 (Λ, ν) for some indifferent set Λ = (K, K0, L0), we need

to observe that K2 ⊂ L0 and hence K̄2 ⊂ L̄0 by 10.2 in [36].
4Note that by 23.15, the valuation ν in 28.1 is unique. See also 28.4.i.
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We begin with the structure of K itself:

Theorem 28.2. If K is a commutative local field, then one of the following
holds:

(i) K is a finite extension of a p-adic field Qp for some prime p.
(ii) K is the field D((t)) of Laurent series over a finite field D.

Proof. This is proved in Chapter 2, Sections 4 and 5, of [28]. �

Remark 28.3. If K is a commutative local field of characteristic p > 0,
then by 28.2, K/Kp is an extension of degree p.

Theorem 28.4. Suppose that K is a non-commutative local field with val-
uation ν. Let F be its center. Then the following hold:

(i) K is not octonion.
(ii) The residue field K̄ is commutative.
(iii) K is of finite dimension n2 over F .
(iv) ν(F ∗) = nZ and the degree of the extension K̄/F̄ is n.
(v) If n > 2, then K does not have any involutions, and if n = 2, then

every involution of K acts trivially on F .

Proof. There are no inseparable finite extensions of finite fields, no finite
non-commutative fields and no finite octonion division algebras.5 By 26.15,
therefore, (i) and (ii) hold.

By Theorem 56.12 in [26],6 K is locally compact with respect to the metric
in 9.18.ii. By Theorem 58.9 in [26], a locally compact skew field is finite di-
mensional over its center. Thus (iii) holds. Hence (iv) holds by Theorem 14.3
in [24] and (v) holds by Theorem 2.2 in Chapter 10 of [27]. �

Our proof of 28.4.iii is due to T. Grundhöfer. He also observed that 28.4.iii
can be shown to follow from Propositon 3.1.4 in [12].

Remark 28.5. Let F be a commutative local field, let n > 1 and let φ be the
Euler function. By Theorem 31.8 in [24], there are exactly φ(n) isomorphism
types of skew fields of degree n over F and they are all cyclic. In particular,
there is a unique quaternion division algebra over F .

Remark 28.6. Let E/K be a separable extension of finite degree n and let
T be trace of this extension. If E is a local field with valuation ω, then ω is
invariant under every automorphism of E (by 23.15), and since K = T (E),
it follows that K is closed with respect to ω and hence complete. By 17.14.ii,
it follows that E is a local field if and only if K is a local field.

Remark 28.7. Let K be a commutative local field. By Theorem 2 in
Chapter 3, Section 5, of [28], there exists a unique field E containing K such

5The non-existence of finite octonion division algebras was first proved by E. Artin;
see, for example, 34.5 in [36].

6Theorem 56.12 in [26] is stated only for commutative fields, but the proof is valid also
for skew fields.
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that E/K is an unramified separable quadratic extension (unique up to a
K-linear isomorphism). In general, there are, however, many fields E such
that E/F is a ramified separable quadratic extension over F .

Remark 28.8. Let K be a commutative local field and let M be the unique
quaternion algebra over K. As observed in the Appendix to Chapter VI,
Section 1, of [11], it follows from Theorem 3 in Chapter VI, Section 1.1, of
[11] that every field E containing K such that E/K is a quadratic extension
is K-linearly isomorphic to a subfield of M containing K.

Proposition 28.9. Suppose that K is a local quaternion division algebra
with center F , let N : K → F be its reduced norm, let (E, e) be a pair as in
26.22.i and let β = −N(e). Then F = N(E) ∪ βN(E). In particular, N is
surjective.

Proof. For each γ ∈ F ∗, let (E, γ) be the quaternion algebra defined in 9.3
of [36]. By 20.20 in [36], (E, β) ∼= K. Now suppose that γ is an element
of F not in N(E) ∪ βN(E). By 9.4 in [36], (E, γ) and (E, β/γ) are both
division algebras. By 23.14.ii, F is a local field, so by 28.5, there is only
one quaternion division algebra over F up to isomorphism. Hence (E, γ)
and (E, β/γ) are isomorphic. By 9.7 in [36], it follows that β = γ · β/γ ∈
N(E). Thus 9.4 in [36] implies that (E, β) is not a division algebra. This
contradicts, however, our observation that (E, β) ∼= K. We conclude that
F = N(E) ∪ βN(E). Since N(u + ev) = N(u) − βN(v) for all u, v ∈ E (by
26.22.i), it follows that N is surjective. �

Proposition 28.10. Let K and N be as in 28.9 and let ν be the unique
valuation of K. Then ν(u) = ν(N(u))/2 for all u ∈ K∗.

Proof. This holds by 30.18 since ν is invariant with respect to the standard
involution of K (by 23.15). �

Proposition 28.11. Let Λ = (K, L, q) be a unitary anisotropic quadratic
space and suppose that K is a local field. Let m = dimK L and for each i,
let

Λ̄i = (K̄, L̄i, q̄i)

be as in 19.33 and let mi = dimK̄ L̄i. Then the following hold:

(i) mi > 0 for all even i.
(ii) mi ≤ 2 for all i.
(iii) m = m0 + m1 ≤ 4.
(iv) m1 > 0 if and only if Λ is ramified.7

(v) Λ is unramified if m = 1 and ramified if m = 3 or 4.
(vi) If m = 2, then there is a quadratic extension E/K with norm N such

that Λ ∼= (K, E, N). If E/K is inseparable, then q(L) = K and Λ is

7Properly speaking, we should say that Λ is ramified at ν, where ν is the unique
valuation of K. Because of the uniqueness of ν, however, we will generally omit such
references to ν in this chapter.
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ramified. If E/K is separable, then Λ is ramified if and only if the
extension E/K is ramified.

(vii) If m = 3 or 4, then the bilinear form associated with q is not identically
zero.

(viii) Λ is not of type E6, E7 or E8 nor is Λ of type F4.

Proof. Since Λ is unitary, (i) holds; (ii) holds by 34.3 in [36]. By 19.36,
we have m = m0 + m1, so (iii) follows from (ii); (iv) holds by 19.17 and
(v) is a consequence of (i)–(iv). Suppose m = 2. By 34.2.ii in [36], there
exists E such that E/K is a quadratic extension with norm N such that
Λ ∼= (K, E, N). If E/K is inseparable, then N(x) = x2 for each x ∈ E. By
28.3, E = K2, so N(E) = K. Thus q(L) = K, so Λ is ramified. By 19.17
(and its footnote), therefore, (vi) holds. Suppose that m ≥ 2 and that the
bilinear form associated with q is identically zero. By (vi), there exists a
two-dimensional subspace E of L such that q(E) = K. This implies that
m = 2 (since q is anisotropic). Thus (vii) holds. Quadratic forms of type
E6, E7, E8 and F4 are anisotropic and have dimension greater than 4. By
(iii), therefore, (viii) holds. �

Remark 28.12. If K is a local field and M is the unique quaternion division
algebra over K, then, up to similarity, (K, M, N) is the unique anisotropic
quadratic space of dimension four, where N is the reduced norm of M . This
is proved in 4.1 in Chapter 6 of [27] when char(K) �= 2, but the proof is valid
also when char(K) = 2 since there is only one two-dimensional anisotropic
quadratic space over K̄ and it is non-degenerate.

Remark 28.13. Suppose that K is a local field and that Λ = (K, L, q)
is an anisotropic quadratic space of dimension 3. By 28.11.vii, the bilinear
form f associated with q is not identically zero. We can therefore choose
a subspace E of L of dimension 2 such that the restriction qE of q to E is
non-degenerate. Let u ∈ E∗. After replacing q by q/q(u), we can assume
that E has the structure of a field containing F such that qE is the norm of
this extension (by 28.11.vi). Let e be a non-zero element of L perpendicular
to E with respect to f and let β = −q(e). Then β �∈ qE(E) because q is
anisotropic. Thus M := (E, β) is a quaternion division algebra, where (E, β)
is as in the proof of 28.9. Moreover, M contains L = 〈E, e〉 as a K-subspace
and the restriction NL of the reduced norm N of M to L is precisely q.
Now suppose that Λ1 = (K, L1, q1) is a second anisotropic quadratic space
of dimension 3. Since there is only one quaternion algebra over K (by 28.5),
it follows that there is a K-subspace of M that we can identify with L1 so
that restriction NL1 of N to L1 is similar to q1. Since the reduced trace T
of M is non-degenerate, we can choose non-zero elements z, z1 ∈ M such
that z⊥ = L and z⊥1 = L1 (where ⊥ is as in 26.22). Let s = z1z

−1. Since
T (su, z1) = T (su, sz) = N(s)T (u, z) for all u ∈ M , we have L1 = sL. Thus
the map x �→ sx is a K-linear similarity from the quadratic space (K, L, NL)
to the quadratic space (K, L1, NL1). We conclude that (K, L, q) is unique
up to similarity.
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Theorem 28.14. There do not exist any proper indifferent sets (K, K0, L0)
for K a local field.

Proof. Let Λ = (K, K0, L0) be an indifferent set (as defined in 10.1 in [36]),
let F = K2 and let L be the subring of K generated by L0. By 10.2 in [36],

F ⊂ L0 ⊂ L ⊂ K0 ⊂ K

and FK0 ⊂ K0. Thus, in particular, K0 is an F -subspace of K containing F .
Now suppose that K is a local field. By 28.3, K/F is a quadratic extension.
Therefore either K0 = K or F = L0 = L = K0. Thus Λ is not proper (as
defined in 38.8 of [36]). �

Theorem 28.15. Let Λ = (K, K0, σ) be an involutory set with σ �= 1 and
suppose that K is a local field. Then exactly one of the following holds:

(i) Λ is a quadratic involutory set of type (iii) as defined in 30.17, i.e. K
is commutative, F := K0 is a subfield of K and K/F is a separable
quadratic extension. Furthermore, Λ is ramified (as defined in 23.2) if
and only if the extension K/F is ramified.

(ii) Λ is a ramified quadratic involutory set of type (iv).
(iii) K is a quaternion division algebra, K0 = Kσ (as defined in 23.19), K0

contains the center F of K, K0 is a vector space over F of dimension
three and Λ is both proper and unramified.

Proof. Let ν be the valuation of K. If K is commutative, then (K, K0, σ)
is a quadratic involutory set of type (iii) by 11.3 in [36], and by 23.2, the
field extension E/F is ramified if and only if the involutory set Λ is ramified.
Thus (i) holds.

Suppose now that K is not commutative and let F denote its center. By
28.4.v, K is a quaternion division algebra and σ acts trivially on F . Suppose
that F = K0. By 11.1.i in [36], Kσ ⊂ F , and by 11.2 in [36], Kσ = F if
char(K) �= 2. By 26.22.iv, it follows that σ is the standard involution of K.
By 28.4.iv, ν(F ∗) = 2Z. Hence Λ is ramified. Thus (ii) holds.

Suppose that K0 �= F . If char(K) �= 2, then K0 = Kσ = Kσ (by 11.2
in [36]). Suppose that char(K) = 2. Suppose, too, that σ is the standard
involution of K. Let E, e and β be as in 26.22.i. By 28.2, we have

(28.16) E = {a2 + βb2 | a, b ∈ E}.8

As in 23.16, we consider V := Kσ/Kσ as a right vector space of K with
scalar multiplication given by 23.20. By (i) and (ii) of 26.22, we have

(a + eb)σe(a + eb) ≡ e(a2 + βb2) (mod Kσ)

for all a, b ∈ E. By 28.16, therefore, dimK V = 1. Since K0 �= F = Kσ, we
conclude that K0 = Kσ. By 26.22.v, it follows that K0 = Kσ even if σ is
not the standard involution.

8Here are the details. By 28.2, F = D((t)) for some finite subfield D and some t ∈ F .
Because the reduced norm of K is anisotropic, we have β �∈ F 2. Hence there exist u, v ∈ F
such that u2 + βv2 = t + terms of degree > 1. It follows that F = {x2 + βy2 | x, y ∈ F}.
Since E/F is separable, we can choose c ∈ E such that c2 �∈ F and hence E = F + c2F .
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Now suppose that char(K) is arbitrary and let N be the reduced norm of
K. By 26.22.ii and 26.22.iv, dimF Kσ = dimF K0 = 3. By 23.23 in [36], Λ is
proper. By 28.11.v, the anisotropic quadratic space (F, K0, N) is ramified.
By 28.4.iv, the restriction of ν/2 to F is the unique valuation of F . Hence
ν(N(K∗

0 ))/2 = Z (by 19.17). By 28.10, therefore, ν(K∗
0 ) = Z. Hence Λ is

unramified (by 23.2). Thus (iii) holds. �

Proposition 28.17. Let K be a local quaternion division algebra with val-
uation ν, let F be the center of K, let σ be the standard involution of K, let
E be a subfield of K containing F such that E/F is a separable quadratic
extension and let e ∈ K∗ ∩ E⊥. Then the following hold:

(i) If E/F is ramified, then ν(E∗) = Z.
(ii) If E/F is unramified, then ν(E∗) = 2Z and ν(ev) is odd for all v ∈ E∗.

Proof. By 28.4.iv, ν(F ∗) = 2Z. Therefore ν(E∗) = δZ for δ = 1 or 2 and
ν(F ∗)/δ = (2/δ)Z. The restriction of ν/δ to E is the unique valuation of
E. By 23.2, therefore, E/F is ramified if and only if 2/δ = 2. Suppose that
E/F is unramified, so δ = 2, and let N be the reduced norm of K. By 28.10,
we have ν(N(E∗)) = 4Z. Since ν(F ∗) = 2Z, it follows by 28.9 that ν(N(e))
is twice an odd integer. Therefore ν(ev) is odd for all v ∈ E∗ (again by
28.10). �

Proposition 28.18. Let K, F , ν and σ be as in 28.17, let E be a sub-
field of K containing F such that E/F is an unramified separable quadratic
extension, let e ∈ K∗ ∩ E⊥, let τ be the involution of K given by

(u + ev)τ = u − evσ

for all u, v ∈ E, let K0 = Kτ and let Λ = (K, K0, τ). Suppose that
char(K) �= 2. Then the following hold:

(i) The residue Λ̄ of Λ is a quadratic involutory set of type (ii).
(ii) There exists an element π ∈ K∗

0 such that ν(π) = 1 and the residue
Λπ of the translate Λπ of Λ with respect to π is a quadratic involutory
set of type (iii).

Proof. By 28.4.iv, K̄/F̄ is a quadratic extension. Since E/F is unramified,
also Ē/F̄ is a quadratic extension. Since E ⊂ Kτ = K0, it follows that
Ē = K̄0 = K̄. Thus (i) holds.

By 28.17.ii, ν(ev) is odd for all v ∈ E∗. Moreover, eE = E⊥ and
dimF K0 = 3. We can thus choose w ∈ E such that ew ∈ K∗

0 ∩ E⊥ and
ν(ew) = 1. Let β = (ew)2 = −N(ew) and let ρ = τιew , where ι is as in
26.22. Thus (K, Kρ, ρ) is the translate of Λ with respect to ew. We have

uρ = ew · u · ew/β

= uσ

for all u ∈ E (by 26.22.i). By 26.15, σ̄ acts non-trivially on K̄. Since
Ē = K̄, we conclude that ρ̄ �= 1. By 11.3 in [36], it follows that Λ̄ is a
quadratic involutory set of type (iii). Thus (ii) holds with π = ew. �
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Proposition 28.19. Let K, F , ν and σ be as in 28.17, let K0 = Kσ and
let Λ = (K, K0, σ). Suppose that char(K) = 2. Then the following hold:

(i) The residue Λ̄ of Λ is a quadratic involutory set of type (iii).
(ii) There exists an element π ∈ K∗

0 such that ν(π) = 1 and the residue
Λπ of the translate Λπ of Λ with respect to π is a quadratic involutory
set of type (ii).

Proof. By 26.15 and 28.4.iv, (K̄, F̄ , σ̄) is a quadratic involutory set of type
(iii). In particular, σ̄ �= 1. Since K0 = Kσ, K̄0 is contained in the set of
fixed points of σ̄. Hence K̄0 = F̄ . Thus (i) holds.

By 28.7 and 28.8, there exists a subfield E of K containing F such that
E/F is an unramified quadratic extension. By 26.22.i and 28.17.ii, we can
choose e in K∗ ∩ E⊥ such that ν(e) = 1. By 26.22.ii, K0 = Kσ = F + eE.
The translate Λe of Λ with respect to e is (K, eK0, σιe), where ι is as in
26.22. Since E ⊂ eK0 and Ē = K̄, it follows that Λe is of type (ii). Thus
(ii) holds with π = e. �

Theorem 28.20. Let

Λ = (K, K0, σ, L, q)

be an anisotropic pseudo-quadratic space and let m := dimK L. Suppose that
Λ is proper (as defined in 35.5 in [36]) and that K is a local field. Then one
of the following holds:

(i) (K, K0, σ) is a quadratic involutory set of type (iii), m ≤ 2 and Λ is
unramified.

(ii) (K, K0, σ) is a quadratic involutory set of type (iv), m ≤ 3 and Λ is
unramified if m = 2 or 3.

(iii) (K, K0, σ) is as in case (iii) of 28.15, m = 1 and Λ is unramified.

Proof. Let ν be the valuation of K. Since Λ is proper, σ is non-trivial.
We can thus apply 28.15. Suppose that K0 = Kσ (as defined in 23.19),
let d = m if m < ∞ and let d be an arbitrary positive integer otherwise.
If v ∈ L∗, then q(v) �∈ K0 (by 11.16.iii in [36]) and hence f(v, v) �= 0 by
11.19 in [36]. Hence we can choose non-zero vectors v1, v2, . . . , vd that are
pairwise orthogonal with respect to f . By 11.16 in [36], there exist scalars
α1, . . . , αd ∈ K\K0 such that

(28.21) q(v1t1 + · · · + vdtd) ≡ tσ1α1t1 + · · · + tσdαdtd (mod K0).

Suppose now that (K, K0, σ) is as in case (i) of 28.15. Thus, in particular,
K0 = Kσ. Let F = K0, let N be the norm of the extension K/F , let α be
an arbitrary element of K not in F if K/F is unramified and let α be an
element of K∗ such that ν(α) = 1 if K/F is ramified. Since ν(F ∗) = 2Z if
K/F is ramified, we have α �∈ F in both cases. We can thus choose elements
s1, w1, . . . , sd, wd ∈ F such that αi = αsi + wi for each i ∈ [1, d]. By 28.21,
therefore,

(28.22) q(v1t1 + · · · + vdtd) ≡ α
(
s1N(t1) + · · · + sdN(td)

)
(mod F )
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for all t1, . . . , td ∈ K. Since q(v) �∈ K0 = F for all v ∈ L∗, it follows that the
quadratic space (F, V, Q) is anisotropic, where V = Ed and

Q(t1, . . . , tm) = s1N(t1) + · · · + sdN(td)

for all (t1, . . . , td) ∈ V . By 28.11.iii, d ≤ 2. Therefore m = d ≤ 2 by the
choice of d. By 24.30, Λ is unramified if (K, F, σ) is unramified. If (K, F, σ) is
ramified, then ν(αs1) is odd by the choice of α. Since (v1, αs1) is an element
of the group T ∗ defined in 11.24 of [36], it follows that Λ is unramified also
in this case (by 24.30). Thus (i) holds.

Suppose next that (K, K0, σ) is as in case (ii) of 28.15, so (K, K0, σ) is
ramified (but K0 = Kσ only if the characteristic of K is not 2). Let F = K0

and let L̄i for i ∈ Z be as in 24.51. An anisotropic pseudo-quadratic space
over a finite field with non-trivial involution cannot have dimension greater
than 1; this is shown in the middle of page 378 in [36]. Since σ̄ �= 1 (by
26.15) and Λ̄ as defined in 24.53 is an anisotropic pseudo-quadratic space, it
follows that dimK̄ L̄0 ≤ 1. Thus m ≤ 1 if Λ is ramified by 24.59.v. Suppose
that Λ is unramified. By 34.3 in [36] and 24.55, dimK̄ L̄1 ≤ 2. Hence m ≤ 3
by 24.59.iv. Thus (ii) holds.

Suppose, finally, that (K, K0, σ) is as in case (iii) of 28.15. Then K0 = Kσ

again, so 28.21 holds. By the formulas in (ii) and (iv) of 26.22 and some
calculation, we have

(28.23) tσα1t ≡ N(t)α1 (mod K0)

for all t ∈ K, where N denotes the reduced norm of K. By 28.9, N is
surjective. By 28.21 and 28.23 (and the hypothesis that Λ is anisotropic as
defined in 11.16.iii in [36]), it follows that m = 1. By 28.15.iii, (K, K0, σ) is
unramified. By 24.30, it follows that Λ is unramified. Thus (iii) holds. �

A completely different proof of the bound m ≤ 3 in 28.20.ii for the case that
char(K) �= 2 can be found in Theorem 3.6.ii in Chapter 10 of [27].

Remark 28.24. Suppose that Λ = (K, K0, σ, L, q) and m are as in case
(i) of 28.20 and let F = K0. Suppose, too, that the extension K/F is
unramified and that m = 2. By 28.22 (where now d = 2), the vector space
L can be endowed with the structure of a quaternion division algebra over
F containing K as a subfield so that

q(x) ≡ βN(x) (mod F )

for some β ∈ K\F and for all x ∈ L, where N is the reduced norm of this
quaternion division algebra. Since a pseudo-quadratic form is really only
defined modulo K0, we can assume that, in fact, q(x) = βN(x) for all x ∈ L.
Since K/F is unramified, we have ν(F ∗) = Z (by 23.2).9 By 28.9, we have
F ∗ = N(L∗). We can therefore choose w ∈ L∗ such that ν(N(w)) = 1. Let
ψ(x) = wx for all x ∈ L. Then ψ is a K-linear automorphism of L such
that q(ψ(x)) = N(w)q(x) for all x ∈ L. This means that we will be able

9Note that if ω is the unique valuation of L, then by 28.17.ii, its restriction to K is 2ν,
not ν.
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to apply 24.58.iv in this case when we want to determine the gems of the
corresponding affine building (in 28.36).

Proposition 28.25. Let

Λ = (K, K0, σ, L, q)

be a proper anisotropic pseudo-quadratic space and suppose that the residue
(K̄, K̄0, σ̄) is a quadratic involutory set of type (k). Let L̄ = L̄0 be as in
24.51. Then the following hold:

(i) If k equals ii, then L̄ = 0.
(ii) If k equals iii and Λ is as in case (i) or (iii) of 28.20, then L̄ �= 0.

Proof. Let T0, T1 and Z0 be as in 24.50. Suppose that k equals ii and let
(a, t) ∈ T0\T1. Since K̄ = K̄0, there exists s ∈ K∗

0 such that ν(s) = 0 and
ν(t − s) ≥ 1. Therefore

(a, t) = (a, t − s) + (0, s) ∈ T1 + Z0.

Thus (i) holds.
Now suppose that k equals iii and that Λ is as in case (i) or (iii) of 28.20

(so K0 = Kσ). If Λ is as in case (i) of 28.20, let F = K0 and let N be
the norm of the extension K/F . If Λ is as in case (iii) of 28.20, let F be
the center of K and let N be the reduced norm of K. In both cases N is
surjective (by 28.9). It follows from 28.21–28.23 that for each t ∈ K, there
exists an element a ∈ L such that (a, t) ∈ T . Since k equals iii, we have
K̄0 = F̄ . Hence we can choose (a, t) ∈ T such that ν(t) = 0 and t̄ �∈ K̄0 and
hence (a, t) �∈ T1 + Z0. Thus (ii) holds. �

Proposition 28.26. Let Λ = (K, F ) be a composition algebra and suppose
that K is a local field. Then the following hold:

(i) Λ is not of type (v).
(ii) If Λ is of type (i), then F = K2.
(iii) F is also a local field.
(iv) If Λ is of type (i), (ii) or (iv) as defined in 30.17, then Λ is uniquely

determined by F .

Proof. By 28.4.i, (i) holds. Suppose that Λ is of type (i). By 28.3, K/K2

is a quadratic extension. Since K2 ⊂ F , it follows that F = K2. Thus (ii)
holds, F is a local field and Λ is uniquely determined by F . If Λ is of type
(iii), then F is a local field by 28.6 and if Λ is of type (iv), then F is a local
field by 23.14.ii. Thus (iii) holds. By 28.5, we conclude that (iv) holds; see
also 28.7. �

Theorem 28.27. Let

Λ = (J, K, N, #, T,×, 1)

be an hexagonal system and suppose that K is a local field. Then there exists
a local field E containing K such that exactly one of the following holds:
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(i) Either E = K or char(K) = 3 and K = E3 and (in both cases)
Λ ∼= (E/K)◦; or

(ii) E/K is a separable cubic extension and Λ ∼= (E/K)+; or
(iii) E is a skew field of degree 3 over K (so the dimension of E over K

is 9) and Λ ∼= E+,

where (E/K)◦, (E/K)+ and E+ are as defined in 15.20–15.22 of [36].

Proof. By 28.3, if char(K) = 3 and E is a field containing K properly such
that E3 ⊂ K, then, in fact, E3 = K. By 28.5, there are two skew fields of
degree 3 over K, but by 28.4.v, neither of them has an involution. Thus Λ
cannot be of type 9∗/K as defined in 15.31 of [36]. Suppose that dimK J = 27
and let Λ̄ and J̄ be as in 25.28. Then Λ̄ is an hexagonal system and by (i) and
(ii) of 25.30, dimK̄ J̄ is either 9 or 27. By 15.20 in [36], the only hexagonal
system of type 1/K̄ is one-dimensional (since K̄ is perfect). By 30.5 in [36],
therefore, T̄ is not identically zero. By 30.6 and 30.17 (as well as 15.22 and
15.31) in [36], it follows that there exists a skew field of degree 3 over K̄.
Since there are no finite skew fields, dimK J cannot, in fact, be 27. By 17.6
in [36], we conclude that Λ is as in (i), (ii) or (iii). �

* * *

This concludes the first part of this chapter. Equipped with the results
28.2–28.27 and the classification 30.14, we can now make a list of all Bruhat-
Tits buildings whose building at infinity is defined over a local field. It will
turn out that all of these Bruhat-Tits buildings are, in fact, locally finite.
As we make the list, we also determine the structure of the gems (and thus,
implicitly, of all the irreducible residues) and correlate our findings with the
classification of absolutely simple algebraic groups defined over a local field
given in [33]. More precisely, we determine where (and whether) each family
of locally finite Bruhat-Tits buildings belongs in Tables 4.2 and 4.3 in [33].10

Each row in these tables is uniquely specified by the “name” that appears
in the first column. This name refers to the local index of a family of forms
of algebraic groups, local because it refers to algebraic groups defined over
fields that are local in the sense of 28.1. Given the subject of this book, we
prefer to use the term affine index in place of local index.

Let G be an absolutely simple algebraic group defined over a local field F
and let F1 be the maximal unramified extension of F . The affine index of
the pair (G, F ) is the triple (Ω1, Θ, S), where Ω1 is the absolute local Dynkin
diagram of the given algebraic group (as defined in Section 1.11 of [33]11),
Θ is the subgroup of Aut(Ω1) induced by Gal(F1/F ) and S is the vertex set
of Ω1. In the tables in [33], Ω1 is the first entry in the next-to-last column.
The diagram Ω1 is drawn according to the convention that vertices of Ω1

10When we refer to the tables in [33], we will always ignore those rows in which the
affine Coxeter diagram has fewer than three vertices. In other words, we ignore those
algebraic groups whose relative rank (the second subscript in the index) is less than 2.

11This diagram is called ∆1 in [33]; we prefer to reserve the letter ∆ in this book for
buildings.
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are in the same Θ-orbit if and only if they are drawn “near” and one above
the other. The order of Θ is the superscript (to the left) in the name of the
index unless the order of Θ is 1, in which case there is no superscript.12 The
indices where Θ is trivial are precisely those in Table 4.2 in [33].

Let Ω = Ω1 if Ω1 is in Table 4.2 in [33] and let Ω be the diagram directly
below Ω1 if Ω1 is in Table 4.3 in [33]. In each case, there is a visible corre-
spondence between the orbits of Θ and the vertices of the diagram Ω. The
diagram Ω is called the relative local Dynkin diagram of the pair (G, F ).13

Let Π1 denote Ω1 stripped of the arrows on its multiple edges (so Π1 = Ω1

if Ω1 has no multiple edges) and let Π denote the diagram Ω stripped of the
arrows on its multiple edges (and all its other labels). Then Π1 is the Coxeter
diagram of the Bruhat-Tits building ∆1 corresponding to the pair (G, F1)
and Π is the Coxeter diagram of the Bruhat-Tits building ∆ associated with
the pair (G, F ).

The entry in the last column of the tables in [33] is the index of (G, F ) as
defined in Tits’s Boulder notes [31] (and in the notation introduced there).
We will refer to the index as the spherical index of (G, F ) since it is really
an invariant of the spherical building ∆∞

A .
We have reproduced most of Tables 4.2 and 4.3 of [33] in Tables 28.1–28.3

below:14 We have omitted only the second column of Table 4.3 of [33] and
the rows of Tables 4.2 and 4.3 of [33] where the Coxeter diagram Π has fewer
than three vertices. We have also applied 28.32 below, so � always denotes
the number of vertices of the Coxeter diagram Π minus 1. The vertices of
the Coxeter diagram Π that are special in the sense of 1.1 are labeled either
“s” (for special) or “hs” (for hyperspecial) in Tables 4.2 and 4.3 of [33]. In
our tables we have included the “hs” but omitted the “s” since it is clear
by inspection which vertices are special. All the other “decorations” of the
Coxeter diagram Π have been reproduced faithfully as well as the arrows of
both Ω and Ω1.

We will say a few words about the meaning of these crosses, arrows and
numbers as well as the label “hs” in 28.40 below.

Note 28.28. The affine index A� in Table 28.1 is the triple (Ω1, Θ, S), where
Ω1 is the Coxeter diagram Ã� and Θ = 1. The affine index dA(�+1)d−1 in

Table 28.2 is the triple (Ω1, Θ, S), where Ω1 is the Coxeter diagram Ã(�+1)d−1

and Θ is the group of rotations of Ω1 of order d. The Coxeter diagram Π is
Ã� in both cases. In the first case, every vertex of Π is hyperspecial and in
the second case every vertex of Π is labeled with a “d.”

12It would be more consistent with the notation in [31] to add � as a second subscript
to the name of each affine index to indicate the number of orbits of Θ minus 1. It also
might make sense to put a tilde over the name of an affine index to distinguish it more
clearly from the index of the corresponding pair (G, F ) in the last column of the tables in
[33]. Neither of these modifications is necessary, however, and we do not make them.

13In Table 4.2 in [33], where the relative and absolute local Dynkin diagrams coincide,
the adjectives “relative” and “absolute” are omitted.

14Tits’s Corvallis notes [33] (as well as Tits’s Boulder notes [31]) can be downloaded
from the AMS website.
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Name Affine Index Spherical Index

A�, � ≥ 2 See 28.28. 1A
(1)
�,�

B�, � ≥ 3 • • • • •

•

•

....................................
............
...........
............
............
........

.......................................................

.............................................................

................................................................................................................................................ ........................................................................................... ........ ........ ........ .

hs

hs

B�,�

B-C�, � ≥ 3 • • • • •

•

•

....................................
............
...........
............
............
........

.......................................................

.............................................................

................................................................................................................................................ ........................................................................................... ........ ........ ........ . 2A
(1)
2�−1,�

C�, � ≥ 2 • • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ................................................................................... hshs ........ ........ ........ ........ . C
(1)
�,�

C-B�, � ≥ 2 • • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ........................................................................................... ........ ........ ........ . 2D
(1)
�+1,�

C-BC�, � ≥ 2 • • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ........................................................................................... ........ ........ ........ . 2A
(1)
2�,�

D�, � ≥ 4

•

•

• • • •

•

•

..............................................................................................................................

..........................................................................................................................................

................................................................................... ........................................................................................... ........ ........ ........ .

hs

hs

hs

hs

1D
(1)
�,�

E6
• • •.........................................................................................................................

•

•

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
...

•

•

........................................................................................................................hs

hs

hs

1E0
6,6

E7 • • • • • • •

•

................................................................................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

hs hs E0
7,7

E8 • • • • • • • •

•

............................................................................................................................................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

hs E0
8,8

F4 • • • • •
....................................

.............................................................

...................................................................................................................................................................................... .............................................................hs F0
4,4

FI
4

• • • • •
....................................

.............................................................

...................................................................................................................................................................................... ............................................................. 2E2
6,4

G2
• • •......................................................................................................................................................................................

.............................................................
....................................hs G2,2

GI
2

• • •......................................................................................................................................................................................
.............................................................

....................................
3D4,2 or 6D4,2

Table 28.1 Affine Indices with Trivial Θ
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Name Affine Index Spherical Index

dA(�+1)d−1, d ≥ 2, � ≥ 2 See 28.28. 1A
(d)
(�+1)d−1,�

2A′
2�−1, � ≥ 2

• • • • •
• • • • •
..............................................................................................................................

..............................................................................................................................

................................................................................... ...................................................................................

................................................................................... ...................................................................................

........ ........ ........ ........ .

........ ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2 2 2

hshs ........ ........ ........ ........ .

2A
(1)
2�−1,�

2A′′
2�+1, � ≥ 2

•
•

• • • •
• • • •

•
•

.....................................................

.....................................................

............................................................................................................................................... ...............................................................................................................................................

............................................................................................................................................... ...............................................................................................................................................

........ ........ ........ ........ .

........ ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2 2 23 3

× ×........ ........ ........ ........ .

2A
(1)
2�+1,�

2A′
2�, � ≥ 2

•
•

• • • •
• • • • •

.....................................................

..............................................................................................................................

............................................................................................................................................... ...................................................................................

............................................................................................................................................... ...................................................................................

........ ........ ........ ........ .

........ ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2 2 2

hs
3

× ........ ........ ........ ........ .

2A
(1)
2�,�

2B�+1, � ≥ 2

•
• • • • • •
..............................................................................................................................

....................................
.............................................................
................................................................................................................................................ ........................................................................................... ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2

........ ........ ........ ........ .

B�+1,�

2B-C�+1, � ≥ 2

•
• • • • • •
..............................................................................................................................

....................................
.............................................................
................................................................................................................................................ ........................................................................................... ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2

........ ........ ........ ........ .

2A
(1)
2�+1,�

2C2�+1, � ≥ 2

•
•

• • • • •
• • • • •

.....................................................

....................................

...........
.............
.............

.............................................................

.............................................................

.............................................................

.............................................................

............................................................................................................................................... ...................................................................................

............................................................................................................................................... ...................................................................................

........ ........ ........ ........ .

........ ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2 2 2 23

× ........ ........ ........ ........ .

C
(2)
2�+1,�

2C2�, � ≥ 2
• • • • • •

• • • • •
..............................................................................................................................

....................................

...........
.............
.............

.............................................................

.............................................................

.............................................................

.............................................................

................................................................................... ...................................................................................

................................................................................... ...................................................................................

........ ........ ........ ........ .

........ ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2 2 2 2

........ ........ ........ ........ .

C
(2)
2�,�

2C-B2�+1, � ≥ 2

•
•

• • • • •
• • • • •

.....................................................

....................................

...........
.............
.............

.............................................................

.............................................................

.............................................................

.............................................................

............................................................................................................................................... ...................................................................................

............................................................................................................................................... ...................................................................................

........ ........ ........ ........ .

........ ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2 2 2 23

× ........ ........ ........ ........ .

2D
(2)
2�+2,�

2C-B2�, � ≥ 2
• • • • • •

• • • • •
..............................................................................................................................

....................................

...........
.............
.............

.............................................................

.............................................................

.............................................................

.............................................................

................................................................................... ...................................................................................

............................................................................ ...................................................................................

........ ........ ........ ........ .

........ ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2 2 2 2

........ ........ ........ ........ .

2D
(2)
2�+1,�

2D�+1, � ≥ 3

•
• • • • •

•

•

..............................................................................................................................

..............................................................................................................................

................................................................................... ........................................................................................... ........ ........ ........ .

• • • • •

•

•

....................................
............
............
............
............
.......

.......................................................

.............................................................

................................................................................................................................................ ...................................................................................
2

hs

hs

........ ........ ........ ........ .

2D
(1)
�+1,�

2D′
�+2, � ≥ 2

•
• • • • • •

•
..............................................................................................................................

..............................................................................................................................
................................................................................... ........................................................................................... ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2

........ ........ ........ ........ .

1D
(1)
�+2,�

Table 28.2 Affine Indices with Non-Trivial Θ, I
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Name Affine Index Spherical Index

2D′′
2�, � ≥ 3

• • • • •

•

•• • • •

•

•
..............................................................................................................................

..............................................................................................................................

............
............

............
............

............
.............
............
............
............
............
.....

................................................................................... ...................................................................................

............................................................................ ...................................................................................

........ ........ ........ ........ .

........ ........ ........ ........ .

• • • • •

•

•

....................................
............
............
............
............
.......

.......................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2 2 2

2

2

........ ........ ........ ........ .

1D
(2)
2�,�

2D′′
2�+1, � ≥ 3

•
•

• • • •

•

•• • • •

•

•
.....................................................

..............................................................................................................................

............
............

............
............

............
.............
............
............
............
............
.....

............................................................................................................................................... ...................................................................................

............................................................................................................................................... ...................................................................................

........ ........ ........ ........ .

........ ........ ........ ........ .

• • • • •

•

•

....................................
............
............
............
............
.......

.......................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2 2 2

2

2

3
× ........ ........ ........ ........ .

2D
(2)
2�+1,�

2D′′
5

•

•

••

•

•
.....................................................

..............................................................................................................................

............
............

............
............

............
.............
............
............
............
............
.....

•

•
............
............
............
............
............

............
............
............
............
................................................

•

............................................................

............................................................

....................................

2

2

3
×

2D
(2)
5,2

3D4

• • •
•
•
...............................................................................................................................

.........................................................................................................................

• • •......................................................................................................................................................................................
.............................................................

....................................

3

3D4,2

4D2�+2, � ≥ 2
• • • • • •

•• • • • •
•..............................................................................................................................

................................................................................................................................

.......................................
.............................

........................
.....................

...............
................................................................................... ...................................................................................

............................................................................ ...................................................................................

........ ........ ........ ........ .

........ ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2 2 2 4

........ ........ ........ ........ .

2D
(2)
2�+2,�

4D2�+3, � ≥ 2

• • • • • •
•• • • • • •
•.....................................................

................................................................................................................................

.......................................
.............................

........................
.....................

...............
............................................................................................................................................... ...................................................................................

............................................................................................................................................... ...................................................................................

........ ........ ........ ........ .

........ ........ ........ ........ .

• • • • • •
....................................

....................................
.............................................................
.............................................................

.............................................................

................................................................................................................................................ ...................................................................................
2 2 2 2 43

× ........ ........ ........ ........ .

1D
(2)
2�+3,�

2E6

• • • • •
• •
..............................................................................................................................

.........................................................................................................................
.............................................................

.............................................................

• • • • •
....................................

.............................................................

...................................................................................................................................................................................... .............................................................
22

hs

2E2
6,4

3E6

•
•
•

•
•
•
•

• •
...............................................................................................................................

.........................................................................................................................
.............................................................

.............................................................

• • •......................................................................................................................................................................................
.............................................................

....................................

3 3

1E16
6,2

2E7

• • •
•

• •
• •

..............................................................................................................................
.............................................................

.........................................................................................................................

.........................................................................................................................

• • • • •
....................................

.............................................................

.......................................................................................................................... .........................................................................................................................
2 22

E5
7,4

Table 28.3 Affine Indices with Non-Trivial Θ, II
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We can now explain how we determine the affine index for each complete
Bruhat-Tits pair X̃�(Λ, ν) whose defining field K is local.15 For each family
of these pairs, we can determine the spherical index from 41.16 in [36] and the
indications on page 67 of [33].16 The Coxeter diagram Π is, of course, just X̃�.
This is enough information to determine the affine index in most cases, since
most of the affine indices in Tables 28.1–28.3 are uniquely determined by the
spherical index and Π. In fact, there are only four pairs of affine indices that
are not distinguished by these data: C-BC� and 2A′

2�,
2B-C�+1 and 2A′′

2�+1,
2C-B2�+1 and 4D2�+2 as well as GI

2 and 3D4. To match these affine indices to
the corresponding Bruhat-Tits pairs, we need to consider also the structure
of gems and interpret a few of the decorations of Π in the tables. In fact, it
will be enough to know that there is a cross next to a vertex in these tables
if and only if there exist root groups of gems that are non-abelian17 and that
there is an integer m next to a vertex that does not have a cross if and only
if there exist root groups of gems that are parametrized by vector spaces of
dimension m over F̄ , where F is the subfield of K defined in 28.40.18

Notation 28.29. For the rest of this chapter, we let

(∆,A) = X̃
∗
� (Λ, ν)

be a complete Bruhat-Tits pair such that the defining field K of ∆∞
A (as

defined in 30.15) is a local field (as defined in 28.1) with valuation ν. Let

G := Aut(∆,A).

Since the pair (∆,A) is complete, G is, in fact, equal to Aut(∆). Let R0

be the gem described in 18.27 and, if X = C, let R1 be the gem described
in 18.28 (with respect to a fixed apartment A of ∆ and all the notation in
18.1). In our list of locally finite Bruhat-Tits buildings, we will include an
indication of the structure of R0 and, if X = C, also R1. By 26.39, the group
G acts transitively on the set of gems of ∆ if X �= C, and by 18.29, every
gem is in the same G-orbit as R0 or R1 if X = C. (Sometimes R0 and R1

are in the same G-orbit even when X = C. We will indicate precisely when
this happens.)

15If a Bruhat-Tits building ∆ is algebraic, it is natural to refer to the affine and
spherical indices of the corresponding algebraic group as the affine and spherical indices
of the building. (That these indices are invariants of ∆ follows from the Theorem in
Section 5.8 of [32].) As we observed at the beginning of this chapter, there are locally
finite Bruhat-Tits buildings that are not algebraic and therefore do not have an affine
(or a spherical) index. These exceptions, which are all of mixed type, are displayed in
Table 28.4.

16See also 11.18 and 16.18 in [36]. Note, too, that the forms, quadratic and skew-
hermitian, that appear in cases (iii) and (vii) of 30.14 are the anisotropic parts of the
corresponding forms on page 67 of [33]. The dimension of one of these forms is always
m + 2�, where � is the rank of the corresponding spherical building and either m is the
dimension of the anisotropic part or m = 0 and the corresponding spherical building is of
involutory type.

17See Section 1.8 of [33]
18See Section 1.6 of [33], where F is called K. That these dimensions are invariants of

the gems is a consequence of 35.7–35.13 in [36].
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Convention 28.30. The gems of ∆ are all finite Moufang spherical build-
ings (by 18.18). It will turn out that in every case K̄ is the defining field of
every gem (as defined in 30.15). In other words, every gem is, up to isomor-
phism, one of the buildings in 30.34 with K̄ in place of K. We will always
use the notation in 30.35 to refer to these buildings.

Convention 28.31. In light of 23.15, it is safe to write X̃∗
� (Λ) rather than

X̃∗
� (Λ, ν) to specify the pair (∆,A), and we will do this for the rest of this

chapter. In fact, since we are only considering complete Bruhat-Tits pairs
in this chapter, we can think of X̃∗

� (Λ) as the name for ∆ itself rather than
for the pair (∆,A).

Convention 28.32. The second subscript of the spherical index in the last
column of the tables in [33] is always equal to the parameter we have been
calling �. In [33], this subscript is sometimes n, n−1 or n−2 and sometimes
m or m−1. In Tables 28.1–28.3 (and everywhere below), we set this subscript
equal to � and replace n and m accordingly. Thus, for example, we write
2A′′

2�+1 for the affine index called 2A′′
2m−1 in Table 4.3 in [33].

We now make our list of Bruhat-Tits buildings whose defining field is local.
We organize this list in 28.33–28.38 according to the different possibilities for
X
∗
� (Λ) (which we consider in roughly the same order in which they appear in

30.14). In each case, we determine the structure of the gems (that is to say,
R0 and, when relevant, R1) and the affine index (for those buildings that
are algebraic).

28.33. Suppose that the Coxeter diagram X� is simply laced, i.e. X∗
� = A�,

D� or E�. By 28.4.i and 30.14, either Λ = K is commutative or X = A and
K is a skew field. By 18.30, R0

∼= X�(K̄). If K is commutative, then the
affine index of ∆ is X�. If instead K is a cyclic algebra of degree d > 1 over
its center F (so K̄/F̄ is an extension of degree d by 28.4.iv), the affine index
of ∆ is dA(�+1)d−1.

28.34. Suppose that X∗
� = B

Q
� or C

Q
� . Thus Λ is an anisotropic quadratic

space (K, L, q) which can be assumed to be unitary by 19.15 and 19.16. Let
m and mi for each i be as in 28.11. By 28.11, we have m0 > 0, mi ≤ 2 for
i = 0 and 1, m = m0 + m1 and m1 > 0 if and only if X = C. By 19.35,
R0

∼= B�(K̄, m0) and, if X = C, then R1
∼= B�(K̄, m1). Thus R0, R1 and

X are determined by m0 and m1. If m = 1, then m0 = 1 and m1 = 0, so
X = B; in this case the affine index of ∆ is B� if � ≥ 3 and C2 if � = 2.19

Suppose next that m = 2. If m0 = m1 = 1, then X = C. If the bilinear form
f associated with q is identically zero, then ∆ is of mixed type (as defined in
26.4) and does not have an index. If f is not identically zero, then the affine
index of ∆ is C-B�. If m0 = 2 and m1 = 0, then X = B. In this case, the
affine index of ∆ is 2D�+1 if � ≥ 3 and 2A′

3 if � = 2.20 If m = 3, then either

19Note that by 23.8, (∆,A) ∼= C̃I
2 (K, K, id) when m = 1 and � = 2.

20Note that by 23.8, (∆,A) ∼= C̃I
2 (E, K, σ) when m = m0 = 2 and � = 2, where E is

as in 28.11.vi and σ is the non-trivial element of Gal(E/K).
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m0 = 1 and m1 = 2 or vice versa, and hence X = C. In this case, the affine
index of ∆ is 2

B�+1. If m = 4, then m0 = m1 = 2 and hence X = C. In this
case, the affine index of ∆ is 2D′

�+2. Finally, we observe that if m = 1, 2 or
4, then by 19.35.iii (and its footnote), 28.11.vi and 28.12, all the residues are
in the same G-orbit as R0 (even if the bilinear form f is identically zero).

28.35. Suppose that X
∗
� = B

I
� or C

I
� . Thus Λ is an involutory set (K, K0, σ),

genuine or honorary. By 28.4.i, Λ is in fact genuine, and by 30.14, we can
assume either that Λ is proper (and hence σ �= 1) or � ≥ 3 and Λ is a
quadratic involutory set of type (ii) with char(K) �= 2, or of type (iii) or (iv).
Let Λ̄ = (K̄, K̄0, σ̄) be as in 23.22. Suppose first that Λ is proper. Then Λ
must be as in 28.15.iii and the affine index of ∆ is 2C2�. By 35.16 in [36], we
can replace Λ by a translate without changing ∆ (up to isomorphism). By (v)
and (vi) in 26.22, therefore, we can assume that σ is the standard involution
of K if char(K) = 2 and that σ equals the involution called τ in 28.18 if
char(K) �= 2. By 23.27.ii, 28.18 and 28.19, it follows that Rj

∼= BI
� (K̄)

and R1−j
∼= BI

� (K̄, 2) for j = 0 or 1. Now suppose that � ≥ 3 and Λ is a
quadratic involutory set of type (ii), (iii) or (iv). Let F = K0. By 23.27 and
30.34, G acts transitively on gems even if X = C and R0

∼= R1
∼= BI

� (K̄, d)
for d = 1 or 2. If Λ is of type (ii), then X = C (by 23.2) and d = 1. In this
case, the affine index of ∆ is C�. Suppose that Λ is of type (iii). Then K/F
is a separable quadratic extension and this extension is ramified if and only
if Λ is ramified (by 28.15.i). Thus X = B and d = 1 if K/F is ramified and
X = C and d = 2 if K/F is unramified. The affine index of ∆ is B-C� if K/F
is ramified and 2A′

2�−1 if K/F is unramified. Suppose, finally, that Λ is of
type (iv). By 28.4.iv, Λ is ramified and d = 2. Thus X = B and the affine
index of ∆ is 2D′′

2�. Note that the affine indices C2 and 2A′
3 are accounted

for in 28.34.

28.36. Suppose that X∗
� = BP

� or CP
� . Thus

Λ = (K, K0, σ, L, q)

is a proper anisotropic pseudo-quadratic space. In particular, σ �= 1 (by
35.5 in [36]). Let m = dimK L and let Λ̄ = (K̄, K̄0, σ̄, L̄, q̄) be as in 24.50.
Suppose first that Λ is as in case (i) of 28.20 and let F = K0. Then Λ
is unramified, so X = C (by 24.36). Suppose that K/F is ramified. Then
(K̄, F̄ , σ̄) is a quadratic involutory set of type (ii) by 26.15.ii, so L̄ = 0 by
28.25.i and therefore R0

∼= BI
� (K̄) and R1

∼= B
Q
� (K̄, m) by 24.58.iii and

24.59.iv. The affine index of ∆ is C-BC� if m = 1 and 2B-C�+1 if m =
2. Suppose, instead, that K/F is unramified. By 26.15.i, (K̄, F̄ , σ̄) is a
quadratic space of type (iii). By 28.25.ii, it follows that L̄ �= 0. By 24.58.ii
and 24.59.iv, therefore, R0

∼= BP
� (K̄) and R1

∼= BI
� (K̄, 2) if m = 1 and

R0
∼= R1

∼= B
P
� (K̄) if m = 2. Note that if m = 2, then by 24.58.iv and

28.24, R0 and R1 are in the same G-orbit.21 The affine index of ∆ is 2A′
2�

21If K/F is unramified and m = 1, then R0 and R1 are not even isomorphic. It is
an interesting puzzle to find the place where the argument in 28.24 breaks down when
m = 1.



314 CHAPTER 28

∆ Conditions Gems

C̃Q
� (K, L, q) L = D((t)), char(D) = 2, K = L2, q(x) = x2 BQ

� (D)

F̃4(K, F ) K = D((t)), char(D) = 2, F = K2 F4(D)

G̃2((J/K)◦) J = D((t)), char(D) = 3, K = J3 G2(D)

Table 28.4 Mixed Type

if m = 1 and 2A′′
2�+1 if m = 2. Suppose next that Λ is as in case (ii) of

28.20 and again let F = K0. By 28.15.ii, (K, F, σ) is ramified. If m = 1
and Λ is ramified, then X = B, R0

∼= BP
� (K̄) by 24.58.i and 24.59.v and the

affine index of ∆ is 2D′′
2�+1.

22 If m = 1 and Λ is unramified, then X = C,

R0
∼= BI

� (K̄, 2) and R1
∼= B

Q
� (K̄) by 24.58.iii and 24.59.iv (since L̄1 �= 0 by

24.55.iii) and the affine index of ∆ is 2C-B2�. Now let m > 1. By 28.20.ii, Λ
is unramified. Thus 24.58.iii and 24.59.iv apply and X = C. If m = 2, then
either R0

∼= B
P
� (K̄) and R1

∼= B
Q
� (K̄), in which case the affine index of ∆

is 2C-B2�+1, or R0
∼= BI

� (K̄, 2) and R1
∼= B

Q
� (K̄, 2), in which case the affine

index of ∆ is 4D2�+2. If m = 3, then R0
∼= BP

� (K̄), R1
∼= B

Q
� (K̄, 2) and

the affine index of ∆ is 4D2�+3. Suppose, finally, that Λ is as in case (iii) of
28.20. Then Λ is unramified, so X = C. By 35.19 of [36], we can replace Λ
by a translate as defined in 11.26 of [36]. By (v) and (vi) of 26.22, therefore,
we can assume that σ is the standard involution of K if char(K) = 2 and
that σ equals the involution called τ in 28.18 if char(K) �= 2. By 24.58.ii,
28.18, 28.19 and 28.25.ii, it follows that Rj

∼= B
P
� (K̄) and R1−j

∼= B
I
� (K̄) for

j = 0 or 1. The affine index of ∆ is 2C2�+1.

By 28.11.viii and 28.14, our list is now complete in the case that X is either
B or C.23

28.37. Suppose that X∗
� = F4. Thus Λ is a composition algebra (K, F ), so

28.26 applies, and Λ̄ := (K̄, F̄ ) is a composition algebra whose type can be
determined by 26.15 and 28.4.iv. By 26.16 and 30.34, we have R0

∼= F4(K̄, d)
for d = 1 or 2. If Λ is of type (i) (as defined in 30.17), then d = 1 and ∆ is
of mixed type, so it does not have an affine index. If Λ is of type (ii), then
d = 1 and the affine index of ∆ is F4. If Λ is of type (iii), then d = 1 if E/F
is ramified, in which case the affine index of ∆ is F

I
4, and d = 2 if E/F is

unramified, in which case the affine index is 2E6. If Λ is of type (iv), then
d = 2 (by 28.4.iv) and the affine index of ∆ is 2E7.

28.38. Suppose that X∗
� = G2. Thus

Λ = (J, K, N, #, T,×, 1)

22Note that the affine index 2D′′
2�+1 occupies two rows both in Table 4.3 in [33] and in

Table 28.3, one for the case � ≥ 3 and one for the case � = 2.
23The restriction char(K) �= 2 in row 2C� of Table 28.5 is explained in 23.9.
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Affine Index ∆ Conditions Gems

A� Ã�(K) – A�(K̄)

B� B̃Q
� (K, L, q) m = 1, � ≥ 3 BQ

� (K̄)

B-C� B̃I
� (K, F, σ) K/F ram., � ≥ 3 BI

� (K̄)

C� C̃I
� (K, K, id) char(K) �= 2 BI

� (K̄)

C-B� C̃Q
� (K, L, q) m = 2 BQ

� (K̄)

C-BC� C̃P
� (K, F, σ, L, q) K/F ram., m = 1 BI

� (K̄) & BQ
� (K̄)

D� D̃�(K) � ≥ 4 D�(K̄)

E� Ẽ�(K) � = 6, 7, 8 E�(K̄)

F4 F̃4(K/K) – F4(K̄)

FI
4 F̃4(E/K) E/K ram. F4(K̄)

G2 G̃2((K/K)◦) – G2(K̄)

GI
2 G̃2((J/K)+) J/K ram. G2(K̄)

Table 28.5 Residually Split Groups

is an hexagonal system. Let E be as in 28.27. By 25.29 and 30.34, we have
R0

∼= G2(K̄, d) for d = 1 or 3. If Λ is as in case (i) of 28.27, then d = 1
and either E �= K, ∆ is of mixed type and does not have an affine index or
E = K and the affine index of ∆ is G2. If Λ is as in case (ii) of 28.27, then
d = 1 if the extension E/K is ramified, in which case the affine index of ∆
is GI

2, and d = 3 if the extension E/K is unramified, in which case the affine
index of ∆ is 3D4. If Λ is as in case (iii) of 28.27, then d = 3 (by 28.4.iv)
and the affine index of ∆ is 3E6.

This completes the list of Bruhat-Tits buildings whose defining field is local.
We can observe now that all of these buildings are, in fact, locally finite. We
thus have produced in 28.33–28.38 a complete list of locally finite Bruhat-
Tits buildings.

* * *

We summarize the results of this chapter in Tables 28.4–28.6. In all three
tables we use various conventions spelled out in 28.39. In the first table,
we give the three families of locally finite Bruhat-Tits buildings that are
mixed rather than algebraic and consequently do not have an affine index.
The remaining locally finite Bruhat-Tits buildings, which are all algebraic,
appear in Tables 28.5 and 28.6.

In the first column of these tables we have listed the affine indices (of
groups of relative rank at least 2) in the same order that they occur in
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Affine Index ∆ Conditions Gems

dA(�+1)d−1 Ã�(K) degF K = d A�(K̄)

2A′
2�−1 C̃I

� (K, F, σ) K/F unram. BI
� (K̄, 2)

2A′′
2�+1 C̃P

� (K, F, σ, L, q) K/F unram., m = 2 BP
� (K̄)

2A′
2� C̃P

� (K, F, σ, L, q) K/F unram., m = 1 BI
� (K̄, 2) & BP

� (K̄)

2B�+1 C̃Q
� (K, L, q) m = 3 BQ

� (K̄, 2) & BQ
� (K̄)

2B-C�+1 C̃P
� (K, F, σ, L, q) K/F ram., m = 2 BI

� (K̄) & BQ
� (K̄, 2)

2C2�+1 C̃P
� (K, K0, τ, L, q) K quatern., m = 1 BP

� (K̄) & BI
� (K̄)

2C2� C̃I
� (K, K0, τ ) K quatern. BI

� (K̄, 2) & BI
� (K̄)

2C-B2�+1 C̃P
� (K, F, σ, L, q) K quatern., m = 2 BP

� (K̄) & BQ
� (K̄)

2C-B2� C̃P
� (K, F, σ, L, q) K quatern., m = 1 BI

� (K̄, 2) & BQ
� (K̄)

2D�+1 B̃Q
� (K, L, q) m = 2, � ≥ 3 BQ

� (K̄, 2)

2D′
�+2 C̃Q

� (K, L, q) m = 4 BQ
� (K̄, 2)

2D′′
2� B̃I

� (K, F, σ) K quatern., � ≥ 3 BI
� (K̄, 2)

2D′′
2�+1 B̃P

� (K, F, σ, L, q) K quatern., m = 1 BP
� (K̄)

3D4 G̃2((J/K)+) J/K unram. G2(K̄, 3)

4D2�+2 C̃P
� (K, F, σ, L, q) K quatern., m = 2 BI

� (K̄, 2) & BQ
� (K̄, 2)

4D2�+3 C̃P
� (K, F, σ, L, q) K quatern., m = 3 BP

� (K̄) & BQ
� (K̄, 2)

2E6 F̃4(E/K) E/K unram. F4(K̄, 2)

3E6 G̃2(J
+) degKJ = 3 G2(K̄, 3)

2E7 F̃4(K/F ) K quatern. F4(K̄, 2)

Table 28.6 Non-Residually Split Groups
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Tables 4.2 and 4.3 in [33] (and in Tables 28.1–28.3). We will refer to rows
in the tables (both those in this chapter and those in [33]) by naming the
entry in the first column.

If we regard 28.33–28.38 as a lexicon indicating the algebraic group cor-
responding to each algebraic locally finite Bruhat-Tits building, then Ta-
bles 28.5 and 28.6 can be seen as a lexicon for translating in the reverse
sense.

Notes 28.39. Tables 28.4–28.6 are to be interpreted according to the fol-
lowing rules and observations:

(i) The names of the affine indices are the same as those in the tables in
[33]; note, however, that we have applied 28.32 to the subscripts.

(ii) The entries in the columns labeled ∆ are the names introduced in
16.17, 19.22, 23.7, 24.36, 25.24 and 26.11 to which we have applied
28.31.24 In every case, K is the defining field of the building at infinity
(as defined in 30.15). In the last columns we use the names introduced
in 30.35.

(iii) In Table 28.4, D is an arbitrary finite field of the indicated character-
istic.

(iv) K is a commutative field except in those rows where it is indicated
that K is quaternion and in row dA(�+1)d−1, where K is a skew field
of degree d over its center.

(v) If K is commutative, then F always denotes a subfield such that K/F
is a separable quadratic extension and σ always denotes the non-trivial
element of Gal(K/F ).

(vi) If K is quaternion, then σ always denotes its standard involution and
F always denotes its center.

(vii) E is always a commutative field containing K such that E/K is a
separable quadratic extension.

(viii) In Tables 28.5 and 28.6, J is always a commutative field containing K
such that J/K is a separable cubic extension except in row 3E6, where
J is a skew field over K of degree 3. The hexagonal systems (K/K)◦,
(J/K)+ and J+ referred to in the tables are defined in 15.20–15.22
of [36].

(ix) The letter m always denotes dimK L.
(x) (K, K0, τ) always denotes an involutory set such that K is quaternion

and dimF K0 = 3. This occurs only in rows 2C2�+1 and 2C2�.
25

(xi) It is to be assumed that � ≥ 2 except where indicated otherwise.26

24The building at infinity (in the notation in 30.15) is obtained by simply deleting the
tilde (and substituting C for B or B for C if desired).

25As observed in 28.35, it can be assumed that τ is as in 28.18 if char(K) �= 2 and that
τ is the standard involution of K if char(K) = 2.

26Note that the buildings in the following pairs of rows are isomorphic for � = 2:
(B�, C�), (B-C�, C-B�), (2A′

2�−1,2 D�+1) and (2D′
�+2,2 D′′

2�
). It is for this reason that we

require � ≥ 3 in one of each of these pairs of rows. See also 23.8. Note, too, that the index
2D′′

2�+1, which occupies two rows in Table 28.3, occupies only one row in Table 28.6.
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(xii) If there is only one item in the last column, then there is only one
G-orbit of gems (where G is as in 28.29).

The buildings in our tables, it is to be emphasized, are not, in general,
uniquely determined by K and the affine index. There can be, for example,
many ramified separable quadratic extensions E of K, hence many pairwise
non-similar anisotropic quadratic spaces of dimension 2 over K and therefore
many different buildings defined over K whose affine index is B-C� (for each
� ≥ 3). Also the buildings defined over K with index 3E6 are not unique,
since by 28.5, there are two non-isomorphic skew fields of degree 3 over K
(which are opposites of each other). On the other hand, there are a number
of locally finite buildings with defining field K that are uniquely determined
by their affine index. For example, anisotropic quadratic spaces of dimension
1, 3 and 4 over K are unique up to similarity (by 28.12 and 28.13) and there
is a unique field E such that E/K is an unramified quadratic extension (by
28.7); hence the buildings defined over K whose affine indices are B�,

2B�+1,
2D�+1 and 2D′

�+2 are all unique. Also the buildings defined over K whose
affine indices are 2C2�+1 and 2C2� are both unique; this follows from (v) and
(vi) of 26.22 and 28.23.

Final Comments 28.40. We conclude this chapter with a few more words
about the crosses, arrows, integers and letters decorating the Coxeter dia-
grams in Tables 28.1–28.3.

Let (∆,A) = X̃∗
� (Λ) be one of the buildings in Table 28.5 or 28.6 (so

Π := X̃� is its Coxeter diagram). In these tables K denotes the defining field
of the building X∗

� (Λ) in the sense of 30.15. In some rows of these tables, K
is commutative and F is the fixed point set of an involution σ of K, and in
other rows, K is quaternion and F is its center. In all other cases (i.e. where
there is no involution called σ), we let F denote the center of K (so F = K
when K is commutative and there is no involution called σ). Then in every
case, there exists an absolutely simple algebraic group G that is defined over
F such that ∆ is the Bruhat-Tits building associated to the pair (G, F ).

Let A be an apartment of ∆, let e be a chamber of A, let x be a vertex
of the Coxeter diagram Π, let m be the integer next to the vertex x of Π in
Tables 28.4 and 28.5 (which, it is to be understood, is equal to 1 if there is
no integer next to x), let ex be the unique chamber of A that is x-adjacent to
e, let α be the unique root of A that contains e but not ex and let a = α∞.
By 1.16, we can choose a gem R cut by α. Let Ūa,R be as in 18.17. By 18.20,
the group Ūa,R is, up to isomorphism, independent of the choice of R.27 If
there is no cross next to x, then Ūa,R is abelian and has canonically the
structure of a vector space over the residue field F̄ (by 35.6–35.13 in [36]),
and the integer m is precisely the dimension of this vector space. If there is
a cross next to x in the tables, then Ūa,R is non-abelian, m = 3, the center
of Ūa,R is isomorphic to the additive group of F̄ and Ūa,R modulo its center
has canonically the structure of a vector space of dimension 2 over F̄ .

27Note that we cannot choose R independently of x.
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Let o be special vertex of Π and let R be an o-special gem of ∆. Unless
the affine index of ∆ is d

A(�+1)d−1 for some d > 1, there is an absolutely
simple algebraic group Go defined over the residue field F̄ such that R is
the spherical building associated with the pair (Go, F̄ ).28 The arrows and
crosses decorating the diagram Π in Tables 28.5 and 28.6, which turn it
into the relative local Dynkin diagram Ω, are arranged so that in every case
the subdiagram Ωo obtained from Ω by deleting the vertex o and all the
edges containing o is precisely the relative Dynkin diagram associated with
the relative root system of the pair (Go, F̄ ) as defined in 2.5.2 in [31]. The
arrows on the diagram Π1, which turn it into the absolute local Dynkin
diagram Ω1, have an analogous description.

The special vertex o of the Coxeter diagram Π is hyperspecial (and labeled
“hs” in the tables) exactly when the o-special gems of ∆ are defined by
algebraic data having all the same dimensions as the algebraic data defining
∆ itself, where by “dimension” we mean the dimension over the field of
definition F , respectively F̄ , of the corresponding algebraic group. Thus, for
example, we have the following:

(i) In row 2A′
2�−1 both special vertices of Π are hyperspecial since the

building ∆ and all the gems of ∆ are defined by a quadratic involutory
set of type (iii).

(ii) In row 2A′′
2�+1 neither special vertex is hyperspecial since ∆ is defined

by a two-dimensional anisotropic pseudo-quadratic space, whereas the
gems are all defined by one-dimensional anisotropic pseudo-quadratic
spaces.

(iii) In row 2A′
2� the building ∆ is defined by a one-dimensional pseudo-

quadratic space over a quadratic extension, so the special vertex on
the left is not hyperspecial since the corresponding gems are defined by
a zero-dimensional anisotropic pseudo-quadratic spaces (i.e. by involu-
tory sets), whereas the special vertex on the right is hyperspecial since
the corresponding gems are also defined by one-dimensional anisotropic
pseudo-quadratic spaces over quadratic extensions.

(iv) In row 2B-C�+1 we have dimK L = dimK̄ L̄ = 2 but nevertheless the
vertex on the right is not hyperspecial since dimF K �= dimF̄ K̄.

(v) If K is non-commutative, then there are no hyperspecial vertices since
dimF K �= dimF̄ K̄ by 28.4.iv.

28If the affine index of ∆ is dA(�+1)d−1 for some d > 1, then there is still an absolutely
simple group Go that gives rise to R, but in this case R is the spherical building associated
with the pair (Go, K̄) rather than the pair (Go, F̄ ). At this point, we can observe that
the captions of Tables 28.5 and 28.6 (which are borrowed from Tables 4.2 and 4.3 in [33])
refer to the fact that pairs (Go, F̄ ) are all split for the buildings in Table 28.5 but not for
the buildings in Table 28.6. See 1.10.2 and 3.5.2 in [33].
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Chapter Twenty Nine

Appendix A

This appendix consists of two parts. In the first part (29.1–29.15), we review
some of the definitions and results from [37] that are used most frequently
in this book.1 In the second, we assemble a variety of small results about
Coxeter chamber systems (29.16–29.30) and buildings (29.32–29.63) that
would have been included in [37] had we anticipated writing this sequel.
These results are, for the most part, just variations on results in [37] and
they could, in fact, serve as a set of exercises to [37].

We begin the first part. All the definitions in 29.1–29.3 are from Chapters 1
and 2 of [37].

29.1. Edge-colored graphs. Let ∆ be an edge-colored graph and let I
be the set of colors appearing on the edges of ∆. The set I will be called
the index set of ∆. Suppose that ∆ is connected and let J be a subset of
the index set I. A J-residue of ∆ is a connected component of the graph
obtained from ∆ by deleting all the edges whose color is not in J (but without
deleting any vertices). A residue is a J-residue for some J ⊂ I. The type
of a residue (including ∆ itself) is the set of colors that appear on its edges
(i.e. its index set) and the rank of a residue is the cardinality of its type. A
panel is a residue of rank 1.

29.2. Chamber systems. A chamber system is a connected edge-colored
graph ∆ such that all the panels are complete graphs having at least two
vertices. The vertices of a chamber system are usually called chambers. A
chamber system is called thick (respectively, thin) if all its panels contain at
least three chambers (respectively, exactly two chambers). Suppose ∆ and
∆′ are two chamber systems with index sets I and I ′ and suppose that σ is a
bijection from I to I ′. A σ-homomorphism from ∆ to ∆′ is a map from the
chamber set of ∆ to the chamber set of ∆′ such that whenever two vertices
of ∆ are joined by an edge of color i ∈ I, their images are contained in a
panel of color σ(i) ∈ I ′ in ∆′. A σ-isomorphism from ∆ to ∆′ is a bijection
from the chamber set of ∆ to the chamber set of ∆′ such that two vertices of
∆ are joined by an edge of color i ∈ I if and only if their images are joined by
an edge of color σ(i) ∈ I ′. A homomorphism is a σ-homomorphism for some
bijection σ and an isomorphism is a σ-isomorphism for some bijection σ. A
homomorphism (or an isomorphism) φ is called special (or type-preserving)

1It was our original intention to include in this appendix all the definitions and results
from [37] that we require here, but this turned out to be infeasible.
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if I = I ′ and φ is a σ-homomorphism (or a σ-isomorphism) for σ = id. We
denote the group of automorphisms of ∆ by Aut(∆) and the group of special
automorphisms by Aut◦(∆).

29.3. Galleries. A gallery in a chamber system ∆ is a sequence

(x0, x1, . . . , xk)

of chambers such that for each i ∈ [1, k], {xi−1, xi} is an edge. Let γ =
(x0, x1, . . . , xk) be a gallery. The length of γ is k and the type of γ is the
word j1j2 · · · jk in the free monoid MI , where I is the type of ∆ and ji

is the color of the edge {xi−1, xi} for each i ∈ [1, k]. A gallery is called
minimal if there is no shorter gallery having the same first and last vertices.
The distance between two chambers x and y is the length of a minimal
gallery from x to y. The distance between two chambers x and y is denoted
by dist(x, y). The diameter of ∆ is the supremum of the set of lengths of
minimal galleries in ∆; we denote this number by diam(∆).

For the remainder of this appendix, we fix a Coxeter diagram Π and let I
be its vertex set.

29.4. Coxeter chambers systems. Let R = {ri | i ∈ I} be a set in
one-to-one correspondence with the vertex set I of Π and let

(29.5) WΠ = 〈ri | (rirj)
mij = 1 for all i, j ∈ I〉,

where mij = 1 if i = j (so r2
i = 1 for each i); mij = 2 if i and j are distinct

but not adjacent in Π (so rirj = rjri in this case); and mij is the label on
the edge {i, j} of Π if i and j are distinct and adjacent in Π. A Coxeter
group of type Π is any group isomorphic to WΠ. A Coxeter system of type Π
is a pair (W, S), where W is a group and S is a subset of W , such that there
is an isomorphism from W to WΠ mapping S to the set R = {ri | i ∈ I}.
The Coxeter chamber system ΣΠ belonging to Π is the edge-colored graphs
whose index set (i.e. set of colors) is I and whose vertices are the elements
of the Coxeter group WΠ, where two elements u and v are joined by an
edge of color i if and only if u = vri. The Coxeter group WΠ acts sharply
transitively on ΣΠ by left multiplication and (by 2.8 in [37]) every special
automorphism of ΣΠ is given by left multiplication by an element of WΠ. A
Coxeter chamber system of type Π is an edge-colored graph isomorphic to
ΣΠ.

29.6. Roots. Let Σ be a Coxeter chamber system of type Π as defined in
29.4. Thus Σ is, in particular, a thin chamber system as defined in 29.2,
i.e. the panels of Σ are precisely the edges. We identify WΠ with the group
Aut◦(Σ) of special automorphisms of Σ. A reflection is an element of WΠ

that interchanges two adjacent chambers of Σ. A wall is the set Ms of edges
fixed by a given reflection s. The graph Σ\Ms obtained from Σ by delet-
ing the edges in a wall Ms (but without deleting any chambers) has two
connected components (by 3.10 of [37]). A root is one of the two connected
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components of Σ\Ms for some reflection s (regarded simply as a set of cham-
bers). The two roots associated with a given reflection are called opposites.
Thus the root opposite a given root α is simply the complement of α in Σ;
it is often denoted by −α. Roots have the following properties:

(i) Every edge {x, y} of Σ is in the wall of a unique reflection s, the two
opposite roots associated with this reflection are

{u | dist(x, u) < dist(y, u)}

and

{u | dist(y, u) < dist(x, u)};

these are the only two roots that contain exactly one chamber in {x, y}
and they are interchanged by s.2

(ii) Roots are convex.3

(iii) The distance between two chambers x and y equals the number of
roots that contain x but not y.

(iv) Let x and y be two chambers. Then a chamber u is contained in a
minimal gallery from x to y if and only if it is contained in every root
that contains both x and y (even when there is no such root).

The references in [37] for the assertions in 29.6 are as follows: (i) is proved
in 3.11 and 3.15, (ii) in 3.19, (iii) in 3.20 and (iv) in 3.21.

29.7. Residues. Let Σ be a Coxeter chamber system of type Π as defined
in 29.4. Residues of Σ (as defined in 29.1) have the following properties:

(i) For each residue R and each chamber u of Σ, there is a unique chamber
projR u of R that is nearest u. For every chamber u of Σ and every
chamber v of R, there is a minimal gallery from u to v that passes
through projR u.4

(ii) Residues are convex.
(iii) Each residue is a Coxeter chamber system of type ΠJ , where J is its

type and ΠJ is the subdiagram of Π spanned by the set J .5

(iv) If R is a residue and α is a root, then either R ⊂ α or R ⊂ −α or
α ∩ R is a root of R.

The references in [37] for the assertions in 29.7 are as follows: (i) is proved
in 3.22, (ii) in 3.24, (iii) in 4.9 and (iv) in 4.10.

2Note that if s′ is another reflection interchanging these two opposite roots, then Ms′ ⊂
Ms, from which it follows that s′ = s.

3A set X of chambers is convex if every minimal gallery whose first and last chambers
are contained in X lies entirely in X.

4The map u �→ projR u is called the projection map of Π (with respect to R).
5The subdiagram ΠJ of Π spanned by J is the subdiagram with vertex set J where

two elements of J are joined by an edge with label m if and only if they are joined by an
edge with label m in Π.
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29.8. Reduced words. Let Σ be a Coxeter chamber system of type Π, let
MI be the free monoid on I (so the type of a gallery is a word in MI) and
let f �→ rf be the unique homomorphism from MI to the Coxeter group

WΠ = 〈ri | i ∈ I〉

extending the map i �→ ri. A word in MI is called reduced (with respect to
Π) if it is not homotopic (as defined in 4.1 of [37]) to a word of the form fiig
for some i ∈ I and some f, g ∈ MI (possibly empty). The following hold:

(i) Two minimal galleries in Σ having the same first and last chambers
have homotopic types.

(ii) A gallery of Σ is minimal if and only if its type is reduced.
(iii) Two reduced words f and g in MI have the same image rf = rg in W

if and only if they are homotopic.

The references in [37] for the assertions in 29.8 are as follows: (i) is proved
in 4.2, (ii) in 4.3 and (iii) in 4.4.

29.9. Opposites. Let Σ be a Coxeter chamber system of type Π and
suppose that Π is spherical.6 Two chambers x and y of Σ are called opposite
if the distance between them is diam(Σ). The following hold:

(i) If x and y are opposite chambers, then

|α ∩ {x, y}| = 1

for every root α.
(ii) Σ has 2 · diam(Σ) roots.
(iii) If x and y are opposite chambers, then every chamber of Σ is contained

in a minimal gallery from x to y.
(iv) For each chamber u of Σ, there is a unique chamber opΣ u that is

opposite u.7

(v) There exists a unique automorphism σ of Π such that the opposite
map opΣ defined in (iv) is a σ-automorphism of Σ (as defined in 29.2).

The references in [37] for the assertions in 29.9 are as follows: (i) is proved
in 5.2, (ii) in 5.3, (iii) in 5.4, (iv) in 5.5 and (v) in 5.11.

29.10. Buildings. Let ∆ be a building of type Π as defined in 7.1 of [37].
This means that ∆ is a chamber system with index set I and there exists a
map

(29.11) δ : ∆ × ∆ → WΠ,

called the Weyl distance function of ∆, such that for every reduced word f
in MI and every ordered pair of chambers (x, y),

(29.12) δ(x, y) = rf

6See footnote 2 in Chapter 1.
7The map opΣ is called the opposite map of Σ.



APPENDIX A 325

(where rf is as in 29.8) if and only if there is a gallery of type f from x to
y.8 The following hold:

(i) A gallery is minimal if and only if its type is reduced.
(ii) Residues are convex.
(iii) Every J-residue (for J ⊂ I) is a building of type ΠJ .
(iv) The Coxeter chamber system ΣΠ is the only thin building of type Π.
(v) For each chamber u of ∆ and each residue R, there is a unique chamber

projR u of R that is nearest u. For every chamber u of ∆ and every
chamber v of a residue R, there is a minimal gallery from u to v that
passes through projR u.9

The references in [37] for the assertions in 29.10 are as follows: (i) is proved
in 7.7.ii, (ii) and (iii) in 7.20, (iv) in 8.11 and (v) in 8.21.

29.13. Apartments. Let ∆ be a building of type Π and let Σ be a Cox-
eter chamber system of type Π. An apartment is the image of a special
isomorphism from Σ into ∆. Apartments have the following properties:

(i) Every isometry (as defined in 8.1 of [37]) from a subset of Σ to ∆
extends to a special isomorphism from Σ to ∆.

(ii) Every two chambers lie in an apartment.
(iii) Apartments are convex.
(iv) If A is an apartment, α is a root in A and R is a residue of ∆ such

that R ∩ A �= ∅, then A ∩ R is an apartment of R and either α ∩ R is
a root of A ∩ R or A ∩ R ⊂ α or R ∩ α = ∅.

(v) If α is a root of an apartment A and A′ is another apartment containing
α, then α is also a root of A′.

The references in [37] for the assertions in 29.13 are as follows: (i) is proved
in 8.2 and 8.5, (ii) in 8.6, (iii) in 8.9, (iv) in 8.13.i and (v) in 8.19.

29.14. Spherical buildings. A building is called spherical if its apartments
are finite. If ∆ is a spherical building, then the following hold:

(i) The diameter of ∆ is finite and equals the diameter of each apartment
of ∆.

(ii) If two chambers u and v of ∆ are opposite, then there is a unique
apartment containing them both; this apartment consists of all the
chambers of ∆ that lie on a minimal gallery from u to v.

(iii) If α is a root of ∆ (i.e. a root of some apartment of ∆) and P is a panel
of ∆ containing exactly one chamber x of α, then for each y ∈ P\{x},
there is a unique apartment Ay containing α∪{y} and the map y �→ Ay

from P\{x} to the set of apartments containing α is a bijection.

8By 29.8.iii, this is equivalent to assuming that ∆ is a chamber system with index set
I such that for each ordered pair (x, y) of chambers, there are galleries of reduced type
from x to y and the types of any two such galleries are homotopic.

9The map u �→ projR u is called the projection map of ∆ (with respect to R); compare
29.7.i.
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(iv) Let Σ be an apartment of ∆ and let u be a chamber in Σ. If g is an
element of Aut(∆) acting trivially on Σ and on every panel containing
u, then g = 1.

The references in [37] for the assertions in 29.14 are as follows: (i) is proved
in 9.1, (ii) in 9.2, (iii) in 9.3 and (iv) in 9.7.

29.15. The Moufang property. Suppose that ∆ is a spherical building.
For each root α of ∆, the root group Uα is the pointwise stabilizer in Aut(∆)
of the union of all panels of ∆ that contain two chambers of α.10 The
spherical building ∆ is called Moufang if

(a) it is thick and irreducible,
(b) its rank is at least 2 and
(c) for each root α, the root group Uα acts transitively on the set of all

apartments containing α.

The following hold:

(i) If ∆ is thick, irreducible and of rank at least 3, then ∆ is Moufang.
(ii) If ∆ is Moufang, then every irreducible11 residue of ∆ of rank at least 2

is also Moufang.
(iii) If ∆ is Moufang, then the subgroup G† of Aut(∆) generated by all the

root groups of ∆ acts transitively on the set of pairs (Σ, d) such that
Σ is an apartment of ∆ and d is a chamber of Σ.

(iv) Suppose that ∆ is Moufang and let (Σ, d) be a pair as in (iii). Let N
be the stabilizer of Σ in the group G† defined in (iii) and let B be the
stabilizer of d in G†. Let mΣ be as in 3.8 and let Ξ◦

d be the set of roots
of Σ containing d but not some chamber of Σ adjacent to d (as defined
in 3.5). For each α ∈ Ξ◦

d, choose mα ∈ mΣ(U∗
α) and let

S = {mα | α ∈ Ξ◦
d}.

Then (G†, B, N, S) is a Tits system as defined in 14.37.
(v) For each root α, the root group Uα acts sharply transitively on the set

of apartments containing α.

The references in [37] for the assertions in 29.15 are as follows: (i) is proved
in 11.6, (ii) in 11.8, (iii) in 11.12 and (iv) in 11.14. Assertion (v) holds by
9.3 and 11.4 in [37].

This concludes the first part of this appendix.

* * *

10By the comment following 11.1 in [37], Uα acts trivially on α.
11This makes sense by 29.10.iii.
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We use the rest of this appendix to assemble an assortment of results
about Coxeter chamber systems (29.16–29.30) and buildings (29.32–29.63)
that are needed at various places in the text.

We begin with Coxeter chamber systems.

Proposition 29.16. Let Σ be a Coxeter chamber system, let E be a residue
of Σ, let α be a root such that E ∩ α �= ∅ and let u ∈ α. Then projE u ∈ α,
where projE is as defined in 29.7.i.

Proof. Let v = projE u and x ∈ E ∩ α. By 29.7.i, there is a minimal gallery
from x to u that passes through v. Therefore v ∈ α since roots are convex
(by 29.6.ii). �

Proposition 29.17. Let Σ be a Coxeter chamber system, let E be a residue
and let α and β be roots cutting E (as defined in 1.11) such that

α ∩ E = β ∩ E.

Then α = β.

Proof. Since α cuts E and E is connected, there exists a panel {d, e} in E
such that d ∈ α and e ∈ −α. Since β ∩ E = α ∩ E, we have d ∈ β and
e ∈ −β. By 29.6.i, there is only one root that contains d but not e. �

Proposition 29.18. Let Σ be a finite Coxeter chamber system and let α be
a root of Σ. Then |α| = |Σ|/2.

Proof. By 29.6, α and −α form a partition of the chamber set of Σ and there
is a reflection interchanging these two subsets. �

Proposition 29.19. Let Σ be a Coxeter chamber system, let E be a residue
of Σ and let X be the set of roots of Σ cutting E. Then the map α �→ α∩E
is a bijection from X to the set of roots of E.

Proof. Let ψ(α) = α∩E for each α ∈ X . By 29.7.iv, ψ(α) is a root of E for
each α ∈ X , and by 29.17, the map ψ is injective. Suppose now that β is an
arbitrary root of E. Choose a panel {x, y} in E such that x ∈ β and y �∈ β
and let

α = {u | dist(x, u) < dist(y, u)}.

By 29.7.iii, E is itself a Coxeter chamber system. By 29.6.i and 29.7.ii,
therefore, α ∈ X and ψ(α) = β. Thus ψ is surjective. �

Proposition 29.20. Let Σ be a Coxeter chamber system, let X ⊂ Σ and let
W be the convex hull 12 of X. Then either W = Σ or W is the intersection
of all the roots of Σ that contain X.

Proof. Let V denote the intersection of all the roots of Σ that contain X
assuming there are such roots; if not, let V = Σ. By 29.6.ii, V is convex.

12The convex hull of X is the intersection of all the convex subsets of Σ that contain
X; see footnote 3.
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Therefore W ⊂ V and V is connected. Thus if W �= V , then we can choose
a pair (x, y) of adjacent chambers such that x ∈ W and y ∈ V \W . Let

α = {u | dist(u, x) < dist(u, y)}.

By 29.6.i, α is the unique root of Σ that contains x but not y and its opposite
−α is

{u | dist(u, x) > dist(u, y)}.

Since y �∈ α but y ∈ V , we have X �⊂ α. Choose u ∈ −α ∩ X . Then
dist(u, x) > dist(u, y). Hence y lies on a minimal gallery from x to u. Since
W is convex, this contradicts the choice of y. We conclude that W = V . �

Proposition 29.21. Let Σ be a Coxeter chamber system, let E be a residue
of Σ cut by a root α, let {d, e} be a panel such that α contains d but not e,
let u = projE d and let v = projE e. Then α contains u but not v and the
chambers u and v are adjacent.

Proof. By 29.16, u ∈ α and v ∈ −α. By 29.6.i,

dist(u, e) = dist(u, d) + 1

and

dist(v, d) = dist(v, e) + 1.

By 29.7.i applied to E and e,

dist(u, e) = dist(u, v) + dist(v, e),

and by 29.7.i applied to E and d,

dist(v, d) = dist(v, u) + dist(u, d).

Therefore

dist(u, d) + 1 = dist(u, v) + dist(v, e)

and

dist(v, e) + 1 = dist(v, u) + dist(u, d).

From these last two equations it follows first that dist(v, e) = dist(u, d) and
then that dist(u, v) = 1. �

Definition 29.22. Let Σ be a Coxeter chamber system. For each root α of
Σ, the wall of α is the set of panels of Σ containing exactly one chamber in
α (and thus exactly one in −α). By 3.14 in [37], this is the same as the wall
Ms as defined in 29.6, where s is the unique reflection of Σ interchanging α
and its opposite. We denote the wall of a root α by µ(α). A wall is a set of
the form µ(α) for some root α and the chamber set of a wall M is the set of
chambers contained in some panel in M .

Proposition 29.23. Let Σ be a Coxeter chamber system and let α be a root
of Σ. Let Ω be the graph with vertex set the set of panels in the wall µ(α)
(as defined in 29.22), where two panels in µ(α) are joined by an edge of Ω
whenever they are contained in a residue of rank 2. Then Ω is connected.
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Proof. Let P and Q be two panels in µ(α), let d ∈ P ∩ α, let x ∈ Q ∩ α
and let k = dist(d, x). We proceed by induction with respect to k. Let
y be the other chamber in Q. By 29.6.i, there is a minimal gallery from
(d, . . . , z, x, y) from d to y that passes through x. By 29.6, there is a reflection
s that interchanges α and −α and fixes every panel in the wall µ(α). Thus
P = {d, ds} and Q = {x, xs}. Hence if k = 0, then P = Q.

Suppose that k > 0, let E be the residue of rank 2 that contains x, y
and z, let Q1 = projE P and let x1 = projE d. By 29.7.i, dist(d, x1) < k.
By 29.21, Q1 is a panel of E contained in µ(α). Thus Q1 is a vertex of Ω
adjacent to Q. By induction, there is a path in Ω from P to Q1. �

Proposition 29.24. Let Σ be a Coxeter chamber system and let α and β be
roots such that the four sets ±α ∩ ±β are all non-empty. Then there exists
a residue of rank 2 cut by both α and β.

Proof. There exist chambers x, y ∈ β such that x ∈ α but y ∈ −α. Let γ be
a minimal gallery from x to y. Then γ contains adjacent chambers x′ and y′

such that x′ ∈ α and y′ ∈ −α. By 29.6.ii, x′ and y′ are both contained in β.
Similarly, there exist adjacent chambers u and v contained in −β such that
u ∈ α and v ∈ −α. The claim follows now by 29.23. �

Corollary 29.25. Let Σ be a finite Coxeter chamber system and let α and
β be two roots that are not opposite each other. Then there exists a residue
of rank 2 cut by both α and β.

Proof. Since |α| = |Σ|/2 = |β| (by 29.18) and α ∩ β �= ∅, the sets ±α ∩ ±β
are all non-empty. The claim holds, therefore, by 29.24. �

Definition 29.26. Let Σ be a Coxeter chamber system. Two panels P and
Q of Σ will be called comural if they belong to the same wall.

Proposition 29.27. Let Σ be a Coxeter chamber system of type Π. Suppose
that P and Q are comural panels of types i and j. Then i and j are connected
by a path in Π all of whose edges have an odd label.

Proof. Let i, j be distinct vertices of Π and let E be an {i, j}-residue. By
29.7.iii, |E| = 2n, where n = 2 if i and j are not adjacent in Π and n is
the label on the edge {i, j} if they are adjacent in Π. Furthermore, comural
(i.e. opposite) panels in E have the same type if and only if n is even. The
claim holds, therefore, by 29.23. �

Proposition 29.28. Let E and E1 be two residues of a Coxeter chamber
system Σ and let (d0, d1, . . . , dk) be a gallery of minimal length such that
d0 ∈ E and dk ∈ E1. For each i ∈ [1, k], let αi be the unique root of Σ
containing di but not di−1. Then the roots α1, . . . , αk are distinct and these
are precisely the roots of Σ containing E1 whose opposites contain E.

Proof. We have d0 = projE di and dk = projE1
di for all i ∈ [0, k]. By 29.7.i,

therefore, d0, . . . , di−1 and all the chambers in E are nearer to di−1 than to
di, and di, . . . , dk and all the chambers of E1 are nearer to di than to di−1
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(for all i ∈ [1, k]). Thus by 29.6.i, the roots α1, . . . , αk are distinct, they all
contain E1 and their opposites all contain E. If α is another root containing
E1 whose opposite contains E, then α contains di but not di−1 for some
i ∈ [1, k] and thus α = αi (again by 29.6.i). �

Proposition 29.29. Let Σ be a Coxeter chamber system of type Π and let
σ be an automorphism of the Coxeter diagram Π. Let J be a subset of the
vertex set I of Π and let φ be a σ|J -isomorphism (as defined in 29.2) from
a J-residue E to a σ(J)-residue E′ of Σ. Then φ has a unique extension to
a σ-automorphism of Σ.

Proof. Let the elements ri ∈ W for i ∈ I be as in 29.4. Then the map

ri �→ rσ(i)

extends to an σ-automorphism ψ of Σ. Thus the composition ψ−1φ is a spe-
cial isomorphism from E to E1 := ψ−1φ(E). The group Aut◦(Σ) of special
automorphisms of Σ acts transitively on the chamber set of Σ. There thus
exists π ∈ Aut◦(Σ) such that π−1ψ−1φ is a special isomorphism from E to
π−1(E1) fixing a chamber u of E. Since E is the unique J-residue containing
u, it follows that π−1(E1) = E. Since E is thin, the only special automor-
phism of E fixing a chamber is the identity. Thus ψπ is a σ-automorphism
of Π extending φ. Since Σ is thin, there is no other extension of φ to a
σ-automorphism of Π. �

Proposition 29.30. Let Σ be a Coxeter chamber system of type Π and let Γ
be the underlying graph (i.e. Σ without its edge coloring). Suppose that every
label of Π is finite. Then every automorphism of Γ is an automorphism of
Σ in the sense of 29.2.

Proof. Let d be a chamber of Σ and let i �→ di be the bijection from I to
the set of chambers adjacent to d such that i is the type of the panel {d, di}
for each i ∈ I. For each two-element subset {i, j} of I, let mij = |Eij |/2,
where Eij is the {i, j}-residue containing d, let xij be the chamber opposite
d in Eij (which exists because mij < ∞), let γij be the minimal gallery in
Eij from d to xij that passes through di and let γji be the minimal gallery
in Eij from d to xij that passes through dj .

Let {i, j} be a two-element subset of I. Suppose that γ = (d, di, . . . , w)
and γ′ = (d, dj , . . . , w

′) are minimal galleries both of length mij such that
w = w′. Let f and g be the types of γ and γ′. By 29.8.i, f and g are
homotopic as defined in 4.1 of [37]. It follows that f and g are the two words
p(i, j) and p(j, i) defined in 3.1 of [37]. Hence γ = γij and γ′ = γji, so the
union of γ and γ′ is the residue Eij .

Let σ ∈ Aut(Γ). We want to show that σ ∈ Aut(Σ). Since Aut(Σ) acts
transitively on the chamber set of Σ (by 29.4), we can assume that σ fixes
the chamber d. There thus exists a unique permutation i �→ i′ of I such that
dσ

i = di′ for each i ∈ I. By the conclusion of the previous paragraph,

(29.31) Eσ
ij = Ei′j′
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and hence mij = |Eij |/2 = |Ei′j′ |/2 = mi′j′ for each two-element subset
{i, j} of I. This means that the permutation i �→ i′ lies in Aut(Π). By 29.5,
there is therefore an automorphism τ of Σ that fixes d and maps di to di′

for all i ∈ I. Replacing σ by στ−1, we can thus assume that σ fixes each
neighbor of d. By 29.31, σ acts trivially on each rank 2 residue containing d.

Let e be a chamber adjacent to d and let w be a chamber adjacent to
e distinct from d. Then σ acts trivially on the unique residue of rank 2
containing d, e and w. Thus, in particular, σ fixes w. We conclude that
σ acts trivially on the set of chambers adjacent to e for each chamber e
adjacent to d. Since Σ is connected, it follows that σ = 1. �

The conclusion of 29.30 is not, in general, true without the restriction on
the labels of Π. If all the labels are infinite, for example, then Γ is a tree, so
if |I| > 2, Aut(Γ) is much larger than Aut(Σ).

* * *

We now turn to buildings.

Definition 29.32. Let ∆ be a building and let α be a root of ∆ (i.e. a root
of some apartment of ∆). Then µ(α) denotes the set of panels P of ∆ such
that |P ∩ α| = 1. The set µ(α) is called the wall of the root α. A wall of
∆ is a set of panels of the form µ(α) for some root α. We call the set of
chambers contained in some panel of a wall M the chamber set of M .

Proposition 29.33. Let Σ be an apartment in a building (∆, δ) as defined
in 29.10 and 29.13, let α be a root of Σ, let P be a panel in the wall µ(α) as
defined in 29.32, let x be the unique chamber in P ∩α and let u be any other
chamber in P . Then there exists an apartment of ∆ containing α ∪ {u}.

Proof. Let y be the unique chamber in P ∩Σ that is not in α and let v be an
arbitrary chamber of α. By 29.6.i, there exists a minimal gallery γ from v
to y that passes through x. Let f be the type of γ. Replacing y by u yields
a gallery from v to u that is also of type f . By 29.10.i, f is reduced. By
29.12, therefore, δ(v, y) = δ(v, u). The map from α ∪ {y} to α ∪ {u} that
maps y to u and acts trivially on α is thus an isometry (as defined in 8.1 of
[37]). By 29.13, this map extends to a special isomorphism from Σ to ∆ and
the image of this extension is an apartment containing α ∪ {u}. �

Proposition 29.34. Let Σ and Σ′ be two apartments of a building ∆. Then
there exists a special isomorphism π from Σ to Σ′ that acts trivially on Σ∩Σ′,
and π is the unique special isomorphism from Σ to Σ′ that fixes any given
chamber in Σ ∩ Σ′.

Proof. Let Π be the Coxeter diagram of ∆. All apartments of ∆ are isomor-
phic to ΣΠ, so there is nothing to prove if Σ ∩ Σ′ = ∅. Suppose, therefore,
that Σ ∩ Σ′ contains a chamber x. Then {x} is a J-residue for J = ∅. By
29.29, there exists a unique special isomorphism π from Σ to Σ′ that fixes
x. Let y be an arbitrary chamber in Σ ∩ Σ′. By 29.13.iii, apartments are
convex. We can thus choose a gallery from x to y contained in Σ ∩ Σ′. By
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2.5 of [37], γ is the only gallery of its type beginning at x that is contained
in Σ. Since π is special, it follows that π fixes y. Thus π acts trivially on
Σ ∩ Σ′. �

The following characterization of buildings is borrowed from 3.11 in the
book [25] by M. Ronan.

Proposition 29.35. Let ∆ be a chamber system whose index set is the
vertex set I of the Coxeter diagram Π and let A be a collection of subgraphs 13

isomorphic to the Coxeter chamber system ΣΠ. Suppose that the following
hold:

(i) For every two chambers x and y of ∆, there exists an element of A
that contains them both.

(ii) For every two elements A, A′ ∈ A and for every pair x, y of chambers
in A ∩ A′, there exists a special isomorphism from A to A′ that fixes
x and y.

(iii) For every two elements A, A′ ∈ A, for every chamber x in A ∩A′ and
for every panel P such that P ∩ A and P ∩ A′ are both non-empty,
there exists a special isomorphism from A to A′ that fixes x and maps
A ∩ P to A′ ∩ P .

Then ∆ is a building of type Π.

Proof. Let Σ = ΣΠ, let W = WΠ and let δW (x, y) = x−1y for all x, y ∈ W .
By 2.5 in [37], δW (x, y) = rf for each ordered pair (x, y) in W×W , where f is
the type of an arbitrary gallery in Σ from x to y and rf is as defined in 29.8.
The map δW is invariant under the group Aut◦(Σ) of special automorphisms
of Σ (i.e. under left multiplication by elements of W ).

Now let A ∈ A, let π be a special isomorphism from A to Σ and let

δA(x, y) = δW (xπ , yπ)

for all chambers x and y of A. By 29.4, the group Aut◦(Σ) of special auto-
morphisms of Σ acts transitively on Σ. By 29.29, therefore, π is unique up
to an element of Aut◦(Σ). It follows that δA is independent of the choice of
the special isomorphism π.

Now let x and y be chambers of ∆. By (i), there exists A ∈ A containing
x and y. We set

δ(x, y) = δA(x, y).

By (ii), δ(x, y) is independent of the choice of A. If δ(x, y) = rf for some
f ∈ MI , then by 2.5 of [37], there exists a gallery of type f in A from x to y.

By 29.10, it will suffice to show that for all x, y ∈ ∆ and all reduced words
f ∈ MI (as defined in 29.8), δ(x, y) = rf whenever there is a gallery from
x to y of type f . We prove this assertion by induction with respect to the
length of the reduced word f . If f is a reduced word of length at most 1 and

13We are using the convention in 29.35 that “A is a subgraph” means that two chambers
of A are i-adjacent in ∆ for some i ∈ I if and only if they are i-adjacent in A.
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γ is a gallery of type f from x to y, then an element A of A that contains x
and y contains γ (by our convention about the meaning of “subgraph”) and
hence δ(x, y) = δA(x, y) = rf . Now let f ∈ MI be a reduced word of length
n greater than 1. We assume that our assertion is true for all reduced words
in MI whose length is less than n and thus, in particular, for all proper
subwords of f .

Let f = ihj for i, j ∈ I and h ∈ MI (which might be empty) and let

γ = (x, u, . . . , v, y)

be a gallery in ∆ of type f . Let A be an element of A containing both x
and y and let A′ be an element of A containing x and v. By induction, we
have

(29.36) δ(x, v) = rih

and

(29.37) δ(u, y) = rhj .

By 29.36, there is a unique gallery γ1 in A′ from x to v of type ih. Let P be
the unique j-panel of ∆ containing v and y. By (iii), there exists a special
isomorphism π from A′ to A fixing x and mapping P ∩ A′ to P ∩ A. Thus
γπ
1 is a gallery of type ih from x to vπ and vπ ∈ P ∩ A.
Suppose that vπ = y. Both u and uπ are i-adjacent to x. Thus if u �= uπ,

then u and uπ are i-adjacent, so

(u, uπ, . . . , vπ)

is a gallery of type ih from u to y. If u = uπ, then

(uπ, . . . , vπ)

is a gallery of type h from u to y. By induction, it follows that δ(u, y) = rih

or rh. By 29.37, therefore rhj = rih or rh. By 29.8.iii, it follows that
u �= uπ and that hj is homotopic to ih as defined in 4.1 of [37]. This implies,
however, that f = ihj is homotopic to hjj. This conclusion contradicts the
assumption that f is reduced. Therefore vπ �= y.

Since vπ �= y, it follows that

(γπ
1 , y)

is a gallery of type f = ihj in A. Therefore δ(x, y) = rf . �

Definition 29.38. Let P and Q be two panels of a building ∆. We say that
P and Q are comural if they are contained in the same wall, i.e. if there is
a root α in some apartment such that both P and Q are contained in µ(α)
(as defined in 29.32).

Proposition 29.39. Let ∆ be a building, let E be a residue of ∆, let α be a
root of an apartment Σ such that E∩α �= ∅ and let u ∈ α. Then projE u ∈ α
(where projR is as defined in 29.10.v.)
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Proof. Let v = projE u and x ∈ E∩α. By 29.10.v, there is a minimal gallery
from x to u that passes through v. Therefore v ∈ α since α is convex (by
29.6.ii and 29.13.iii). �

Definition 29.40. Let α denote a root. We denote by ∂α the intersection
of α with the chamber set of the wall µ(α) (as defined in 29.32). Thus a
chamber x is contained in the set ∂α if and only if x is the unique chamber
in α ∩ P for some panel P . We call ∂α the border of α.

Proposition 29.41. Let A be an apartment of a building ∆, let α be a root
of A and let x ∈ ∂α (where ∂α is as defined in 29.40). Then

∂α = {projP x | P ∈ µ(α)}.

Proof. This holds by 29.39 applied to both α and to its opposite −α in A.
�

Proposition 29.42. Let A and A′ be two apartments of a building ∆, let
α be a root of A, let α′ be a root of A′ and suppose that µ(α) = µ(α′). Then
the borders ∂α and ∂α′ are either equal or disjoint.

Proof. This holds by 29.41. �

Proposition 29.43. Let P and Q be two panels of a building ∆. Then P
and Q are comural if and only if projP restricted to Q and projQ restricted
to P are inverses of each other.

Proof. Suppose first that P and Q are comural. Then P and Q are both
contained in µ(α) for some root α. Let x be the unique chamber in P ∩ α
and let u be the unique chamber in Q ∩ α. By 29.39, u = projQ x and
x = projP u. Choose y ∈ P\{x}. By 29.33, there exists an apartment A
containing α ∪ {y}. Then A contains a unique chamber v in Q\{u}. By
29.13.v, α is a root of A. Let β be the root of A opposite α. Then y is
the unique chamber in P ∩ β and v is the unique chamber in Q ∩ β. By
29.39 again, we have v = projQ y and y = projP v. Thus the composition
projP ◦ projQ restricted to P is the identity. By a similar argument the
composition projQ ◦ projP restricted to Q is the identity.

Suppose, conversely, that projP ◦projQ restricted to P is the identity map
and projQ◦projP restricted to Q is the identity map. By 29.13.ii, there exists
an apartment A containing chambers of both P and Q. Let A∩P = {x, y},
let α be the unique root of A containing x but not y and let β be the root
opposite α in A. Thus P ∈ µ(α). Let u ∈ A ∩ Q. By 29.39, projP u = x if
u ∈ α and projP u = y if u ∈ β. Since |A ∩ Q| = 2 and the restriction of
projP to A ∩ Q is injective, it follows that also Q ∈ µ(α). �

From now on, we focus on spherical buildings.

Proposition 29.44. Let ∆ be a spherical building and let P and Q be
opposite panels (as defined in 9.8 of [37]). Then P and Q are comural.
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Proof. By 9.8 of [37], there exists an apartment Σ cutting both P and Q
such that opΣ(P ∩ Σ) = Q ∩ Σ, where opΣ is as defined in 29.9.iv. Let
P ∩Σ = {x1, x2} and let α be the unique root of Σ that contains x1 but not
x2. Then Q ∩ Σ = {y1, y2}, where yi = opΣ xi for i = 1 and 2. By 29.9.i, α
contains y2 but not y1. Thus the wall µ(α) contains both P and Q. �

Proposition 29.45. If ∆ is a spherical building, then the number of cham-
bers in a root does not depend on the choice of the root.

Proof. This holds by 29.18 since every two apartments in a building are
isomorphic (by 29.13). �

Proposition 29.46. Let ∆ be a spherical building, let n = diam(∆) and let
x and y be two chambers of ∆ such that dist(x, y) = n − 1. Then there is a
unique root of ∆ containing both x and y, and this root is the convex hull of
the set {x, y}

Proof. By 29.13.ii, there is an apartment Σ containing {x, y}. By 29.6.iii,
there are exactly n−1 roots of Σ containing x but not y and an equal number
containing y but not x. By 29.9, Σ has 2n roots altogether. If a root of Σ
contains both x and y, then its opposite in Σ contains neither. We conclude
that there is exactly one root of Σ containing both x and y. The claim holds,
therefore, by 29.13.iii and 29.20. �

Proposition 29.47. Let ∆ be a spherical building, let m be a wall of ∆ and
let u be a chamber contained in m. Then there is a unique root containing
u whose wall is m.

Proof. There exists a root α such that m = µ(α). Suppose that u �∈ α. By
29.14.iii, there exists an apartment of ∆ containing α and u. Replacing α by
its opposite in this apartment, we can thus assume that u ∈ α. It remains
only to show that α is unique.

Let Σ be an arbitrary apartment containing α, let P be the panel in
µ(α) containing u, let v be the other chamber in P ∩ Σ and let w = opΣ v.
Thus v is the unique chamber of Σ opposite w. By 29.13.iii, it follows that
dist(w, u) = n−1, where n is the diameter of Σ. By 29.9.i, w ∈ α, and hence
by 29.46, α is the unique root of ∆ containing w and u.

Let Q be the panel in m that contains w and let β be a second root
containing u whose wall is m. Then projQ u ∈ α ∩ β by 29.39. Since w is
the unique chamber in Q ∩ α and |Q ∩ β| = 1, it follows that w ∈ β. Thus
β = α by the conclusion of the previous paragraph. �

Proposition 29.48. Let ∆ be a spherical building and let α and β be two
roots having the same wall. Then either α = β or there is a unique apartment
containing α and β.

Proof. This holds by 29.14.iii and 29.47. �

Proposition 29.49. Let ∆ be a spherical building, let m be a wall of ∆ and
let u, v be two chambers in the same panel of m. Then there exists a unique
apartment containing u, v and a root whose wall is m.
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Proof. By 29.47, there exists a unique root α containing u whose wall is m
and a unique root β containing v whose wall is m. Since u is not contained
in β, we have α �= β. By 29.48, therefore, there exists a unique apartment
containing α and β. �

Proposition 29.50. Let ∆ be a thick spherical building and let P and Q
be two panels of the same type. Then there exists a panel R opposite both P
and Q (as defined in 9.8 of [37]).

Proof. Let σ be the automorphism of the Coxeter diagram Π of ∆ defined
in 29.9.v. By 9.10 of [37], it will suffice to show that for every two chambers
of ∆, there exists a third chamber opposite them both. Let u, v be two
chambers of ∆ and let m = dist(u, v). We will proceed by induction with
respect to m. Let m = 1, let i be the type of the panel containing u and v,
let w be a chamber opposite u and let E be the panel of type σ(i) containing
w. By 9.9 and 9.10 of [37], E contains chambers opposite v. By 29.10.v,
it follows that u is opposite every chamber of E except projE u and v is
opposite every chamber of E except projE v. Since ∆ is thick, there exist
chambers in E opposite both u and v.

Now let m > 1 and let (u, . . . , x, v) be a minimal gallery from u to v. By
induction, there exists a chamber z opposite both u and x. Let i be the
type of the panel containing x and v and let D be the panel of type σ(i)
containing z. By 9.9 and 9.10 of [37], D contains chambers opposite v. By
29.10.v, it follows that u is opposite every chamber in D except projD u and
v is opposite every chamber in D except projD v. Since ∆ is thick, there
exist chambers in D opposite both u and v. �

Proposition 29.51. Let ∆ be a thick irreducible spherical building, let Π
be the Coxeter diagram of ∆ and let Ω be the graph with vertex set the set of
panels of ∆, where two panels are adjacent in Ω whenever they are comural.
Then two panels of ∆ are in the same connected component of Ω if and only
if their types i and j are joined by a path in Π going only through edges
with label 3. In particular, Ω is connected if Π has only single bonds and Ω
has two components otherwise. In any case, for each chamber d of ∆, each
connected component of Ω contains panels containing d.

Proof. Let P and Q be two panels and let d be a chamber of ∆. If P and Q
have the same type, then by 29.50, there is a panel R opposite both P and
Q, and by 29.44, R is comural to both P and Q. Hence panels of the same
type lie in the same connected component of Ω. It follows, in particular,
that each connected component of Ω contains panels containing d.

If i and j are elements of the vertex set I of Π connected by an edge with
label 3, then every {i, j}-residue E contains i-panels and j-panels that are
comural. By the conclusion of the previous paragraph, it follows that two
panels of ∆ are in the same connected component of Ω if their types i and
j are joined by a path in Π going only through edges with label 3. Since Π
is spherical, 3 is the only odd label on an edge of Π. The converse holds,
therefore, by 29.27. �
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Proposition 29.52. Let ∆ be an irreducible spherical building satisfying the
Moufang condition, let Σ be an apartment of ∆, let d ∈ Σ and let i, j be two
vertices of Π. Then the roots ai and aj (as defined in 3.5) are in the same
G†-orbit (where G† is as in 29.15.iii) if and only if i and j are connected by
a path in Π passing only through edges with label 3.

Proof. Let Pi be the i-panel Σ containing d for each vertex i of Π. The
elements of G† are type-preserving. Thus if ai = ag

j for some g ∈ G†, then
the wall of ai contains the i-panel Pi and the j-panel P g

i . By 29.27, it follows
that i and j are connected by a path in Π passing only through edges with
label 3 (since Π is spherical).

To prove the converse, it suffices to assume that {i, j} is an edge of Π with
label 3. Let E be the unique {i, j}-residue of Σ containing d. By 29.7.iii, E
is a circuit of length 6. Let d1 be the chamber opposite d in E, let Q be the
panel of Σ opposite Pj in E and let e be the unique chamber in Q∩Σ distinct
from d1. Then Q is of type i and aj is the unique root of Σ containing e but

not Q. By 29.15.iii, the stabilizer G†
Σ of Σ in G† acts transitively on the set

of chambers of Σ. In particular, there is an element g ∈ G†
Σ mapping d to

e and hence Pi to Q (since G† is type-preserving). Thus ag
i is a root of Σ

containing e but not Q. Therefore aj = ag
i . �

Proposition 29.53. Let ∆ and ∆′ be two spherical buildings of the same
type Π and let φ be a σ-homomorphism from ∆ to ∆′ for some automorphism
σ of Π (as defined in 29.2). Suppose that φ is surjective. Then every panel
of ∆′ is of the form φ(P ) for some panel P of ∆.

Proof. Let x′ be a chamber of ∆′. Suppose that y′ is a chamber of ∆′ that
is opposite x′. Since φ is surjective, we can choose pre-images x and y of x′

and y′. Since φ is a homomorphism, we have

dist∆′(x′, y′) ≤ dist∆(x, y).

Since ∆ and ∆′ are both of type Π, they have the same diameter (by 29.14.i).
Hence, in fact,

dist∆′(x′, y′) = dist∆(x, y)

and every minimal gallery from x to y in ∆ is mapped to a minimal gallery
in ∆′ from x′ to y′. If f is the type of a minimal gallery γ in ∆ from x
to y, then σ(f) is the type of φ(γ). By 7.7.iii in [37], two distinct minimal
galleries with the same first and last chambers in a building cannot have the
same type. We conclude that φ induces a bijection from the set of minimal
galleries in ∆ from x to y to the set of minimal galleries in ∆′ from x′ to y′.

Now let γ′ be a minimal gallery in ∆′ that begins at x′. Let u′ be its last
chamber. By 29.13.ii, there is an apartment Σ′ of ∆′ containing x′ and u′.
By 29.9.iv, there is a unique chamber v′ opposite x′ in Σ′. By 29.9.iii and
29.13.iii,

dist∆′(x′, v′) = dist∆′(x′, u′) + dist∆′(u′, v′).
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Hence there is a minimal gallery γ′
1 from x′ to v′ that extends γ′. By the

conclusion of the previous paragraph, there is a gallery γ in ∆ beginning at
x such that φ(γ) = γ′.

Now let P be a panel of ∆ and let i denote its type. Since φ is a homomor-
phism, φ(P ) is contained in a σ(i)-panel P ′ of ∆′. Let x ∈ P , let x′ = φ(x)
and let u′ ∈ P ′\{x′}. By the conclusion of the previous paragraph, there
exists u ∈ P such that φ(x, u) = (x′, u′). Thus φ(P ) = P ′. �

Proposition 29.54. Let ∆ be a spherical building, let Σ1 and Σ2 be two
apartments whose intersection is a root α and let Q be a panel of ∆ such
that |α ∩ Q| = 2. For i = 1 and 2, let Pi be the unique panel of ∆ such that
Pi ∩ Σi is the panel opposite α ∩ Q in Σi and let αi be the root opposite α
in Σi. Let Σ = α1 ∪ α2. Then Σ is an apartment, α1 and α2 are roots of Σ
and the unique reflection of this apartment that interchanges α1 and α2 also
interchanges P1 ∩ Σ and P2 ∩ Σ.

Proof. Let P be a panel in µ(α) and let ui be the unique chamber in P ∩αi

for i = 1 and 2. By 29.14.iii, there is a unique apartment Σ0 containing
α1 ∪ {u2}. By 29.13.v, α1 is a root of Σ0. Let α0 be the root opposite α1

in Σ0. Then µ(α0) = µ(α1) = µ(α2) and u2 ∈ α0 ∩ α2. By 29.47, it follows
that α0 = α2. Thus Σ0 = Σ. Hence Σ is an apartment and α1 and α2 are
roots of Σ.

By 29.34, there are isomorphisms τ1 from Σ1 to Σ2 and τ2 from Σ2 to Σ1

that both act trivially on α. Let τ be the map from Σ to itself that restricts
to τi on αi for i = 1 and 2. Then τ is a special automorphism of Σ that
maps each panel in the wall µ(α) to itself. Thus τ is the unique reflection
of Σ that interchanges α1 and α2. The map τ1 acts trivially on α and hence
maps Q∩ α to itself. Therefore τ maps P1 ∩Σ to P2 ∩Σ. Similarly, τ maps
P2 ∩ Σ to P1 ∩ Σ. �

Proposition 29.55. Let ∆ be a spherical building, let k denote the number
of chambers in a root of ∆ (which is independent of the root by 29.45) and
let Σ1 and Σ2 be two apartments such that

0 < |Σ1 ∩ Σ2| < k

(where |X | denotes the number of chambers in a subset X of ∆). Then there
exists an apartment Σ3 and adjacent chambers u and w such that

(i) Σ1 ∩ Σ3 is a root;
(ii) u ∈ Σ1 ∩ Σ2 ⊂ Σ3; and
(iii) w ∈ (Σ2 ∩ Σ3)\Σ1.

In particular, |Σ1 ∩ Σ2| < |Σ1 ∩ Σ3| and |Σ1 ∩ Σ2| < |Σ2 ∩ Σ3|.

Proof. By 29.13.iii, Σ1 ∩ Σ2 is convex. By 29.20, therefore, Σ1 ∩ Σ2 is an
intersection of roots of Σ1. It follows that we can choose a root α of Σ1

containing Σ1 ∩ Σ2 and adjacent chambers u, v such that u ∈ Σ1 ∩ Σ2 and
v ∈ β, where β is the root opposite α in Σ1. Let w be the unique chamber
of Σ2 adjacent to u such that the subset {u, v, w} is contained in a panel.
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Then w �= v since v �∈ Σ1 ∩ Σ2. In particular, w �∈ Σ1. By 29.14.iii, there
exists a unique apartment Σ3 containing α and w. Thus (ii) and (iii) hold
and Σ1∩Σ3 is a proper convex subset of Σ1 containing α. By 29.18, no root
of Σ1 contains α properly. By 29.20, it follows that also (i) holds. �

Proposition 29.56. Let ∆ be a spherical building satisfying the Moufang
property, let Σ be an apartment of ∆ and let u be a non-trivial element of
the root group Uα for some root α of Σ. Then u acts trivially on α and
Σ ∩ Σu = α.

Proof. By 3.14 of [37], every chamber of α is contained in a panel that
contains two chambers of α. By 29.15, therefore, u acts trivially on α. In
particular, α ⊂ Σ ∩ Σu. By 29.13.iii, Σ ∩ Σu is a convex subset of Σ. By
29.18 and 29.20, it follows that |Σ ∩ Σu| ≤ |α|. �

Proposition 29.57. Let ∆ be a building of type A2, let (x0, x1, . . . , x6) with
x0 = x6 be the chambers in an apartment numbered consecutively and let αi

denote the root {xi, xi+1, xi+2} for each i ∈ [1, 3]. Suppose that the following
hold:

(i) For all i ∈ [1, 3], Ui is a subgroup of the pointwise stabilizer of αi in
Aut(∆) that acts transitively on the set of apartments of ∆ containing
αi.

(ii) [U1, U2] = [U2, U3] = 1.

Then U2 equals the root group Uα2 .

Proof. Let Pi be the panel of ∆ containing xi and xi+1 for i = 2 and 3.
Let ρ ∈ U2 and let y be a chamber in P2\{x3}. By (i) (and 29.14.iii), U3

contains an element τ mapping x2 to y. Since ρ fixes x2, the element ρτ

fixes xτ
2 = y. By (ii), however, ρ = ρτ . Thus ρ fixes y. We conclude that U2

acts trivially on P2. By a similar argument, U2 acts trivially on P3 (since
U1 acts transitively on P1\{x3} and commutes elementwise with U2). This
means, by 29.15, that U2 ⊂ Uα2 . By 29.15.v, it follows that U2 = Uα2 . �

Definition 29.58. For each building ∆ and each chamber x, let ∆
(1)
x denote

the set of chambers of ∆ equal to or adjacent to x.

The following result is a just slightly stronger version of 9.7 in [37].14

Proposition 29.59. Let u and v be opposite chambers in a thick spherical
building ∆. Then ∆ is the convex hull in ∆ of

∆(1)
u ∪ {v},

where ∆
(1)
u is as in 29.58.

14Let u and v be opposite chambers in a spherical building ∆, let

Z = ∆
(1)
u ∪ {v}

and let g be an element of Aut(∆) that acts trivially on the set Z. Since the chamber u
is contained in panels of every color, the element g must be special. By 7.7.iii in [37], it
follows that g acts trivially on the convex hull of Z. Therefore 29.59 implies 9.7 in [37].
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Proof. Let X denote the convex hull in ∆ of

∆(1)
u ∪ {v},

let x be a chamber adjacent to v and let P be the unique panel containing
x and v. Since ∆ is connected, it will suffice to show that there exists a
chamber s opposite x such that

(29.60) ∆(1)
s ∪ {x} ⊂ X.

We begin by showing that x ∈ X . By 29.14.ii, there exists a unique
apartment Σ containing u and v, and Σ ⊂ X . Thus x ∈ X if x ∈ Σ.
Suppose that x �∈ Σ. Let z be the unique chamber in P ∩ Σ that is distinct
from v and let w = opΣ z, where opΣ is as in 29.9.iv. By 29.9.v, u and w are
adjacent. Let Q be the unique panel containing them both. Then P and Q
are opposite panels as defined in 9.8 of [37]. By 9.9 in [37], every chamber of
P is opposite chambers in Q and vice versa. By 29.10.v, it follows that every
chamber of P is not opposite a unique chamber of Q and vice versa. Let y
be the unique chamber of Q not opposite x. Then x is the unique chamber
of P not opposite y. Since x �= v, it follows that v is opposite y. There thus

exists a minimal gallery from y ∈ ∆
(1)
u to v that passes through x. Hence

x ∈ X as claimed, whether or not x ∈ Σ. Note that we have, in fact, shown
that if u1 and v1 are any two opposite chambers of ∆, then the convex hull

of ∆
(1)
u1 ∪ {v1} contains ∆

(1)
v1 .

If x is opposite u, then 29.60 holds with s = u (since x ∈ X). Suppose
that x is not opposite u. Then there exists a minimal gallery from u to v
that passes through x. By 29.14.ii, therefore, x ∈ Σ. Let y = opΣ x. By
29.9.v again, y and u are adjacent. Let Q1 be the unique panel containing u
and y. Thus P and Q1 are opposite panels. Since ∆ is thick, we can choose
w ∈ Q1\Σ. By 29.10.v again, every chamber of P is not opposite a unique
chamber of Q1. By 29.9.iv, y is not opposite v and u is not opposite x.
Therefore x and v are both opposite w. By the conclusion of the previous

paragraph, the convex hull of ∆
(1)
v ∪ {w} contains ∆

(1)
w and X contains

∆
(1)
v ∪ {w}. It follows that 29.60 holds with s = w. �

Proposition 29.61. Let ∆′ be a thick subbuilding of a spherical building ∆
whose rank equals the rank of ∆ and suppose that ∆ is Moufang. Let G be
the setwise stabilizer of ∆′ in Aut(∆) and let π be the natural map from G
to Aut(∆′). For each root a of ∆, let Ua be the corresponding root group of
∆, and for each root a′ of ∆′, let U ′

a′ be the corresponding root group of ∆′.
Then the following hold:

(i) Every apartment of ∆′ is also an apartment of ∆.
(ii) Every root of ∆′ is also a root of ∆.
(iii) ∆′ is Moufang.
(iv) For each root a of Σ, the restriction of the map π to G∩Ua is injective

and its image is the root group U ′
a.
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Proof. Assertion (i) holds by 8.8 in [37] and assertion (ii) follows from (i).
Let a be a root of ∆′. By the definition of a root group in 29.15,

(29.62) π(G ∩ Ua) ⊂ U ′
a.

Let P be a panel in the wall µ(a) and let Σ1 and Σ2 be two apartments of
∆′ containing a. By (i) and (ii), Σ1 and Σ2 are apartments of ∆ and a is a
root of ∆. Since ∆ is Moufang, there thus exists an element g ∈ Ua mapping
Σ1 to Σ2. By 4.12 in [37] and (a) and (b) in 29.15, we can choose a chamber
z in a such that every panel containing z contains two chambers in a. Let

Xi = Σi ∪ (∆′)(1)z

for i = 1 and 2, where (∆′)
(1)
z is as in 29.58. By the definition of a root

group (in 29.15), Ua acts trivially on the set ∆
(1)
z . Thus g maps X1 to X2.

Hence g maps the convex hull of X1 to the convex hull of X2. The unique
vertex opposite z in Σi (for i = 1 and 2) is opposite z in ∆′. By 7.19 in [37],
∆′ is convex. By 29.59, therefore, the convex hulls of X1 and of X2 are both
equal to ∆′. Hence g ∈ G ∩ Ua. By 29.62, therefore, π(g) is an element of
U ′

a mapping Σ1 to Σ2. Thus (iii) holds.
Let h ∈ U ′

a. Replacing Σ2 by Σh
1 in the previous paragraph, we conclude

that there exists g ∈ Ua such that π(g) is also an element of U ′
a mapping Σ1

to Σh
1 . Thus π(g) = h by 29.15.v applied to ∆′. Hence π is surjective. By

29.15.v applied to ∆, the kernel of π restricted to G ∩ Ua is trivial. Thus
(iv) holds. �

Corollary 29.63. Let ∆ be a Moufang spherical building and let ∆′ be a
thick irreducible subbuilding of rank at least 2. Then ∆′ is also Moufang.

Proof. Let I be the index set of ∆ and let J ⊂ I be the index set of ∆′.
Then ∆′ is contained in a J-residue of ∆. The claim holds, therefore, by
11.8 in [37] and 29.61. �
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Chapter Thirty

Appendix B

In this appendix, we summarize those aspects of the classification of Moufang
spherical buildings that are required in Chapters 16–25. Our description of
the classification rests on 3.6.

Notation 30.1. Let ∆ be a Moufang spherical building of type Π (as defined
in 29.15), let Σ be an apartment of ∆ and let d be a chamber of Σ. Let (x, y)
be a directed edge1 of the Coxeter diagram Π, let n be the label on the edge
{x, y} and let Ξ◦

d and ax, ay ∈ Ξ◦
d be as in 3.5. Let

(30.2) [ax, ay] = (a1, a2, . . . , an)

be as defined in 3.1 (so ax = a1 and ay = an), let

U
(e)
+ = 〈Ua1 , Ua2 , . . . , Uan

〉,

where e = {x, y} and Uai
is the root group corresponding to the root ai for

each i ∈ [1, n], and let

Ωxy = (U
(e)
+ , Ua1 , Ua2 , . . . , Uan

).

By 11.27.i in [37], Ωxy is a root group sequence as defined in 12.1 of [37].

Definition 30.3. Let

Ω = (U+, U1, U2, . . . , Un)

be a root group sequence and let

Ωop = (U+, Un, . . . , U2, U1).

By 12.1 of [37], Ωop is also a root group sequence. It is called the opposite of
Ω. The groups Ui are called the terms of Ω, U1 is its first term and Un is its
last term. Thus the first term of Ω is the last term of Ωop and vice versa. The
number n of terms is called the length of Ω. Let Ω′ = (U ′

+, U ′
1, U

′
2, . . . , U

′
n)

be a second root group sequence of the same length n. An isomorphism
from Ω to Ω′ is an isomorphism from the group U+ to the group U ′

+ that
maps Ui to U ′

i for all i ∈ [1, n]. Thus an isomorphism from Ω to Ω′ is
automatically also an isomorphism from Ωop to (Ω′)op. Thus, in particular,
an automorphism of Ω (i.e. an isomorphism from Ω to itself) is automatically
also an automorphism of Ωop.

Note that Ωxy = Ωop
yx for each directed edge (x, y) of Π in 30.1.

1By directed edge we mean an ordered pair (x, y) such that {x, y} is an edge.
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Remark 30.4. Let

Ω = (U+, U1, U2, . . . , Un)

be a root group sequence. By (i) and (ii) in the definition 12.1 in [37] (and
the definition of U[i,j] for 1 ≤ j = i + 1 ≤ n in 11.17 in [37]), every element
in U+ can be written canonically in the form a1a2 · · · an with ai ∈ Ui for
each i ∈ [1, n], and every element of U+ can be brought into this canonical
form using only commutator relations of the form

(30.5) [ai, aj] = ai+1 · · ·aj−1

with i, j ∈ [1, n], i + 1 < j and ak ∈ Uk for all k ∈ [i, j]. Thus if

Ω′ = (U ′
+, U ′

1, U
′
2, . . . , U

′
n)

is a second root group sequence of length n and for each i ∈ [1, n], πi is an
isomorphism from Ui to U ′

i , then there is an isomorphism π from U+ to U+

whose restriction to Ui is πi for each i if and only if for each relation in U+

of the form 30.5, the relation

[πi(ai), πj(aj)] = πi+1(ai+1) · · ·πj−1(aj−1)

holds in U ′
+. When Ω′ = Ω, we usually express this observation more infor-

mally as follows: To show that a collection of automorphisms π1, . . . , πn of
the groups U1, . . . , Un extend to an automorphism of Ω, it suffices to show
that they preserve the commutator relations defining Ω (by which we mean
all relations of the form 30.5).

Definition 30.6. Let

Ω = (U+, U1, U2, . . . , Un)

be a root group sequence of length n for some n ≥ 3. Let Π be the Coxeter
diagram I(n) defined in footnote 2 in Chapter 1, let I = {x, y} be the vertex
set of Π, let ∆ be a Moufang building of type Π, let Σ be an apartment of
∆ and let d be a chamber of Σ. We will call the triple (∆, Σ, d) a realization
of Ω if, after relabeling the two vertices of Π if necessary, Ω is isomorphic to
Ωxy, where Ωxy is the root group sequence defined in 30.1 with respect to
Σ and d. By 7.5 and 8.11 in [37], Ω has a unique realization.2 If (∆, Σ, d)
is a realization of Ω, then without loss of generality we can assume that Ω
is, in fact, equal to Ωxy, in which case we will call (∆, Σ, d) the canonical
realization of Ω. Thus if (∆, Σ, d) is the canonical realization of Ω and

[ax, ay] = (a1, . . . , an)

for ax and ay as in 3.5, then Uai
= Ui for all i ∈ [1, n].

2Moufang buildings of type I(n) for some n ≥ 3 and Moufang n-gons are essentially the
same thing modulo the correspondence between chamber systems of rank 2 and connected
bipartite graphs described in 1.9, 7.14 and 7.15 of [37]. This observation allows us to apply
the results 7.5 and 8.11 of [36] here. When we say that the realization (∆, Σ, d) of Ω is
unique, we mean that if (∆′, Σ′, d′) is another realization of Ω, then there exists a special
isomorphism from ∆ to ∆′ mapping the pair (Σ, d) to the pair (Σ′, d′).
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Definition 30.7. Let

Ω = (U+, U1, U2, . . . , Un)

and

Ω′ = (U ′
+, U ′

1, U
′
2, . . . , U

′
n)

be two root group sequences, both of length n for some n ≥ 3. We say that
Ω′ is a subsequence of Ω if U ′

+ is a subgroup of U+ and U ′
i is a subgroup of

Ui for each i ∈ [1, n].

By the results summarized in Chapter 17 of [36], every root group sequence
is, up to isomorphism or anti-isomorphism, in one of the nine families de-
scribed in 16.1–16.9 of [36]. The root group sequences of Moufang octagons
described in 16.9 of [36] do not play any role here since there are no affine
Coxeter diagrams that have an edge with label 8. The first eight families
of root group sequences do play an essential role in this book. Here is a
summary of some of their salient features:

Notation 30.8. Let X be one of the following symbols:

T , QI , QQ, QD, QP , QE , QF , H.

We interpret X as an operator that produces a root group sequence

X(Λ) = (U+, U1, . . . , Un)

from a parameter system Λ of suitable type according to the procedure
described in one of the paragraphs 16.1–16.8 in Chapter 16 of [36].3 In each
case, there are groups Λi and isomorphisms xi from Λi to Ui for all i ∈ [1, n],4

where n, Λ and Λ1, . . . ,Λn are as follows:

(i) If X = T , then n = 3, Λ is an alternative division ring K as defined
in 9.1 of [36] and Λ1 = Λ2 = Λ3 = K (i.e. the additive group of K).

(ii) If X = QI , then n = 4, Λ is an involutory set (K, K0, σ) as defined in
11.1 of [36], Λ1 = Λ3 = K0 and Λ2 = Λ4 = K.

(iii) If X = QQ, then n = 4, Λ is an anisotropic quadratic space (K, L, q)
as defined in 12.2 and 12.4 of [36], Λ1 = Λ3 = K and Λ2 = Λ4 = L
(i.e. the additive group of L).

(iv) If X = QD, then n = 4, Λ is an indifferent set (K, K0, L0) as defined
in 10.1 of [36], Λ1 = Λ3 = K0 and Λ2 = Λ4 = L0.

3In Chapter 16 of [36], X(Λ) denotes, in fact, the corresponding Moufang n-gon. In
this book we let X(Λ) denote the root group sequence itself and use the name given in
30.15 for the corresponding building. Thus, for example, if Λ is an anisotropic quadratic
space, then QQ(Λ) denotes in this book the root group sequence described in 16.3 of [36]
and BQ

2 (Λ) the building obtained by applying 8.11 of [36] (and the remarks in footnote 2)
to this root group sequence. In other words, if (∆, Σ, d) is the canonical realization of
QQ(Λ) as defined in 30.6, then BQ

2 (Λ) = ∆.
4Thus

Ui = {xi(u) | u ∈ Λi}

for each i ∈ [1, n].
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(v) If X = QP , then n = 4, Λ is an anisotropic skew-hermitian pseudo-
quadratic space (K, K0, σ, L0, q) as defined in 11.17 and 11.18 of [36],
Λ1 = Λ3 = T , where T is the group defined in 24.5, and Λ2 = Λ4 = K.

(vi) If X = QE , then n = 4, Λ is a quadratic space (K, L, q) of type E6, E7

or E8 as defined in 12.31 of [36], Λ1 = Λ3 = S, where S is the group
defined in 16.6 of [36], and Λ2 = Λ4 = L.

(vii) If X = QF , then n = 4, Λ is a quadratic space (K, L, q) of type F4 as
defined in 14.1 of [36], Λ1 = Λ3 = W0 ⊕ K and Λ2 = Λ4 = X0 ⊕ F ,
where W0, X0 and F are as in 16.6 of [36].

(viii) If X = H, then n = 6, Λ is an hexagonal system (J, K, N, #, T,×, 1)
as defined in 15.15 of [36],5 Λ1 = Λ3 = Λ5 = J (i.e. the additive group
of J) and Λ2 = Λ4 = Λ6 = K.

Remark 30.9. We observe that the root groups Ui in 30.8 are almost always
abelian. The only exceptions are those isomorphic to the group T in case
(v) and those isomorphic to the group S in case (vi).

Remark 30.10. By 16.1 in [36] (and 30.3), we have T (K) = T (K)op if K
is a (commutative) field.

We turn now to Moufang spherical buildings of arbitrary rank.

Notation 30.11. Let Π be one of the Coxeter diagrams in Figure 1.3. We
call a directed edge (x, y) positively oriented if the vertex x is to the left
of the vertex y in Figure 1.3. Let (u, v) be the unique positively oriented
directed edge whose label is at least 4 (if there is one).

Definition 30.12. Let Π be a Coxeter diagram. Let ζ be a map from the set
of directed edges of Π to the set of root group sequences described in 16.1–
16.8 of [36], i.e. in (i)–(viii) of 30.8, together with their opposites as defined
in 30.3. We call ζ a root group labeling of Π if the following hold:

(i) The root group sequence ζ(y, x) is the opposite of ζ(x, y) for all directed
edges (x, y) of Π.

(ii) The root group sequence ζ(x, y) has length equal to the label on the
edge {x, y} for all directed edges (x, y) of Π.

(iii) For each pair of directed edges (x, y) and (x, z) of Π beginning at the
same vertex x, the first term of ζ(x, y) and the first term of ζ(x, z) are
parametrized by the same group Λ1.

In the situation described in (iii), we will always use the isomorphisms (both
called x1 in 30.8) from Λ1 to the first term of ζ(x, y) and from Λ1 to the first
term of ζ(x, z) to identify these two first terms (and the two isomorphisms
called x1 as well).

Definition 30.13. Let Π be one of the spherical Coxeter diagrams in Fig-
ure 1.3 with � ≥ 2. Let ∆ be a Moufang building of type Π, let Σ be an

5Hexagonal systems are also known in the literature both as quadratic Jordan division

algebras of degree 3 and as anisotropic cubic norm structures.



APPENDIX B 347

apartment of ∆, let d be a chamber of Σ and let ζ be a root group labeling of
Π as defined in 30.12. For each edge e = {x, y} of Π, the group generated by
all the terms of ζ(x, y) is the same as the group generated by all the terms
of ζ(y, x) (by 30.12.i); we denote this group by U (e). We will say that ∆ is
linked to ζ at (Σ, d) via (π) if (π) is a collection of isomorphisms πe from

U (e) to the group U
(e)
+ defined in 30.1, one for each edge e of Π, such that

the following hold:

(i) For each edge e = {x, y} of Π, πe is an isomorphism from ζ(x, y) to
Ωxy (and hence from ζ(y, x) to Ωyx).

(ii) Whenever two edges e = {x, y} and f = {x, z} of Π have a vertex x
in common, in which case the first terms of ζ(x, y) and ζ(x, z) are the
same, the restrictions of πe and πf to this first term agree.

Suppose that ∆ is linked to a root group labeling ζ of Π at (Σ, d) (with all the
notation as in 30.13).6 The root group labeling ζ is essentially a description
of that part of the root group datum of ∆ that plays the central role both
in 3.6 and in 15.21. In particular, if ∆′ is a second Moufang building of
type Π that is also linked to ζ, then by 3.6, ∆ and ∆′ are isomorphic. This
means that we can describe the classification of Moufang spherical buildings
in terms of root group labelings of Coxeter diagrams. Here is the exact
result:

Theorem 30.14. Suppose that ∆ is a Moufang spherical building of rank
� ≥ 2 with Coxeter diagram Π = X� with X = A, B, . . . ,G and let the notion
of a root group labeling of Π be as in 30.12. Then ∆ is linked (as defined in
30.13) to one of the following root group labelings ζ of Π: 7

(i) Π = A� for some � ≥ 2, and for some field or skew field K, ζ(x, y) =
T (K) for all positively oriented directed edges (x, y) of Π.8

(ii) Π = A2 and for some octonion division algebra K, ζ(x, y) = T (K) for
the one positively oriented directed edge (x, y) of Π.

(iii) Π = B� = C� for some � ≥ 2, and for some anisotropic quadratic space
(K, L, q), ζ(x, y) = T (K) for all directed edges (x, y) of Π whose label
is 3 and ζ(u, v) = QQ(K, L, q).9

(iv) Π = B� = C� for some � ≥ 2 and for some proper 10 involutory set
(K, K0, σ), ζ(x, y) = T (K) for all positively oriented directed edges
(x, y) of Π whose label is 3 and ζ(u, v) = QI(K, K0, σ)op. 11

6By 29.15.iii, it follows that ∆ is linked to ζ at every pair (Σ′, d′) such that Σ′ is an
apartment of ∆ and d′ a chamber of Σ′. It thus makes sense to say, simply, that ∆ is
linked to ζ without mentioning the pair (Σ, d).

7See 30.8 for references to the definitions in [36] of the various types of algebraic
structures that occur in 30.14. See also 30.28.

8See 30.11 for the definition of positively oriented.
9In each case of 30.14 where X� is not simply laced, (u, v) is as in 30.11.
10An involutory set (K, K0, σ) is proper if σ �= 1 and the subring 〈K0〉 generated by

K0 equals K. By 23.23 in [36], an involutory set (K, K0, σ) with σ �= 1 that is not proper

is quadratic of type (iii) or (iv) as defined in 30.21.
11In other words, ζ(v, u) = ζ(u, v)op = QI(K, K0, σ); see 30.3. A similar remark holds

in cases (v), (vi), (vii) and (xiii).
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(v) Π = B� = C� for some � ≥ 3 and for some quadratic involutory set
(K, F, σ) that is either of type (ii) with char(K) �= 2 or of type (iii) or
(iv) (in arbitrary characteristic) as defined in 30.21, ζ(x, y) = T (K)
for all positively oriented directed edges (x, y) of Π whose label is 3 and
ζ(u, v) = QI(K, F, σ)op. 12

(vi) Π = B3 = C3 for some honorary involutory set (K, K0, σ) as defined
in 30.22, ζ(x, y) = T (K) for the one positively oriented directed edge
(x, y) of Π whose label is 3 and ζ(u, v) = QI(K, K0, σ)op.

(vii) Π = B� = C� for some � ≥ 2 and for some proper anisotropic pseudo-
quadratic space

(K, K0, σ, L, q)

as defined in 24.4, ζ(x, y) = T (K) for each positively oriented directed
edge (x, y) of Π whose label is 3 and ζ(u, v) = QP(K, K0, σ, L, q)op.

(viii) Π = B2 = C2 and ζ(u, v) = QE(K, L, q) for some quadratic space
(K, L, q) of type E6, E7 or E8.

(ix) Π = B2 = C2 and ζ(u, v) = QF(K, L, q) for some quadratic space
(K, L, q) of type F4.

(x) Π = B2 = C2 and ζ(u, v) = QD(K, K0, L0) for some proper 13 indif-
ferent set (K, K0, L0).

(xi) Π = D� for some � ≥ 4 and for some field K, ζ(x, y) = T (K) for all
directed edges (x, y) of Π. 14

(xii) Π = E� for � = 6, 7 or 8 and for some field K, ζ(x, y) = T (K) for all
directed edges (x, y) of Π.

(xiii) Π = F4 and for some composition algebra (K, F ) with standard in-
volution σ as defined in 30.17 below, ζ(x, y) = T (K) if (x, y) is the
unique positively oriented directed edge (x, y) of Π such that y = u,
ζ(x, y) = T (F ) if (x, y) is the unique positively oriented directed edge
of Π such that v = x and ζ(u, v) = QI(K, F, σ)op.

(xiv) Π = G2 and ζ(u, v) = H(Λ) for some hexagonal system

Λ = (J, K, N, #, T,×, 1).

Conversely, if ζ is one of the root group labelings ζ described in (i)–(xiv),
then there exists a unique spherical building ∆ with Coxeter diagram Π that
is linked to ζ.

Proof. This holds for � = 2 by the results formulated in Chapter 17 of [36]
as well as 16.12 and 38.5 in [36] and for � ≥ 3 by 40.17, 40.22 and 40.56 in
[36]. �

Notation 30.15. Let ∆, Π = X� (where X = A, B, . . . ,G) and ζ be as in
30.14. Without loss of generality, we can assume in each case that there

12See 30.27.
13An indifferent set Λ = (K, K0, L0) is proper if neither K0 nor L0 is closed under

multiplication.
14By 30.10, we have ζ(x, y) = ζ(y, x), i.e. the orientation of the edge {x, y} does not

matter. A similar remark holds in case (xii) (and in case (iii) for those edges of Π whose
label is 3).
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is an apartment Σ of ∆ and a chamber d of Σ such that for each directed
edge (x, y) of Π, the root group sequence Ωxy defined in 30.1 with respect
to (Σ, d) equals ζ(x, y). Under this assumption, we call the triple (∆, Σ, d)
the canonical realization of the root group labeling ζ of Π.15 Let Λ be

• K in cases (i), (ii), (xi) and (xii),
• (K, L, q) in cases (iii), (viii) and (ix),
• (K, K0, σ) in cases (iv)–(vi),
• (K, K0, σ, L, q) in case (vii),
• (K, K0, L0) in case (x),
• (K, F ) in case (xiii) and
• (J, K, N, #, T,×, 1) in case (xiv).

We call Λ, respectively K, the defining parameter system, respectively, the
defining field of ∆ (see 30.29) and we denote ∆ by X�(Λ) except when X = B

(equivalently, C). In these cases, we denote ∆ by:

• B
Q
� (Λ) or C

Q
� (Λ) in case (iii),

• BI
� (Λ) or CI

� (Λ) in cases (iv)–(vi),
• BP

� (Λ) or CP
� (Λ) in case (vii),

• BE
2 (Λ) or CE

2 (Λ) in case (viii),
• B

F
2 (Λ) or C

F
2 (Λ) in case (ix),

• BD
2 (Λ) or CD

2 (Λ) in case (x).

Thus in every case we assign ∆ a name of the form X
∗
� (Λ), where X� is the

Coxeter diagram of ∆, Λ is the defining parameter system, ∗ indicates the
family of Moufang quadrangles appearing as residues if X = B or C and ∗ is
simply blank in every other case.

The classification of Moufang spherical buildings as described in 30.8,
30.14 and 30.15 is summarized in Figure 27.1.

Proposition 30.16. Let Π be one of the spherical diagrams in Figure 1.3
with � ≥ 2, let ζ and ζ′ be two root group labelings of Π as defined in 30.12
and let (∆, Σ, d) and (∆′, Σ′, d′) be their canonical realizations as defined in
30.15. Suppose that for each directed edge (x, y) of Π, ζ′(x, y) is a subse-
quence of ζ(x, y) as defined in 30.7. Then ∆′ is a subbuilding of ∆ and
(Σ, d) = (Σ′, d′).

Proof. This holds by 40.20 in [36]. �

Notation 30.17. A pair (K, F ) is a composition algebra16 if F is a field and
one of the following holds:

(i) K is a field containing F and K2 ⊂ F but K �= F (so char(K) = 2).

15This extends the notion of canonical realization given in 30.6. In general, we will
say that a triple (∆, Σ, d) is a canonical realization of type 30.14.k if it is the canonical
realization of a pair (Π, ζ) as in case (k) of 30.14, where k is a lowercase Roman numeral
in the interval from i to xiv.

16In 20.3 of [36], composition algebras are characterized as alternative division rings
that are quadratic over a subfield of their center.
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(ii) K = F .
(iii) K/F is a separable quadratic extension.
(iv) K is a quaternion division algebra with center F .
(v) K is an octonion division algebra with center F .

If (K, F ) is in case (k) in this list, we will sometimes say that (K, F ) is
a composition algebra of type (k). Suppose that (K, F ) is a composition
algebra. In cases (i) and (ii), let q(x) = x2 for all x ∈ K; in case (iii), let
q be the norm of the extension K/F ; and in cases (iv) and (v), let q be
the reduced norm of K. In each case, the triple (F, K, q) is an anisotropic
quadratic space. We call q the norm of the composition algebra (K, F ) (in
all five cases). Let σ : K → K be the identity map in cases (i) and (ii); let
σ be the unique non-trivial element of Gal(K/F ) in case (iii); and let σ be
the standard involution of K in cases (iv) and (v) as defined in 9.6 and 9.10
of [36]. Thus

(30.18) q(u) = uσu = uuσ

for all u ∈ K and therefore

(30.19) q(uv) = q(u)q(v)

for all u, v ∈ K in all five cases. We will call σ the standard involution of
the composition algebra (K, F ) in every case. If K is associative, the triple
(K, F, σ) is an involutory set. If f is the bilinear form associated with q,
then by 30.18, f(u, v) = uσv + vσu for all u, v ∈ K. In particular,

(30.20) f(u, 1) = u + uσ

for all u ∈ K. The map T : K → F given by T (u) = f(u, 1) for all u ∈ K is
called the trace of (K, F ).

Definition 30.21. An involutory set (K, K0, σ) is quadratic of type (k) (or
simply quadratic) if F := K0 is a subfield of K, (K, F ) is a composition
algebra of type (k) and σ is the standard involution of this composition
algebra as defined in 30.17. Note that if (K, F, σ) is a quadratic involutory set
of type (k), then K is associative, so k cannot be v. Note, too, that if (K, F )
is an arbitrary composition algebra of type (k) with standard involution σ
and k < v, then the triple (K, F, σ) is always an involutory set.

Definition 30.22. An honorary involutory set is a triple (K, F, σ) such that
(K, F ) is a composition algebra of type (v) and σ is its standard involution
(as defined in 30.17). If we extend the operator QI defined in 16.2 of [36]
verbatim to honorary involutory sets, we obtain a root group sequence from
each honorary involutory set. See, however, 23.5.

Definition 30.23. A composition algebra (K, F ) is inseparable if K/F is
an inseparable extension, equivalently, if it is of type (i). An hexagonal
system is inseparable if it is isomorphic to (E/K)◦ (as defined in 15.20 of
[36]) for some inseparable extension E/K. All other composition algebras
and hexagonal systems are separable.
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We will now begin to use the notation introduced in 30.15.

Definition 30.24. Let ∆ be a Moufang spherical building of rank � ≥ 2
whose Coxeter diagram is different from I(8). Then ∆ is mixed (or of mixed
type) if it is, up to isomorphism, one of the following buildings:

(i) B
Q
2 (Λ) for Λ = (K, L, q) an anisotropic quadratic space such that the

bilinear form associated with q is identically zero and dimK L > 1.
(ii) BF

2 (Λ) for Λ = (K, L, q) a quadratic space of type F4.
(iii) BD

2 (Λ) for Λ = (K, K0, L0) an indifferent set.
(iv) F4(Λ) for Λ an inseparable composition algebra (K, F ) as defined in

30.23.
(v) G2(Λ) for Λ an inseparable hexagonal system (E/K)◦ as defined in

30.23.

If Λ = (K, L, q) is as in (i), then (K, K, q(L)) is an improper indifferent set
and B

Q
2 (Λ) ∼= BD

2 (K, K, q(L)) (by 38.4 in [36]). Suppose that Λ is as in
(ii)–(iv) and let E be the unique field containing K such that

• E2 = F in case (ii), where F is as in 14.3 of [36];
• E2 = L in case (iii), where L is as in 10.2 of [36]; and
• E2 = F in case (iv).

Then in each case (ii)–(v), E is a field containing K properly such that

(30.25) Ep ⊂ K ⊂ E,

where p = char(K) and p = 2 except in case (v) when p = 3. Note that if
we identify E with Ep via the isomorphism x �→ xp, then

Kp ⊂ E ⊂ K.

In fact, neither K nor E alone is an invariant of the building ∆, but by 35.9,
35.12 and 35.13 in [36], the unordered pair {K, E} is an invariant of ∆.

Remark 30.26. By 17.7 in [36], Moufang buildings of type I(8) (also known
as Moufang octagons) are parametrized by octagonal sets. An octagonal set is
a pair (K, σ), where K is a field of characteristic 2 and σ is an endomorphism

of K such that xσ2

= x2 for all x ∈ K. If (K, σ) is an octagonal set and
F = Kσ, then K2 ⊂ F ⊂ K, but it could be that K2 = F = K. This
happens, for example, if K is a finite field containing 22k+1 elements for

some k and xσ = x2k+1

for all x ∈ K. (Note that σ is uniquely determined
by q := |K| in this case.) Moufang buildings of type I(8) are nevertheless
considered to be of mixed type. We have excluded them in 30.24 only because
they do not play any role in this book.

Remark 30.27. Let (K, F ) be a composition algebra with norm q and
standard involution σ. Then

QQ(F, K, q) = QI(K, F, σ)

by 16.2 and 16.3 in [36]. Suppose that (K, F ) is of type (i) or (ii) and that
char(K) = 2 also if the type of (K, F ) is (ii). Let (t, s) �→ t ∗ s and q∗ be the
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maps from K × F to F and from F to K given by t ∗ s = t2s and q∗(s) = s
for all s ∈ F . Then F is a vector space over K with scalar multiplication
given by ∗ and (K, F, q∗) is an anisotropic quadratic space. By 16.2 and 16.3
in [36] again, we have

QI(K, F, σ)op = QQ(K, F, q∗).

This explains why we would obtain no new buildings in case (v) of 30.14
were we to allow � to be 2 or the type of (K, K0, σ) to be (i) or char(K) to
be 2 when the type of (K, K0, σ) is (ii).

Remark 30.28. In cases (iv), (vii) and (x) of 30.14, we assume that the
parameter system Λ is proper. In fact, these buildings exist in all three cases
also without this assumption. The restriction that Λ be proper is included
only to avoid duplications.17

Remark 30.29. By 35.6–35.13 in [36], exactly one of the following holds:

(i) ∆ is as in case 30.14.i and the pair {K, Kop} is an invariant of ∆;
(ii) ∆ is of mixed type as defined in 30.24, the pair {K, E} defined in 30.24

is an invariant of ∆; or
(iii) ∆ is neither as in case 30.14.i nor of mixed type, Λ is an invariant of

∆ up to similarity 18 and K is an invariant of ∆.

This justifies our referring to Λ and K as the defining parameter system and
the defining field of ∆. Note, too, that a valuation of a skew field K is also
a valuation of its opposite Kop, and if {K, E} is as in (ii), then by 30.25, a
valuation ν of K determines a unique valuation of E and vice versa simply
through restriction. Thus although the notion of the defining field is not
completely well defined, the notion of a valuation of the defining field is.

17Suppose that Λ = (K, K0, σ) is an improper involutory set. If σ = 1, then it is shown
in 38.1 and 38.3 of [36] how to construct an anisotropic quadratic space ΛQ such that

BI
� (Λ) ∼= B

Q
�

(ΛQ).

If σ �= 1, then by 23.23 in [36], Λ is quadratic of type (iii) or (iv). Now suppose that

Λ = (K, K0, σ, L, q)

is an improper anisotropic pseudo-quadratic space and let f be the associated skew-
hermitian form. If L = 0, then

BP
� (Λ) ∼= B

I
� (K, K0, σ).

Suppose that L �= 0. Then it is shown in 16.15 and 21.16 of [36] how to obtain an
anisotropic quadratic space ΛQ (if σ = 1), an involutory set ΛI (if σ �= 1 but f is
identically zero) or a proper anisotropic pseudo-quadratic space ΛP (if σ �= 1 and f is not
identically zero) such that

BP
� (Λ) ∼= B

X
� (ΛX )

for X = Q, I or P. (See also 16.18 in [36].) If Λ is an improper indifferent set, then it
is shown in 38.4 how to construct an anisotropic quadratic space ΛQ such that QD(Λ) is
isomorphic to QQ(ΛQ) or QQ(ΛQ)op.

18See the references in 35.6–35.13 of [36] for the various definitions of similarity.
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Definition 30.30. A Moufang spherical building of rank � ≥ 2 is classical
if it is, up to isomorphism, one of the buildings in case (i), (iii)–(v), (vii) or
(xi) of 30.14. These are precisely the buildings described in 41.1 of [36].

Definition 30.31. A spherical building ∆ is algebraic if it is isomorphic
to the spherical building ∆(G, F ) associated to the F -points, for some field
F , of an absolutely simple algebraic group G as explained in Tits’s Boulder
notes [31] and in Chapter 5 of [32].19 All algebraic spherical buildings of
rank at least 2 are Moufang. By 5.8 in [32], the pair (G, F ) is an invariant of
the building ∆(G, F ). A spherical building is exceptional if it is the spheri-
cal building associated to the F -points, for some field F , of an exceptional
absolutely simple algebraic group. The algebraic buildings that are not ex-
ceptional are all classical as defined in 30.28. We give a list of all algebraic
buildings, exceptional and classical, in 30.32.

Proposition 30.32. The exceptional spherical buildings of rank at least 2
are, up to isomorphism, the following:

(i) A2(K) for K an octonion division algebra.
(ii) BI

3 (Λ) for Λ an honorary involutory set (as defined in 30.22).
(iii) BE

2 (Λ) for Λ a quadratic space of type E6, E7 or E8.
(iv) E6(K), E7(K) and E8(K) for K a field.
(v) F4(Λ) for Λ a separable composition algebra (as defined in 30.23).
(vi) G2(Λ) for Λ a separable hexagonal system (as defined in 30.23).

The remaining algebraic spherical buildings of rank at least 2 are, up to
isomorphism, the following:

(i) A2(K) for K a field or a skew field of finite dimension over its center.
(ii) B

Q
� (Λ) for Λ an anisotropic quadratic space (K, L, q) such that dimK L

is finite and

dimK{x ∈ L | f(x, L) = 0} ≤ 1,

where f is the bilinear form associated with q.
(iii) B

I
� (Λ) for Λ an involutory set

(K, K0, σ)

that is either proper or quadratic of type (ii) (also in characteristic 2),
(iii) or (iv) as defined in 30.21 such that K is finite-dimensional over
its center and K0 = Kσ or Kσ (or both), where Kσ and Kσ are as in
23.18 and 23.19.

(iv) BP
� (Λ) for Λ a proper anisotropic quadratic space

(K, K0, σ, L, q)

such that (K, K0, σ) satisfies all the conditions in (iii) and dimKL is
finite.

19In this case either F is the center of the defining field K of the building ∆ (as defined
in 30.15) or there is an involution σ of K in the description of ∆ in 30.14 and F is the
intersection of the center of K with the fixed point set of σ.
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(v) D�(K) for K an arbitrary field.

Proof. See Chapter 41 in [36]. �

We thus have:

Proposition 30.33. Every Moufang spherical building is mixed, exceptional
or classical. These three classes of buildings are disjoint with one exception:
The mixed buildings in case (i) of 30.24 are also classical.

Proof. This holds by 30.14, 30.24, 30.30 and 30.32. �

The following classification is needed in Chapter 28.

Theorem 30.34. Let ∆ be a finite Moufang spherical building whose type X�

is different from I(8). Let K be the defining field of ∆ (as defined in 30.15).
Then K is finite and either X� is simply laced, in which case ∆ ∼= X�(K), or
X� is not simply laced and ∆ is, up to isomorphism, one of the following:20

(i) B
Q
� (K, K, q), where q(x) = x2 for all x ∈ K.

(ii) B
Q
� (K, E, q), where E is the unique field containing K such that E/K

is a quadratic extension and q is the norm of this extension.
(iii) BI

� (K, K, id).
(iv) BI

� (K, F, σ), where F is the unique subfield of K such that K/F is a
quadratic extension and σ is the non-trivial element in Gal(K/F ).

(v) BP
� (K, F, σ, K, αN), where (K, F, σ) is as in (iv), N is the norm of the

extension K/F and α is an element of K not in F .21

(vi) F4(K, K).
(vii) F4(K, F ), where F is as in (iv).
(viii) G2((K/K)◦), where (K/K)◦ is as in 15.20 of [36].
(ix) G2((E/K)+), where E is the unique field containing K such that E/K

is a cubic extension and (E/K)+ is as in 15.21 of [36].

In each case, ∆ is uniquely determined by K alone.

Proof. This holds by 30.14 and the results in Chapter 34 of [36]. �

Notation 30.35. In Chapter 28 we use the following names for the buildings
in each case (i)–(ix) of 30.34:

(i) B
Q
� (K) or B

Q
� (K, 1).

(ii) B
Q
� (K, 2).

(iii) B
I
� (K) or B

I
� (K, 1).

(iv) BI
� (K, 2).

(v) BP
� (K).

20If � = 2 or char(K) = 2 (or both), then the buildings in (i) and (iii) are isomorphic.
If � = 2, then the buildings in (ii) and (iv) are isomorphic. Apart from these exceptions,
the buildings in (i)–(ix) are all pairwise non-isomorphic.

21Replacing α by another element in K\F has the effect of replacing the anisotropic
pseudo-quadratic space (K, F, σ, K, αN) by a translate (as defined in 11.26 of [36]) and
hence does not produce a different building (by 35.19 in [36]).



APPENDIX B 355

(vi) F4(K) or F4(K, 1).
(vii) F4(K, 2).
(viii) G2(K) or G2(K, 1).
(ix) G2(K, 3).

In cases (i)–(v), we can replace B by C in our notation without changing the
meaning since the Coxeter groups B� and C� are the same.

In each case (i)–(ix) of 30.34, the standard name for the group G† gener-
ated by all the root groups is as follows:

(i) O2�+1(q), where q = |K|.
(ii) O−

2�+2(q), where q = |K|.
(iii) PSp�(q), where q = |K|.
(iv) U2�(q), where q = |F |.
(v) U2�+1(q), where q = |F |.
(vi) F4(q), where q = |K|.
(vii) 2E6(q), where q = |F |.
(viii) G2(q), where q = |K|.
(ix) 3D4(q), where q = |K|.

If ∆ = A�(K) and q = |K|, the standard name for G† is PSL�+1(q) and
if ∆ = D�(K) and q = |K|, then the standard name for G† is O+

2�(q). If
∆ = E�(K) for � = 6, 7 or 8 and q = |K|, then the standard name for G† is
simply E�(q). If (K, σ) is one of the finite octagonal sets described in 30.26
and ∆ is the associated Moufang building of type I(8), then the standard
name for G† is 2F4(q), where q = |K|.

By 17.7 in [36], the only finite Moufang buildings of type I(8) are those
parametrized by the finite octagonal sets described in 30.26. Note that by
30.32 and 30.34, all the remaining finite Moufang spherical buildings are
algebraic.

* * *

Let a be a root of the Σ. By 3.10, elements of the form mΣ(u)mΣ(v)
for u, v ∈ U∗

a act trivially on Σ and hence normalize Ub for all roots b of
Σ. We close this appendix with a set of formulas displaying this action (for
certain choices of a and b) and two related collections of formulas (in 30.37
and 30.38) taken from [36]. These results are required in Chapters 19–25.

Proposition 30.36. Let (Π, ζ) be as in one of the cases (i)–(xiv) of 30.14
and let (∆, Σ, d) be the canonical realization of the pair (Π, ζ) (as defined in
30.15). Suppose that (K, L, q) is unitary in case (iii). 22 Let {x, y} be an
edge of Π and suppose that

ζ(x, y) = X(Λ)

(as opposed to ζ(x, y) = X(Λ)op), where Λ and X are as in one of the cases
(i)–(viii) of 30.8, and let

[ax, ay] = (a1, a2, . . . , an),

22See 19.15 and 19.16.
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where ax and ay are as in 3.5 and [ax, ay] is as in 3.1. Thus

X(Λ) = (U+, U1, . . . , Un),

where Ui = Uai
for all i ∈ [1, n]. Let xi be the isomorphism from Λi to Ui for

all i ∈ [1, n] described in 30.8. Let e1 = x1(ε1) ∈ U∗
1 and en = xn(εn) ∈ U∗

n,
where ε1 ∈ Λ1 and εn ∈ Λn are as in Figure 5 on page 354 of [36] (and in
30.38 below). Let

h1(t) = mΣ(e1)mΣ(x1(t))

for all non-zero t ∈ Λ1 and let

hn(t) = mΣ(en)mΣ(xn(t))

for all non-zero t ∈ Λn. Then (with all the notation in 32.5–32.12 of [36])
the following hold:

(i) If X = T , then:
x2(u)h1(t) = x2(−tu) for all u ∈ K and all t ∈ K∗;
x3(u)h1(t) = x3(−t−1u) for all u ∈ K and all t ∈ K∗;
x1(u)h3(t) = x1(−ut−1) for all u ∈ K and all t ∈ K∗; and
x2(u)h3(t) = x2(−ut) for all u ∈ K and all t ∈ K∗.

(ii) If X = QI , then:
x2(u)h1(t) = x2(−tu) for all u ∈ K and all t ∈ K∗

0 ;
x4(u)h1(t) = x4(−t−1u) for all u ∈ K and all t ∈ K∗

0 ;
x1(t)

h4(u) = x1(u
−σtu−1) for all t ∈ K0 and all u ∈ K∗; and

x2(v)h4(u) = x2(u
−σvu) for all v ∈ K and all u ∈ K∗.

(iii) If X = QQ, then:
x3(t)

h1(s) = x3(t) for all t ∈ K and all s ∈ K∗;
x4(u)h1(s) = x4(−s−1u) for all u ∈ L and all s ∈ K∗;
x1(t)

h4(u) = x1(tq(u)−1) for all t ∈ K and all u ∈ L∗; and
x3(t)

h4(u) = x3(tq(u)) for all t ∈ K and all u ∈ L∗.
(iv) If X = QD, then:

x3(s)
h1(t) = x3(s) for all s ∈ K0 and all t ∈ K∗

0 ;
x4(u)h1(t) = x4(ut−2) for all u ∈ L0 and all t ∈ K∗

0 ;
x1(t)

h4(u) = x1(tu
−1) for all t ∈ K0 and all u ∈ L∗

0; and
x2(v)h4(u) = x2(v) for all v ∈ L0 and all u ∈ L∗

0.
(v) If X = QP , then:

x2(u)h1(a,t) = x2(−tu) for all u ∈ K and all (a, t) ∈ T ∗;
x4(u)h1(a,t) = x4(−t−σu) for all u ∈ K and all (a, t) ∈ T ∗;
x1(a, t)h4(u) = x1(−au−1, u−σtu−1) for all (a, t) ∈ T and all u ∈ K∗;

and
x2(v)h4(u) = x2(u

−σvu) for all v ∈ K and all u ∈ K∗.
(vi) If X = QE , then:

x2(v)h1(a,t) = x2(−θ(a, v) − tv) for all v ∈ L and all (a, t) ∈ S∗;
x4(v)h1(a,t) = x4

(
− q(π(a) + t)−1(θ(a, v) + tv)

)
for all v ∈ L and all

(a, t) ∈ S∗;
x1(a, t)h4(v) = x1

(
av−1, t/q(v) + φ(a, v−1)

)
for all (a, t) ∈ S and all

v ∈ L∗; and
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x3(a, t)h4(v) = x3

(
− av, tq(v) + φ(a, v)

)
for all (a, t) ∈ S and all

v ∈ L∗.
(vii) If X = QF , then:

x2(b, s)
h1(a,t) = x2

(
Θ(a, b) + tb, zs + ψ(a, b)

)
for all (b, s) ∈ W0 ⊕ F

and all (a, t) ∈ (X0 ⊕ K)∗, where z = qF (a, t);
x4(b, s)

h1(a,t) = x4

(
(Θ(a, b)+tb)z−1, sz−1+ψ(a, b)z−2

)
for all (b, s) ∈

W0 ⊕ F and all (a, t) ∈ (X0 ⊕ K)∗, where z = qF (a, t);
x1(a, t)h4(b,s) = x1

(
(Υ(a, b)+sa)r−2, tr−1+ω(a, b)r−2

)
for all (a, t) ∈

X0 ⊕ K and all (b, s) ∈ (W0 ⊕ F )∗, where r = qK(b, s); 23 and
x3(a, t)h4(b,s) = x3

(
Υ(a, b) + sa, rt + ω(a, b)

)
for all (a, t) ∈ X0 ⊕ K

and all (b, s) ∈ (W0 ⊕ F )∗, where r = qK(b, s).
(viii) If X = H, then:

x4(u)h1(a) = x4(u) for all u ∈ K and all a ∈ J∗;
x6(u)h1(a) = x6(−N(t)−1a) for all u ∈ K and all a ∈ J∗;
x1(a)h6(t) = x1(−t−1a) for all a ∈ J and all t ∈ K∗;
x4(u)h6(t) = x4(−tu) for all u ∈ K and all t ∈ K∗.

Proof. Let E be the {x, y}-residue of ∆ containing d, let a be a root of Σ
cutting E and let u ∈ U∗

a . By 29.13.iv, Σ∩E is an apartment of E and a∩E
is a root of this apartment. By 11.10 in [37], Ua acts faithfully on E and the
the image of Ua in Aut(E) is the root group of E corresponding to a ∩ E.
Thus the element mΣ(u) also maps E to itself (by 3.8). By 11.22.ii in [37],
in fact, the element of Aut(E) induced by µΣ(u) equals mΣ∩E(ū), where ū
is the image of u in Aut(E).

Choose t ∈ Λ∗
1 and s ∈ Λ∗

n. By 3.11, h1(t) and hn(s) normalize Ui for all
i ∈ [1, n]. By the observations in the previous paragraph, the action of h1(t)
on Ui for all i ∈ [2, n] as well as the action of hn(s) on Ui for all i ∈ [1, n−1]
can be read off from 32.5–32.12 of [36]. �

Proposition 30.37. The following hold (with all the notation of 30.36):

(i) If X = QQ, then

h1(st) = h1(s)h2(t)

for all s, t ∈ K∗.
(ii) If X = QD (in which case K2 ⊂ K0 by 10.2 in [36]), then

h1(st) = h1(s)h2(t)

for all s, t ∈ (K∗)2 and

h1(s)
2 = h1(s

2)

for all s ∈ K∗
0 .

(iii) If X = QE or QF , then

h1(0, s)h1(0, t) = h1(0, st)

for all s, t ∈ K∗.

23As in Chapter 22, we are using the letter ω here to denote the map called ν in 14.16
of [36]; see 22.1.
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Proof. Let

H = 〈mΣ(x1(u))mΣ(x1(v)) | u, v ∈ Λ∗
1〉.

By 6.7 of [36], the group H acts faithfully on the subgroup U3U4. By 30.36.iii,
therefore, (i) holds. Similarly, (ii) follows from 30.36.iv. If X = QE or QF ,
then by 32.10 and 32.11 of [36], [x1(0, t), U3] = 1 for all t ∈ K∗ (in both
cases). Thus (iii) holds by 30.36.vi and 30.36.vii. �

Proposition 30.38. Let X(Λ), x1, . . . , xn, e1, en, ε1 and εn be as in 30.36
and let mi = mΣ(ei) for i = 1 and n. Then the following hold:

(i) If X = T , then:
x2(u)m1 = x2(u) for all u ∈ K;
x3(u)m1 = x2(−u) for all u ∈ K;
x1(u)m3 = x2(u) for all u ∈ K;
x2(u)m3 = x1(−u) for all u ∈ K; and
ε1 = ε3 = 1.

(ii) If X = QI , then:
x2(u)m1 = x4(−u) for all u ∈ K;
x3(t)

m1 = x3(t) for all t ∈ K0;
x4(u)m1 = x2(u) for all u ∈ K;
x1(t)

m4 = x3(t) for all t ∈ K0;
x2(u)m4 = x2(−uσ) for all u ∈ K;
x3(t)

m4 = x1(t) for all t ∈ K0; and
ε1 = ε4 = 1.

(iii) If X = QQ, then:
x2(u)m1 = x4(−u) for all u ∈ L;
x3(t)

m1 = x3(t) for all t ∈ K;
x4(u)m1 = x2(u) for all u ∈ L;
x1(t)

m4 = x3(t) for all t ∈ K;
x2(u)m4 = x2(v) for all u ∈ L, where v ∈ L is an element depending

on u such that q(v) = q(u);
x3(t)

m4 = x1(t) for all t ∈ K;
ε1 = 1 and ε4 is an element of L∗ such that q(ε4) = 1.

(iv) If X = QD, then:
x2(u)m1 = x4(u) for all u ∈ L0;
x3(s)

m1 = x3(s) for all s ∈ K0;
x4(u)m1 = x1(u) for all u ∈ L0;
x1(t)

m4 = x3(t) for all t ∈ K0;
x2(u)m4 = x2(u) for all v ∈ L0;
x3(t)

m4 = x1(t) for all t ∈ K0; and
ε1 = ε4 = 1.

(v) If X = QP , then:
x2(u)m1 = x4(−u) for all u ∈ K;
x3(a, t)m1 = x3(a, t) for all (a, t) ∈ T ∗;
x4(u)m1 = x2(u) for all u ∈ K;
x1(a, t)m4 = x3(−a, t) for all (a, t) ∈ T ;
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x2(v)m4 = x2(−vσ) for all v ∈ K;
x3(a, t)m4 = x1(a, t) for all u ∈ K;
ε1 = (0, 1) and ε4 = 1.

(vi) If X = QE , then:
x2(v)m1 = x4(−v) for all v ∈ L;
x3(a, t)m1 = x3(a, t) for all (a, t) ∈ S;
x4(v)m1 = x2(v) for all v ∈ L;
x1(a, t)m4 = x3

(
− a, t) for all (a, t) ∈ T ;

x2(u)m4 = x2(v) for all u ∈ L, where v ∈ L is an element depending
on u such that q(v) = q(u);
x3(a, t)m4 = x1(a, t) for all (a, t) ∈ S;
ε1 = (0, 1) and ε4 is an element of L∗ such that q(ε4) = 1.

(vii) If X = QF , then:
x2(b, s)

m1 = x4(b, s) for all (b, s) ∈ W0 ⊕ F ;
x3(a, t)m1 = x3(a, t) for all (a, t) ∈ X0 ⊕ K;
x4(b, s)

m1 = x2(b, s) for all (b, s) ∈ W0 ⊕ F ;
x1(a, t)m4 = x3(a, t) for all (a, t) ∈ X0 ⊕ K;
x2(b, s)

m4 = x2(b, s) for all (b, s) ∈ W0 ⊕ F ;
x3(a, t)m4 = x1(a, t) for all (a, t) ∈ X0 ⊕ K;
ε1 = (0, 1) ∈ X0 ⊕ K and ε4 = (0, 1) ∈ W0 ⊕ F .

(viii) If X = H, then:
x2(t)

m1 = x6(−t) for all t ∈ K;
x3(a)m1 = x5(−a) for all a ∈ J ;
x4(t)

m1 = x4(t) for all t ∈ K;
x5(a)m1 = x2(a) for all a ∈ J ;
x6(t)

m1 = x2(t) for all t ∈ K;
x1(a)m6 = x5(−a) for all a ∈ J ;
x2(t)

m6 = x4(t) for all t ∈ K;
x3(a)m6 = x3(a) for all a ∈ J ;
x4(t)

m6 = x2(−t) for all t ∈ K∗;
x5(a)m6 = x1(a) for all a ∈ J ;
ε1 = 1 ∈ J and ε6 = 1 ∈ K.

Proof. In light of the observations made in the first paragraph of the proof
of 30.36, these facts can be read off from 32.5–32.12 of [36]. �
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absolute local Dynkin diagram, 306
adjacent

asymptote classes, 102
faces, 102
gems, 53
walls, 89

affine
building, 3

Bruhat-Tits, 119
Coxeter diagram, 1
hyperplane, 16
index, 306
reflection, 16
Tits system, 140
Weyl group, 16

alcove, 16
algebraic

Bruhat-Tits pair, 275
building, 353

alternative division ring, 81, 345, 349
AMS website, 307
apartment, 325
apex, 40
Artin, E., 298
asymptotic faces, 102

basis of a root system, 14
BN-pair, 140
border

of a root, 334
of a sector, 49

Boulder, 307
bounded distance, 11
Bruck, R. H., 81
Bruhat, F., vii
Bruhat-Tits

building, 119
completely, 167
pair, 119

algebraic, 275
exceptional, 275
isomorphic, 119
mixed, 276

theory, 159
building, 324

affine, 3
algebraic, 353

at infinity, 73
complete, 293

classical, 353
Euclidean, 2
exceptional, 353
locally finite, 297
mixed, 351
non-discrete, 107, 131
spherical, 325
type of, 324

canonical
realization, 344, 348
valuation, 78

center of a gem, 22
chamber set

of a face, 45, 67
of a wall, 328, 331

chamber system, 321
diameter, 322
thick/thin, 321

classical building, 353
cohabit, 60
commutator relations, 344
complete

Bruhat-Tits pair, 167
building at infinity, 293
form, 167
root datum with valuation, 167
system of apartments, 68, 78, 293
with respect to ν, 82

completely Bruhat-Tits, 167
completion

of a Bruhat-Tits pair, 167
with respect to ν, 82

composition algebra, 349
inseparable, 350
norm/standard involution, 349
ν-compatible, 276
ramified/unramified, 276
residue of, 279
type of, 350

comural
faces, 46
panels, 329, 333

conditions (V0)–(V4), 31
convex, 323
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hull, 327
Corvallis, vii, 297, 307
Coxeter

chamber system, 322
diagram, 2

affine, 1
spherical, 2

group, 322
system, 322

cross ratio, 84
cubic norm structure, 261, 346
cut, 5, 59

defining
field, 159, 352
parameter system, 349, 352
relations, 344, 345

directed edge, 343
double Tits system, 143

ecological, 108
edge-colored graph, 321
end of a tree, 77
equipollent, 32
equivalent root maps, 29
Euclidean building, 2
exact partial valuation, 155
exceptional

Bruhat-Tits pair, 275
building, 353

exceptionally ν-compatible, 213

face, 45, 67
A-face, 68
comural, 46

fundamental system of roots, 14

gallery, 322
minimal, 322
of reduced type, 324
type of, 322

gem, 4, 59
adjacent, 53
o-special, 59

genuine involutory set, 229
Grundhöfer, T., 298

hexagonal system, 346
inseparable, 350
ν-compatible, 264
ramified/unramified, 264
residue of, 267
type of, 262, 268

Heydebreck, A. v., 124
homomorphism

special, 321
type-preserving, 321

homotopic, 323

honorary involutory set, 231, 350
hyperspecial vertex, 319

i-adjacent, 68
i-face, 68
index

affine, 306
local, 306
set, 321
spherical, 307

indifferent set, 345
not proper, 352
proper, 348
residue of, 207

infinity
building at, 73

inseparable
composition algebra, 350
hexagonal system, 350

interval
of integers, 5
of roots, 25

involutory set, 345
genuine, 229
honorary, 231, 350
not proper, 352
ν-compatible, 229
proper, 347
quadratic, 231, 350
ramified/unramified, 229
residue of, 235

irreducible, 13
isometry, 61, 325
isomorphism, 321

ecological, 108
special, 321
tree-preserving, 107
type-preserving, 321

Jordan division algebra, 346
J-residue, 321
junction, 78

Kleinfeld, E., 81
Kramer, L., 96

length
of a root, 20
of a root group sequence, 343

linked, 346
local

Dynkin diagram
absolute, 306
relative, 307

field, 297
index, 306

locally finite
building, 297
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field, 297

mixed
Bruhat-Tits pair, 276
spherical building, 351

Moufang
octagon, 289
polygon, viii, 344
property, 119, 326

natural extension, 189
non-discrete building, 107, 131
norm of a composition algebra, 349
ν-compatible

composition algebra, 276
exceptionally, 213
hexagonal system, 264
involutory set, 229
pseudo-quadratic space, 244
quadratic space, 193

ν-index
of a composition algebra, 276
of a pseudo-quadratic space, 244
of a quadrangular algebra, 213
of a quadratic space, 193
of an hexagonal system, 264
of an indifferent set, 205
of an involutory set, 229

octagon, 289, 351
octonion division algebra, 81, 159, 178,

349
opposite

chambers, 324
map, 324
panels, 51
root group sequence, 343
roots, 322

o-special
gem, 4, 59
sector, 68

panel, 321
comural, 329, 333
opposite, 51

panel tree, 104
parallel, 3, 10, 11
parameter system

defining, 349
partial valuation, 147

exact, 155
viable, 148

Petersson, H. P., 203, 261, 272
positively oriented, 346
projection map, 39, 323, 325
projective line, 83
projective valuation, 79
proper

indifferent set, 348
involutory set, 347
pseudo-quadratic space, 239

pseudo-quadratic space, 346
anisotropic, 239
not proper, 352
ν-compatible, 244
proper, 239
ramified/unramified, 244
residue of, 252

quadratic
involutory set, 231, 350
Jordan division algebra, 346
space, 189, 345

anisotropic, 190
ν-compatible, 193
of type Ek, 209, 346
of type F4, 346
ramified/unramified, 193
residue of, 200
unitary, 193

ramified
composition algebra, 276
extension, 193
hexagonal system, 264
involutory set, 229
pseudo-quadratic space, 244
quadratic space, 193

rank, 13, 321
Rapinchuk, A., 234
ray, 77
reduced word, 323
reflection, 13, 322

affine, 16
relative local Dynkin diagram, 307
residue

of a chamber system, 321
of a composition algebra, 279
of a field, 83
of a pseudo-quadratic space, 252
of a quadratic space, 200
of an hexagonal system, 267
of an indifferent set, 207
of an involutory set, 235

retraction map, 59
ring of integers, 83
Ronan, M., 77, 332
root, 322
A-root, 68
long/short, 20
opposite, 322

root datum, 26
root group, 326
root group labeling, 346
root group sequence, 343

automorphism, 343
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isomorphism, 343
length, 343
opposite, 343
subsequence, 345
terms, 343

root map, 29
equivalent, 29
long/short, 163

root system, 13
Rosehr, N., 79

sap, 77
sector, 39, 59

A-sector, 68
o-special, 68

sector retraction, 60
sharply transitive, 7
σ-homomorphism, 321
σ-isomorphism, 321
σ-translation, 8
similar parameter system, 352
simple system of roots, 14
simply laced, 15
special

homomorphism, 61, 321
isomorphism, 321
point, 17
translate, 8
vertex, 2, 319

spherical
building, 325
Coxeter diagram, 2
index, 307
Tits system, 140

Springer, T. A., 190, 201, 203
standard involution, 350
strip, 9, 89
strongly transitive, 143
subdiagram spanned by J , 323
subgraph spanned by X, 71
system of apartments, 68, 77

complete, 293

target, 29
term, 343
terminus, 40, 59
thick/thin

chamber system, 321
tree, 66

Tits system, 140, 326
affine, 140
double, 143
spherical, 140

Tits, J., vii, 203, 297
trace of a composition algebra, 350
translate, 4, 40

of a pseudo-quadratic space, 253
of an involutory set, 282

special, 8
translation, 4, 17
translational automorphism, 8, 69
tree

panel, 104
thick/thin, 66
wall, 93
with sap, 77

tree-preserving, 107
type

of a Bruhat-Tits pair, 119
of a building, 324
of a composition algebra, 350
of a gallery, 322
of a quadratic involutory set, 350
of a residue, 321
of an hexagonal system, 262, 268

type-preserving
homomorphism, 321
isomorphism, 321

uniformizer, 81
unitary quadratic space, 193
unramified

composition algebra, 276
extension, 193
hexagonal system, 264
involutory set, 229
pseudo-quadratic space, 244
quadratic space, 193

valuation
canonical, 78
discrete/of rank 1, 81
non-discrete, 107
of a field, 81
of a root datum, 31

partial, 147
of a tree with sap, 78
projective, 79

viable, 148, 154

wall
A-wall, 68
of a building, 331
of a Coxeter chamber system, 322
of a reflection, 322
of a root, 328, 331
of a Weyl chamber, 14
of an alcove, 17

wall tree, 93
Weyl

chamber, 13
distance function, 324
group, 14

affine, 16, 140
spherical, 140
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